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PREFACE 


Tus work is entirely distinct from 4 Wew Geometry for Schools 
by the same authors, and is the result of eleven years’ experi- 
ence in teaching on the lines suggested by the Mathematical 
Association. 

The chief characteristics of the new work are as follows: 

Euclid’s methods have been reverted to in the treatment of 
parallels and tangents. The theorems of Euclid, Book II., are 
given in a substantive form, with proofs which are reasonably short. 

Propositions are arranged in groups, those of each group dealing 
with a definite subject. 2 

Constructions follow the theorems on which they depend, and 
are preceded by practical instructions on the use of instruments. 

In the proofs of theorems, every reason is distinctly stated in 
words, no references being given. 

A description of the forms of simple solids occurs early in the 
work; also an informal introduction to the properties of similar 
triangles, followed by definitions of the Trigonometrical Ratios ' 
and suitable problems thereon. 

The examples, many of which are numerical, have been devised. 
and arranged with great care. Wherever a real difficulty occurs, a 
hint is given, so that the average pupil should be able to work 
through the exercises without much help from the teacher. 

Many teachers will follow the recommendations of the Board of 
Education and zoiZ replace the formal treatment of angles at a point, 
parallels and congruent triangles by oral explanations. But it was 
considered advisable to insert a formal treatment of these matters. ` 

Without hesitation, Euclid’s definition of a tangent to a circle 
has been adopted, as most suitable for the beginner. It has been 
found that very few pupils can reproduce a proof of the funda- 
mental proposition, based on the “limit definition.” If, however, 
the teacher prefers this method of proof, he will find it given as an 
alternative (see Section XXIX.). 
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Part VI. consists of miscellaneous propositions in elementary 
geometry. 

The usual school course is covered by Parts L-V., with the 
easier sections of Part VI. 

Miscellaneous examples, arranged in groups for revision, occur 
at suitable intervals. Many recent examination papers are also 
given £z extenso. 

Many examples have been taken from recent papers set in 
examinations for the certificates of the College of Preceptors, 
Oxford and Cambridge Locals, London University Matriculation, 
Board of Education, Intermediate Board for Ireland, Scotch 
Leaving Certificates, and Oxford and Cambridge Entrance 
Scholarships. For permission to publish these questions, thanks 
are due to the Controller of His Majesty's Stationery Office, the 
Cambridge University Press, the Senate of the University of 
London, the Delegates of the Oxford Local Examinations, the 
Cambridge Local Examinations Syndicate, the College of Pre- 
ceptors, and the Intermediate Board for Ireland. 

The authors are glad to acknowledge their deep obligation to 
Mr. W. N. Wilson of Rugby School for many valuable hints and 
for permission to use certain constructions already published in 
his book on Geometrical Drawing. Thanks are also expressed 
gladly to Sir Richard Gregory and to Mr. A. T. Simmons for 
much valuable advice and for assistance in reading the proof 
sheets, 

S. BARNARD. 


J. M. CHILD, 
September, 1914. 
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Abbreviations. 
7. for therefore. 


is equal to. 

together with. 

‘angles’ or ‘the angles,’ 
parallelogram. 

square. 

is parallel to. 


rt. for right. 

> » isgreater than, 

< 5, is less than. 

As ,, ‘triangles’ or ‘the triangles," 
rect. ,, rectangle. 
599. 5, squares. 

L » is perpendicular to. 


These are used very sparingly in the book work of Part 1. 


PARTY. 


THE STRAIGHT LINE. 


I. INTRODUCTORY. 


Geometry is the science of space and deals with the shapes, 
sizes and positions of things. 

Euclid was a Greek mathematician of the third century в.с. who 
wrote a remarkable book called Zhe Elements. For 2000 years, 
the first six books of this work have been used as an introductión 
to Geometry. Modern text-books contain in a modified form the 
subject matter of Books I.-IV., VI. and XI. of Euclid's work. 


Axioms. All reasoning is based on certain elementary state- 
ments, the truth of which is admitted without discussion: such 
statements are called axioms. 

Euclid gave' a list of twelve axioms: of these, the following 
relate to magnitudes of all kinds*: axioms relating to geometrical 
magnitudes will be stated later. 


т. Things which are equal to the same thing are equal to one 
another. 

2. If equals are added to equals, the wholes are equal. 

3. If equals are taken from equals, the remainders are equal. 

4. Doubles of equal things are equal. 

5. Halves of equal things are equal. 

6. The whole is greater than its part. 

7. If equals are added to unequals, the wholes are unequal. 

8. If equals are taken from unequals, the remainders are 
unequal. 

* The student should read these through in order to get a clear idea of what 
kinds of truths are assumed as axiomatic. It is quite unnecessary to commit 
them to memory. 


4 a 
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Surface, Line, Point. The space occupied by any object 
(say a brick) is limited by boundaries which separate it from 
surrounding space. "These boundaries are called surfaces. 


DEFINITION, A surface has length and breadth but no thickness. 


Surfaces meet (or intersect) in Zines. For example, a wall of a 
room meets the floor in a straight line. 


Der. A line has length but no breadth. Lines meet (or 
intersect) іп points. 


Der. A point has position but no magnitude. 


In practice, the mark traced by a pencil-point on a sheet of paper is 
called a line. But it is not a line according to the definition : for, 
however thin it may be, it has some breadth. 

Again, if we make a dot on the paper as a mark of position, the dot 
is not a geometrical point, for it has some Magnitude, 


Straight Lines. Lines are either Straight or curved. Every- 
one knows what is meant by a straight Line, but it is difficult to 


put the exact meaning into words. Euclid’s definition was as 
follows :— 


Dzr. A straight line is that which lies evenly between its 
extreme points. 

To this he added the following :— 

Axiom. Two straight lines cannot enclose a space. 


POSTULATE * т. Let it be granted that a straight line may be 
drawn from any one point to any other point. 


PosTULATE 2. Let it be granted that a straight line may be 
produced to any length in a straight line. 1 


Hence it follows that 

(i) Two straight lines cannot intersect in more than one point, 
For, if they met in two points, they would enclose a space. 
кесу... 


* А postulate is a demand. 
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(ii) One and only one straight line can be drawn between two 
given points. 
When we draw this straight line, we are said to join the points. 


In order to compare two straight lines, we may suppose one of 
them to be taken up and placed on the other. If the lines fit 
exactly, they are said to coincide. 


Der. Equal straight lines are those which can be made to 
coincide. 
Equal straight lines are said to have the same length. 


The distance between two points is the length of the straight 
line joining them. 

If O is a point in a straight line 
AB, lengths measured from O to- Par SEEPS esata EE РН 
wards B are said to be measured in ^ о P 
the opposite sense to those measured 
from O towards A. 


Der. Апу part of a straight line is called a segment of that 
straight line. 


The Plane. In order to find out whether the surface: of a 
board is what is called *plane' or not, a carpenter applies а 
straight edge (the straight edge of his plane for instance) to the 
board, i» al directions ; i.e. he practically joins any two points in 
the surface with a straight line and sees whether this straight line 
is in contact with the board throughout its length. 


Der. A plane is a surface in which any two points being taken, 
the straight line between them lies wholly in that surface. 


A plane is often called a plane surface. 
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Angles. Der. Two straight lines, drawn from the same point, 
are said to contain an angle. 

The straight lines are called the arms of the angle ; their point 
of intersection is called the vertex of the angle. 


The angle contained by two straight lines B 
OA and OB is called ‘the angle AOB’ or 
‘the angle BOA,’ or, if there is only one angle о E n 
at the point, simply ‘the angle O^ 


If a straight line OP, starting from the С 
position OA, revolves about the point O as 
a hinge, until it reaches the position OB, it is said to turn through 
or describe the angle AOB. 

In order to describe the angle AOC in the above figure, the 
revolving line would have to turn in the opposite direction or 
sense to that in which it turned to describe the angle AOB. 


| We therefore say that the angles AOB, AOC are described in 
opposite senses, 


Der. Two angles are said to be equal when one of them can 
be placed so that its arms fall along the arms of the other, 
Note that che size of an а 


ngle does not depend on the lengths of 
tts arms, 


Der. Two angles (BAC, CAD), which are y. 
Situated on opposite sides of а common arm c 
and have a common vertex, are called adjacent; 


angles. 
The angle BAD is the sum of the angles BAC, 2 ^ 
CAD. The angle CAD is the difference of the angles BAD, BAC. 


The bisector of an angle is the straight line which bisects it, Ze 
which divides it into two equal parts, 


ANGLES 


7 
Der. If the arms of an angle АОВ are 
produced through O to C and D, the angles, © B 
AOB, COD are said to be vertically 5 o ; 


opposite: so also are the angles BOC, DOA. 


Der. When one straight line, standing 
on another straight line, makes the adjacent 
angles equal, each of these angles is called 
aright angle ; and the straight line standing 
on the other is said to be perpendicular 
to it. 


Axiom. All right angles are equal. 


Der. The straight line which bisects a given straight line, and 
is perpendicular to it, is called the perpendicular* bisector of 
the line. 

The distance of a point from a straight line is the length of the 
perpendicular drawn from the point to the line. 


снн by Pri 


Acute angle. Obtuse angle. 


Der, Anacute angle is an angle which is less than a right 
angle. 


Der. An obtuse angle is an angle which is greater than a right 
angle. 


Der. Two angles are said to be | 
Supplementary when their sum is two | o 
right angles. In this case, each angle | 


is called the supplement of the other. & o ri 


Thus, the angles AOC, COB are supplementary. 


* Sometimes also it is called the right bisector. 
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Der. Two angles are said to be D 


complementary when their sum is one © 
right angle. In this case, each angle is 
called the complement of the other. 0 A 


Thus, the angles AOC, COD are complementary. 


The table of angular measurement is as follows :— 
т right angle = до degrees (90°) 
I degree  =60 minutes (60) 
I minute — —6o seconds (бо”). 


Plane Geometry deals with the properties of lines and points 
which are in the same plane. 


The discussion is divided into propositions which are either 
theorems or constructions. 


A theorem is a proposition in which some Statement has to be 
proved. 

The statement itself is called the enunciation. 

The enunciation of a theorem consists of two parts. The first 
part, called the hypothesis, states what is assumed. The second 
part, called the conclusion, states what has to be proved. 

For example, а simple theorem in Algebra is as follows :— 

Jf a=, then na nb. 


The hypothesis is a= û j the conclusion is za = nd, 


If two theorems are such that the hypothesis of each is the con- 


clusion of the other, then either of the theorems is said to be the 
converse of the other, 


Thus, the converse of the above theorem is 


Lf na — nb, then а=. 


POSTULATES 9 


Note particularly that the converse of a theorem is not neces- 
sarily true. 

Thus, consider the theorem а=, then а? = 22. 

The converse is Zf a? = 22, then а=, and this is not correct, for 
f а? = 22 we can only conclude that either a=b or a= — 6. 


When a thereom has been proved, it is sometimes found that 
other important theorems follow so easily that they hardly require 
formal proofs. 

Such theorems are called corollaries. 


Nore. In writing out Theorems, an accurate figure drawn 
with instruments is not expected. А neat freehand drawing is 
sufficient. 


А construction is a proposition in which it is required to draw 
some particular figure. 


It is convenient to arrange the theorems and constructions in 
Separate groups. 

In order to do this we make the following Postulates. 

Let it be granted that 

1. From the greater of two given straight lines, a part can be 
cut off equal to the less. 

2. A straight line may be bisected (that is divided into two 
equal parts). 

3. At any point in a given straight line, a perpendicular can be 
drawn to that straight line. 

4. At any point in a given straight line, a straight line can be 
drawn, making with the given line an angle equal to a given 
angle. 

Other postulates of this kind will be stated further on. 

These postulates are sometimes called hypothetical con. 
structions, 
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Note. It is suggested that, in a first course, the formal 
treatment of Theorems т, 2, 3, 4, 6, 7, 8, 9, 10, 14, 17, 18 
should be replaced by oral explanations, the facts stated in 
the enunciations being regarded as axiomatic. 


IL ANGLES AT A POINT. 


THEOREM 1. (Euclid I. 13.) 


If a straight line stands on another straight line the sum of 
the two adjacent angles is two right angles. 


6 


А с B 


Let the straight line CD stand on the straight line АОВ 
It is required to prove that 


£ACD -- LDCB = 2 right angles, 
Construction. Let CE be drawn perpendicular to AB, 
Proof. LACD + LDCB = LACE + LECD + / ООВ. 


Also AACE + LECB= LACE + ЕСО + DCB, 
°. LACD + LDCB= LACE + LECB, 
But, by construction, 25 ACE, ECB are right angles. 
^ LACD+<DCB=2 right angles. 


' COROLLARY. If any number of straight lines 


are drawn from a given point, the sum of the con- A О G 
secutive angles so formed is four right angles. A 
Thus, in the figure, D 


ŁAOB+4BOC+4COD+4DOA=4 right angles, 


ADJACENT ANGLES г 


THEOREM 2.* (Euclid I. 14.) 


If, at à point in a straight line, two other straight lines, on 
opposite sides of it, make the adjacent angles together equal to 
two right angles, these two straight lines are in the same straight 
line. 


А С potae ee 


At the point C, in the straight line CD, let the straight lines CA, 
CB, on opposite sides of CD, make the adjacent angles ACD, 
DCB together equal to two right angles. 
ri is required to prove that CA, CB are in the same straight 

e. 


Construction. Produce AC to some point E. 


Proof. By construction, ACE is a straight line ; 
°. LACD -- LDCE =2 right angles. 
But, it is given that 
LACD + LDCB = 2 right angles ; 
°. LACD + -DCB = Z ACD +2 DCE. 
From each of these equals, take the angle ACD : 
*. LDCB - LDCE ; 
`. CB falls along CE. 
But, by construction, CA and CE are the same straight line ; 
'. CA and CB are in the same straight line. 


Note. In Theorem 1, it is given that CA and CB are in the same 
straight line, and it is proved that ~ACD+2DCB=2 rt. 4s. y 

In Theorem 2, it is given that LACD--Z DCB—2 rt. д5, and it is 
proved that CA and CB are in the same straight line. 

"These are therefore converse theorems (see p. 8) 


[чы АЙДАШ ЫЫ 
* See note at head of page 10. 
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THEOREM 3.* (Euclid I. 15.) 


1f two straight lines intersect, the vertically opposite angles 
are equal, 


A D 


б B 


Let the straight lines AB, CD int 


ersect at О. Tt is required to 
prove that 


LAOC=ZLBOD and LCOB= LDOA. 
Proof. Because OC stands on the straight line AB, 
^ LAOC+LCOB = 2 right angles ; 
and because OB stands on the straight line CD, 
`. LBOD +LCOB =2 right angles ; 
^ LAOC+LCOB = 4BOD + LCOB. 
From each of these equals take the angle COB; 
`. LAOC=LBOD, 
Similarly it can be shown that 
LCOB = LDOA, 


Exercise I. (on pages 1-12). 


1. What is the angle in degrees between the hands of a watch at 
(i) 2 o'clock, (ii) 5 o'clock ? 


2. What angle does (i) the minute hand, (ii) the hour hand, turn 
through in 20 minutes? 


„ 9. What is the angle in degrees between the hands of a clock at 
@) 12.15, (ii) 2.15 o'clock ? 
«сыны ы, >: уу 


* See note at head of page 10, 
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4, What are the supplements of $ rt. 2, 40°, 120°, 98° 19? 
5. What are the complements of } rt. 2, 40°, 35° 10' ro"? 


6. If in the figure of Theorem 1, the LBCD = 32°, how large are the 
£s ACD, ECD? 


T. If in the figure of the corollary of Theorem 1, _AOB= 30, 
LBOC —70*, LCOD — 140", what is the 2 DOA? 


8. If in the figure of Theorem 3, the LAOC=42°, what are the 
other angles in the figure? 


9. A straight line AB is bisected at C, and produced to D. Prove 
that DA 4-DB —2DC. 


. 10. A straight line AB is bisected at C, and any point D is taken 
in CB. Prove that AD - DB—2CD. 


11. In the figure of Theorem 3, prove that the bisectors of the 
angles AOD, DOB are at right angles. 


12. In the figure of Theorem 3, prove that the bisector of the 
-AOD, when produced, bisects the 2 ВОС. 


13. In the figure of Theorem 3, prove that the bisectors of the 
angles AOC, BOD are in the same straight line. 


14. A, B, C, D are four points, and AB, BC subtend (Z«. are opposite 
to) supplementary angles at D: show that A, D, C are in the same 
straight line. 


15. OA, OB, ОС, OD are straight lines so drawn that LAOB=LCOD 
and LBOC—ZAOD. Show that AO, OC and also BO, OD are in the 
same straight line. 


16. CAD and AB are two straight lines and 2 САХ=2 ВАО ; B, X 
being on opposite sides of C, D. Prove that AB, AX are in the same 
straight line. 


17. XOA, XOB are angles on the same side of OX, and OC bisects 
the angle AOB. Prove that 2 ХОА+2ХОВ=22Х0С. 


18. AOX, XOB are adjacent angles, of which AOX is the greater, and 
OC bisects the angle АОВ. Prove that LAOX –2ХОВ —22COX. 
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ПІ. TRIANGLES. 


Der. A plane figure is any part of a plane surface bounded by 
one or more lines, straight or curved. 


Der. А rectilineal figure is one which is bounded by straight 
lines. 


It will be assumed that any figure may be duplicated (т.е. 
copied exactly), or that it may be moved from any one position to 
any other position, and, if necessary, Zuzzed over or Solded. 

Tf a figure is taken up and placed on another figure in order ta 
make a comparison, the first figure is said to be applied to the 
second. This process is called superposition. 


Figures which occupy the same portion of space are said to 
coincide. 


Der. Figures which can be made to coincide are called con- 
gruent. Congruent figures are said to be equal in all respects. 

In two congruent figures, the sides and angles which coincide, 
when one figure is applied to the other, are said to correspond, 


Der. The area of a plane figure is the amount of surface 
enclosed by its boundaries, 


Der. Equal figures are those which have the same area, 


Der. The perimeter of a 
of its boundaries, 


‘ 


plane figure is the sum of the lengths 


TRIANGLES 15 
Der. A triangle is a plane figure bounded 


A 
by three straight lines. 
'The straight lines BC, CA, AB which bound 
a triangle ABC are called its sides and the 
B с 


points A, B, С its angular points or vertices. 


For distinction, one angular point is often called the vertex, 
and the opposite side the base. 


Der. Ап isosceles triangle is a triangle which 
has two equal sides. 

The side which is unequal to the others is 
always cailed the base, and the angular point 
opposite to the base is called the vertex. 


Der. Ап equilateral triangle is a triangle 
whose three sides are equal. 


Der. A right-angled triangle is a triangle one 
of whose angles is a right angle. P 
Der. The side opposite the right angle in a E | 
right-angled triangle is called the hypotenuse. 


Der. An obtuse-angled triangle is a triangle which E 


has one obtuse angle. 


Der. An acute-angled triangle is a triangle which adi 


has three acute angles. 
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THEOREM 4,* (Euclid I. 4-) 


Two triangles are congruent if two sides and the included 
angle of one triangle are respectively equal to two sides and 
the included angle of the other. 


A D 
B с Е Е 
Let ABC, DEF be two triangles in which 
AB = DE, 
AC = DF 


and the included £A =the included 2р. 


It is required to prove that the triangles are congruent, 


Proof. Apply the triangle ABC to the triangle DEF so that the 
point A falls on the point D and the Straight line AB falls along the 
straight line DE. 

Then because AB = DE (given), 

`. the point B falls on the point E, 
Also since AB falls along DE and it is given that £A — р, 


^ AC falls along DF 3 
and since it is given that AC = DF, 


`. the point C falls on the point F. 
Hence A falls on D, B on E and С on F, 


.. the triangle ABC has been made to coincide with the 
triangle DEF, 


^ the triangles ABC, DEF are congruent. 
€ eam d 
* See note at head of page 10. 
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Note on Theorem =. In the triangles ABC, DEF, z zs given that 
AB- DE, AC=DF, included ZA—included 20; 27 is proved that the 
triangles are congruent, and therefore (i) the triangles are equal in area, 
(ii) BO=EF, (iii) L_B=LE, LC=LF. 

Observe that the angles which are proved equal are opposite equal sides 
in the two triangles. 


In congruent triangles, the sides and angles which coincide, when 
one triangle is applied to the other, are said to correspond. 


In using Theorem 4, the work should be written ont as in the following 
example :— 


Ex. Zn the figure, if it is given that B с 
OA=OB and OC — Ор, prove that CB= ОА 
and LACB = BDA. GENET. 
[It looks as if Аз ООВ, ODA are con- 
gruent; we therefore begin thus :—] 


D A 
In the triangles OCB, ODA, 
OC=OD (given), 
OB= OA (given), 
LCOB =the vert. opp. 2 ООА; 
^. the triangles are congruent, 
. CB=DA 
and _OCB= LODA. 


[The rest is left as an exercise. Taking As OAC, OBD, prove that 
4 OCA= 2 ODB, etc.] 


Now observe the way in which the triangles are #amed and par- 
ticularly the order of the letters. The angles O, C, B of A OCB corre- 
spond to the angles O, D, A of A ODA. 

If we name the triangles in this way, we can write down the equal 
sides without even looking at the figure. 

Next, everything belonging to A OCB is written on the left and 
everything belonging to A ODA is written on the right. 
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THEOREM 5. (Euclid I. 16.) 


If one side of a triangle is 


produced, the exterior angle is 
greater than either of the interi 


or opposite angles. 


AF 
zu 


Let the side BC of the triangle ABC be Produced to D. It 
is required to prove that the exterior LACD is greater than eith 
of the interior opposite angles ВАС or ABC, 


Construction. Let AC be bisected at E, Join BE and produce 
it to F, making EF = BE, Join cF. 


er 


Proof. In the triangles AEB, CEF, 
AE = CE (const), 
| EB = EF (const.), 
LAEB =the vert, opp. ¿CEF ; 
`. the triangles are congruent, 
"^. ^ЕАВ=/ ЕСЕ. 
Now ОЕ is within the / АСО ; 
^. CACD >its part LECF, 
`. also 2АСО > ВАЕ, : 
Similarly, if BC is bisected and AC is produced to G, it can be 
Nom get 1. BCG > LABC. 
But BCG =the vert, Opp. ZACD ; 
`. also ДАС” > г АВС. 
Hence ZACD is greater than either of the /$ BAC or ABC, 


Мот. —1п the second rt of the proof ;7 7; V enough t 
it can be proved that LACD > LABO s ^ "ol enough to say, 


» 
g 


“ Similarly 
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Exercise II. (Theorems 4 and 5) 


l. Finish the proof of the example on p. 17. 


. 2. A straight line AB is bisected at C, and through С a straight 
line CD is drawn perpendicular to AB. If P is any point in CD, prove 
that PA=PB. 

3. Complete the enunciation of the following theorem, which is 
proved in Ex. 2:—Any point in the perpendicular bisector of the 
straight line, joining two given points, is ................ 

4. In the triangle ABC, the sides AB, AC are bisected in D and E. 
Through D and E perpendiculars are drawn to AB, AC respectively, to 
meet in O. Prove that OA=OB=OC. (Take As OAD, ОВО; then 
take ^s OAE, OCE.) 

5. If two straight lines, AB and CD, bisect each other at right 
angles, and AD, DB, BC, CA are joined, prove that all the sides of the 
figure ADBC are equal. 

6. ABC is an isosceles triangle in which AB=AC. The bisector of 
the / ВАС meets BC in X. Prove that (i) the ZABC—the АОВ; 
(ii) AX bisects BC ; (iii) AX is perpendicular to BC. 

7. Give (without reference to a figure) the enunciation of the 
theorem about an isosceles triangle proved in the last example. 

8. Along the equal sides AB, AC of an isosceles triangle ABC, set 
off two equal lengths AX, AY. Prove that (i) the As AXC, AYB are 
congruent ; (ii) the As BXC, CYB are congruent; (ii) the ZABC 
=the LACB. 

9. Two isosceles triangles, whose vertical angles are equal, are 
placed so as to have their vertices coincident; prove that two of the 
lines joining their other angular points are equal. 

10. Two quadrilaterals ABCD, XYZW have AB=XY, BC=YZ, 
CD=ZW, LB=LY, 26=22; show that they are congruent. [Use 
the method of superposition.] 

1l. In the figure of Theorem 5, (i) if A and F are joined, show that 
the As BEO, FEA are congruent; (ii) show that the As ABC, FBC 
are equal in area. 

12. Any two angles of a triangle are together less than two right 
angles, ` [Let ABC be the triangle. Produce ВС to D. The LABC< the 
АСО ; to each add the 2АСВ.] 

13. Every triangle has at least two acute angles. 

. 14. ABC is a triangle and О is any point within it. Join OB, ОС, 
and prove that the BOC > the ZBAC. [Produce BO to cut AC in X, 
and consider the As OXC, XAB.] 
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IV. PARALLELS. 


Der. Straight lines, which are in the same plane and which 
do not meet, however far they are produced in either direction, 
are said to be parallel. 


Playfairs Axiom. Two straight lines which intersect cannot 
both be parallel to the same straight line. 


Postulate. Let it be granted that a straight line can be drawn, 
through a given point, parallel to a given straight line. 


The distance between two parallel straight lines is the length 


of the perpendicular drawn from any point in one of the lines to 
the other. 


Der. Any straight line drawn to cut two or more given 
straight lines is called a transversal. 


If a transversal makes with two straight 
lines angles marked as in the figure, then 
1, 2, 7, 8 are called exterior angles : 
3, 4, 5, 6 are called interior angles : 
3, 5 are called alternate angles; so also 
are 4, 6: 
1, 5 are called corresponding angles; so 
also are 2, 6; 8,4; 7, 3. 


The following definitions are required in the examples : 


Der. A quadrilateral is a plane figure bounded B 
by four straight lines, 


The straight lines joining opposite angular points 
are called the diagonals of the quadrilateral. Ü А 
Thus in the figure, AC, BD are the diagonals of the quadrilateral 
ABCD. 
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Species of Quadrilaterals. 
Der. A trapezium is a quadrilateral two sides of which are 
parallel. 
Der. A parallelogram is a quadrilateral whose opposite sides 
are parallel. 
Der. A rectangle is a parallelogram one of whose angles is 
a right angle. 


Trapezium, Parallelogram. Rectangle. 


Der. A square is a rectangle, of which a pair of adjacent sides 
are equal. 

Dxr. A rhombus is a quadrilateral with all its sides equal, 
but its angles are not right angles. 


Note on the definitions. In defining anything, the definition should 
say just enough to describe the thing exactly. To say more than 
enough spoils the definition. 


Starting with the definitions given above, and using the properties 


` of parallel straight lines, we can prove that 


The opposite sides of a parallelogram are equal. 
` All the angles of a rectangle or of a square are right angles. 
A rhombus is a parallelogram. 


But these facts must not be mentioned in the definitions. 


Next, in proving properties of geometrical figures, the figure drawn 


` should be as general as possible, It should have no special properties 


except those which are given. 

Thus, in a question about a quadrilateral, draw an irregular figure 
and not a БАТАДЫ iii, unless the given conditions result in its being 
a parallelogram. 


E.G B 
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THEOREM 6.* (Euclid I. 27.) 


If a straight line cuts two other Straight lines so as to make 
the alternate angles equal, the two straight lines are parallel. 


Let the straight line EF cut the straight lines AB, CD in G and H, 
80 as to make the alternate angles AGH, GHD equal. 
It is required to prove that AB, CD are parallel. 


Proof. If AB and CD are not parallel, they will meet if pro- 
duced, either towards B, D or towards А, С. 


If possible, let АВ and CD meet at K, when produced towards 
B, D. 


Then GHK is a triangle with the side KG produced to A ; 

<. the exterior £ AGH is greater than the interior opposite LGHD. 

But it is given that LAGH = LGHD ; ^ 
<. the LAGH cannot be greater than LGHD, ` 

-. AB and CD cannot meet when produced towards B, D. у 


Similarly, it can be shown that they cannot meet when produced 
towards A, C. ate ae 


-. AB and CD are parallel, 


E 


D Ише X M 
* See note on p. 10, 
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THEOREM 7.* (Part of Euclid I. 29.) 
This is the converse of Theorem 6. 


If a straight line meets two parallel straight lines, it makes 
the alternate angles equal. 


Let the straight lines AB, CD be parallel, and let the straight 
line EF meet them in G and H. 

It is required to prove that the alternate angles AGH, GHD are 
equal. 


Construction. If the LAGH is not equal to the (GHD, let the 
straight line GK be drawn, making _KGH equal and alternate to 
LGHD. 


Proof. By construction, the „КӨН = the alternate GHD ; 
`. KG to parallel to CD. 

"But it is given that AB is parallel to CD ; 

Г. AB and KG are both parallel to CD ; and, by Playfair's axiom, 
this is impossible, for AB and KG intersect. 
Hence it is wrong to suppose that the 45 AGH, GHD are unequal; 
к. Rt .. LAGH =LGHD. 

NOTE. The method of proof in Theorem 7 is called Reductio ad 
` absurdum, and consists in showing that if the theorem is supposed to 

be untrue, an absurdity follows. This method is often used in proving 

the converse of a known theorem. 


* See note on p. 10. 
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THEOREM 8.* (Euclid I. 28.) 


If а straight line cuts two other Straight lines so as to make 
(i) two corresponding angles equal; о> (ii) the interior angles, on 


the same side of the line, supplementary, the two straight lines 
are parallel. 


Let the straight line EF cut the straight lines AB, CD so as to 
make (i) the corresponding angles EGB, GHD equal. 
It is required to prove that AB and OD are parallel. 


Proof. It is given that LEGB = LGHD. 
But the / EGB = the vert. Opp. LAGH, 
`. LAGH=LGHD; 
and these are alternate angles, 


` AB and CD are parallel, 


(ii) Let the interior zs BGH, GHD be supplementary. 4 

It is required to prove that AB and CD are parallel. 

Proof. It is given that the LGHD is the supplement of the 
«Ван. , 
But since AGB is a straight line, ; 

5. the 2 AGH is the supplement of the LBGH, 


7 LAGH —2 GHD; 
and these are alternate angles, 


`. AB and CD are parallel, 
жаы О „РАР, 
* See note on p. 10. 
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THEOREM 9.* (Part of Euclid I. 29.) 
This is the converse of Theorem 8. 


If а straight line cuts two parallel straight lines it makes 
corresponding angles equal and also two interior angles on the 
same side of the line supplementary. 


Let the straight lines AB and CD be parallel, and let the straight 
line EF cut them in G and H. 


(i) It is required to prove that the corresponding angles EGB, 
GHD are equal. 


Proof... Yt is given that AB is parallel to ОО; 
*, LAGH =the alt. ~GHD. 


But LAGH = the vert. opp. LEGB ; 
{ '. LEGB=ZGHD. 


. (ii) It is required to prove that the angles BGH, GHD are 
supplementary. 
Proof. It is given that AB is parallel to CD, 
‘` LAGH =the alt. LGHD ; 


and because AGB is a straight line, 
°. LAGH =the supplement of the 2 BGH, 
*. also LGHD = the supplement of the 2 ВОН, 


* See note on p. 10. 
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THEOREM 10.* (Euclid I. зо.) 

Straight lines which are parallel to the.same straight line are 
parallel to one another. 

A B 
=== ла D 
BESTE 

Let both of the straight lines AB and CD be parallel to the 
straight line EF. 

It is required to prove that AB and CD are parallel. 

Proof. By Playfair's axiom, two intersecting Straight lines can- 
not be parallel to the same straight line ; and since it is given that 
both AB and CD are parallel to EF, 

`. AB and CD cannot meet when produced, 
-. AB and CD are parallel. 


Exercise III. (Theorems 6-10.) 


1. Straight lines which are perpendicular to the same straight line 
are parallel. 


2. Any straight line which is Perpendicular to AB is also per- 
pendicular to any parallel to AB, 


3. If one angle of a parallelogram is а right angle, prove that all 
its angles are right angles. 


4, Show that the opposite angles of a parailelogram are equal to 
one another. [Produce one of the sides.] 


5. The acute angle between any two intersecting straight lines is 
equal to the acute angle between any parallels to these lines. 


of a triangle is two right angles. 


7. If, in the quadrilateral ABCD, the sides AB, DC are equal and 
parallel, prove that the sides BC, AD are also equal and parallel. 


8. If the diagonals of a quadrilateral bisect one anot 


her, prove that 
the figure is a parallelogram. P 


* See note on p. 10, 
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V. ANGLES OF RECTILINEAL FIGURES. 


Der. A rectilineal figure is a figure which is bounded by 
straight lines. 


If all the sides of the figure are equal, it is said to be equilateral ; if 
all its angles are equal, it is equiangular. 
A convex rectilineal figure is one which has no angle greater than 
two right angles. 
If a fly walks round a rectilineal figure, and each side is produced 
-in the direction in which he walks along it, the sides are said to be 
produced in order. 


ара. 


Thus, the figure A is convex, B is not convex, С has its sides pro 
duced in order. 


Der. A polygon is a plane figure bounded by more than 
four straight lines. 
A. polygon is said to be regular when all its sides are equal and ай 


its angles are equal. 
A polygon with E sides is called a pentagon. 


» » » » hexagon. 

» » : » » heptagon. 

» » 8 » » octagon. 
10 , s» ns»,  decagon. 


Regular pentagon. Hexagon. 
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THEOREM 10.* (Euclid I. зо.) 

Straight lines which are parallel to the.same Straight line are 

parallel to one another. 
A B 
و ي‎ 
E— F 

Let both of the straight lines AB and CD be parallel to the 
straight line EF. 

It is required to prove that AB and CD are parallel. 

Proof. By Playfair's axiom, two intersecting straight lines can- 


not be parallel to the same straight line ; and since it is given that 
both AB and CD are parallel to EF, 


^. AB and CD cannot meet when produced, 
-. AB and CD are parallel. 


Exercise III. (Theorems 6-10.) 


1. Straight lines which are perpendicular to the same straight line 
are parallel. 


2. Any straight line which is perpendicular to AB is also per- 
pendicular to any parallel to АВ. 


. 9. If one angle of a parallelogram is a right angle, prove that all 
its angles are right angles. 


4. Show that the opposite angles of a parailelogram are equal to 
one another. [Produce one of the sides.] 


5. The acute angle between any two intersecting straight lines is 
equal to the acute angle between any parallels to these lines. 


T. If, in the quadrilateral ABCD, the sides AB, DC are equal and 
parallel, prove that the sides BC, AD are also equal and parallel. 


8. If the diagonals of a quadrilateral bi 


| sect one another, prove that 
the figure is a parallelogram. " 


* See note on p. 10, 
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V. ANGLES OF RECTILINEAL FIGURES. 


Der. A rectilineal figure is a figure which is bounded by 
straight lines. 


If all the sides of the figure are equal, it is said to be equilateral ; if 
all its angles are equal, it is equiangular. 

A. convex rectilineal figure is one which has no angle greater than 
two right angles. 

If a fly walks round a rectilineal figure, and each side is produced 


"in the direction in which he walks along it, the sides are said to be 


produced in order. 


Cad 


Thus, the figure A is convex, B is not convex, C has its sides pro 
duced in order. 


Der. A polygon is a plane figure bounded by more than 
four straight lines. 
A polygon is said to be regular when all its sides are equal and ай 


its angles are equal. 
A polygon with 2 sides is called a pentagon. 


» » » » hexagon. 
» » : ” » heptagon. 
» » 8 » ” octagon. 
» » fo » » decagon. 


Regular pentagon. Hexagon. 
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THEOREM 11. (Euclid I. 32.) 


If one side of a triangle is produced, the exterior angle is equal 
to the sum of the two interior opposite angles; also, the sum of 
the three angles of a triangle is two right angles, 


B c D 


Let ABC be a triangle, 


(i) It is required to 
to the sum of the two i 


and let BC be produced to D, 


prove that the exterior angle ACD is equal 
nterior opposite angles A and B. 


Construction. Through C let CE be drawn parallel to ВА. 
Proof. By construction, BA and CE are parallel and АО meets 
them ; 
^ LACE =the alternate г A. 
Again, 


BA and CE are parallel and BD cuts them j 
^. LECD =the corresponding 4B, 
`. the whole ¿ACD = 2А+ В. 


(ii) It is required to prove t 
triangle ABC is two right angles, 
Proof. It has been proved that 


4ACD=2A+ LB. 
To each of these equals add г АСВ; 


4. LACD+LACB = 2А+2 B+ LACB. 
And since BOD is a Straight line, 


"^ LACD--LACB— 2 right angles, 
* LA+LB+LACB =2 right angles, 


hat the sum of the angles of the 
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‚ COR. т. The sum of any two angles of a triangle is less than two 
right angles. 


Con. 2. If two angles of one triangle are respectiveiy equal to two 
angles of another triangle, the third angles are equal and the triangles 
are equiangular. 


Nore. Equiangular triangles are not necessarily congruent. 


THEOREM 12. (Euclid I. 32, Cor. т.) 


All the interior angles of a convex rectilineal figure, together 
with four right angles, are equal to twice as many right angles 
as the figure has sides. 


Let л be the number of sides of the figure. 
It is required to prove that 
the angles of the figure + 4 rt. 4s= 27 rt. 45. 


Construction. Take any point O within the figure and join О 
to each vertex. 


Prog. The figure has been divided into # triangles, 
and the three angles of each triangle together = 2 rt. LS; 
`. all the angles of all.the triangles together = 27 rt. 4s. 
_ But all the angles of all the triangles make up the angles of the 
figure and the angles at O ; 
: also the angles at О together — 4 rt. 25; 
°. the angles of the figure + 4 rt. Ls= 27 rt. Ls, 
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THEOREM 13. (Euclid I. 32, Cor. 2.) 


If all the sides of a convex rectilineal figure are produced in 
order, the sum of the exterior angles is four right angles. 


Proof. Let n be the number of sides of the figure ; 
°. л is also the number of vertices. 
Now at each vertex, the interior £ + the exterior L= 2 rt. Ls; 
` all the interior Ls + all the exterior Ls = 2# rt. 45. 
But, in a convex rectilineal figure, it has been shown that 
all the interior Ls + 4 rt. LS= 27% rt, zs ; 
^. all the int. 4s-+all the ext. Ls = all the int. zs +4 rt. 48; 
`. all the ext. 2s=4 rt, zs. 


Ex. ind, in degrees, an interior angle of a regular pentagon. 


The sum of the ext. Ls=90° x 47 360° 
and the figure has 5 angles ; 
^ an ext. L=} of 360^ — 72", 
^ an int. 2=180° — 72^ = 108°, 


Exercise IV. (Theorems 11-1 3) 
Numerical. 
1. In a right-angled triangle, one angle— 50°; find the third angle, 
2. In the triangle ABC, LA= 100°, 2В =20° ; what is LC? 
3. In the triangle ABC, 2А =20°, the exterior angl a 
what is 20? i abb 2 


noe a quadrilateral ABCD, LA=90°, £B=g0", 


26 4C=60°; what 
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5. In a quadrilateral ABCD, L_A=6o°, LB= 120°, 1D 120* ; what 
is LC? What kind of quadrilateral is ABCD? 

6. How many angular points has an z-sided rectilineal figure? 
How many triangles are formed by joining one of its vertices to all the 
remaining vertices? Express in degrees (i) an exterior, (ii) an interior 
angle of a regular pentagon, hexagon, octagon. 

7. Ina certain quadrilateral, the sum of two interior adjacent angles 
15 200 degrees. Find the obtuse angle contained by the bisectors of 
the two remaining interior angles. 

8. A five-sided figure has four equal angles, and the fifth angle is 
half one of the other four; express the fifth angle as a fraction of a 
right angle. 

9. A hexagon ABCDEF has the angles at A, C, E all equal, and each 
double any one of the angles at B, D, F, which are also all equal ; 
determine the angle A as a fraction of a right angle. 

10. If each angle of a rectilineal figure is equal to seven-eighths of 
two right angles, find the number of sides. 


Theoretical. 


ll. If one angle of a triangle is equal to the sum of the other two, 
prove that the triangle is right angled. 

12, If a straight line meets two parallel straight lines, the bisectors 
of two interior angles on the same side of the line are at right angles. 

13. Prove that the bisectors of the angles of a parallelogram form a 
rectangle. [Use Ex. 12.] 

14. Prove that the sum of the angles of a quadrilateral is four right 
angles by drawing a diagonal and using Theorem 11. 

15. In the quadrilateral ABCD, if 2А=2С and /В=/ Р, prove 
that the figure is a parallelogram. [Use Ex. 14 to show that 
CA-FLB-2 rt. 25.) 

16. Prove Theorem 12 by joining one vertex of the polygon to all 
the remaining vertices, thus dividing it into (7—2) triangles, where л 
is the number of sides of the polygon. 

'17. In the triangle ABC, the bisectors of the angles B and C are 
drawn, to meet in X. Prove that LBXC— 9o" --3 A. 

18. In the triangle ABC, the sides AB, AC are produced, and the 
bisectors of the exterior angles at B and C are drawn to meet in Y. 
Prove that 2 BYC— 90° – 2А. 

19. In the triangle ABC, perpendiculars AD and ВЕ are drawn 
to BC and CA respectively. If AD and BE meet in O, show that 
&АОЕ =/ С. [Apply Ex. 14 to the quadrilateral CDOE.] 
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VL TRIANGLES (continued). 


THEOREM 14.* (Euclid I. 26.) 


Two triangles are congruent if two angles and a side of one 
triangle are respectively equal to two angles and the correspond- 
ing side of the other. 

D 


B с Е F 
Let ABC, DEF be two triangles in which 
&В=/Е and 2C-;F. 
Since the £s of each triangle are together equal to 2 rt. zs, 
^ the remaining £A = the remaining 4D. 
Also let it be given that BC = EF. 


It is required to prove that the triangles are congruent. 
Proof. Apply the triangle ABC to the triangle DEF so that B 
falls on E and BC falls along EF. 
Then, because BC — EF (given), 
` C falls on F, 
Again, because BC falls along EF, and LB= LE (given), 
-. BA falls along ED. 
Also, because CB falls along FE, and 1C — 4F (given), 
-. CA falls along FD ; 
^ A, which is the point of intersection of BA and CA, falls on D, 
which is the point of intersection of ED and FD. 
Thus A falls on D, B on E and C on F j 


^ the triangle АВС has been made to coincide with the 
triangle DEF, 


`. the triangles are congruent. 
MÀ 
* See note on р. 1o, 
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Exercise V. (Theorem 14.) 


1, If two isosceles triangles have equal bases and equal vertical 
angles, prove that they are congruent. 


2. Prove that the opposite sides of a parallelogram are equal, 
Hence show that all the sides of a square are equal. 


3, The diagonals of a parallelogram bisect one another. 


4, AB, the perpendicular distance between two parallel straight 
lines, is bisected in С. Any straight line through C meets the parallels 
in P,Q. Show that CP=CQ. 


5. Any point on the bisector of an angle is equidistant from the 
arms of the angle. 


6. In any triangle ABC, OB, OC are the bisectors of the angles 
B and О, and OX, OY, OZ are drawn perpendicular to BC, CA, AB 
respectively. Prove that OX 2 OY — OZ. 


T. In any triangle ABC, AB and AC are produced, and the bisectors 
of the exterior angles at B and C meet in O. Prove that O is equi- 
distant from the three sides of the triangle. 


8. AB, CD are two straight lines meeting in O, and EF is another 
straight line. Show that, in general, two points can be found in EF 
which are equidistant from АВ and CD. When is there only one such 
point? [Consider the bisectors of Ls AOC, COB, using Ex. 5.] 


9. ABCD is a quadrilateral, and the diagonal AC bisects the angles 
at A and C ; show that AC is at right angles to the other diagonal BD. 
[Let AC, BD meet in О. Prove As ABC, ADC congruent: then prove 
4s АОВ, AOD congruent.] 


10. ABCD is a quadrilateral in which the diagonal AC bisects the 
diagonal BD. Prove that B and D are equidistant from АС. [Let BE, 
DF be perpendicular to AC, and let AC, BD meet in O. Consider 
^s ОВЕ, ODF.] 


11. ABCD is a trapezium with BC parallel to AD. АВ is bisected 
at O, and XY is drawn through O, parallel to DC, to meet AD, CB 
(produced if necessary) in X and Y. Prove that (i) As AOX, BOY are 
congruent ; (ii) the figures ABCD, XYCD are equal in area. 


12. If two quadrilaterals ABCD, EFGH have the angles A, B, C, D 
equal to E, F, G, H respectively, and AB, DC equal to EF, HG respec- 
tively, and if AD, BC meet when produced ; then the quadrilaterals are 
congruent. [Let AB, BC meet in L, and let EH, FG meet in M. 
Consider As ABL, EFM and then As CDL, GHM.] 
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THEOREM 15. (Euclid I. 5.) 


If two sides of a tri 


le are equal, the angles opposite to 
these sides are equal. 


A 


B D o 


Let ABC be a triangle in which AB=AC. 
It is required to prove that &В=/0. 


Construction. Let the angle BAC be bisected by a straight line 
meeting BC in D. 
Proof. In the triangles ABD, ACD, 


AB — AC (given), 
| AD is common to both triangles 
and LBAD =/ CAD (construction) ; 
<. the triangles are congruent ; 
^ LB-ZC. 


Con. т. The bisector of the 
(i) bisects the base | 
(ii) is perpendicular to the base. 
For it has been shown that the triangles ABD, ACD а 
^4 BD-CD 
and / АБВ=/ ADC, 
and these аге adjacent angles ; 
“< AD is perpendicular to BC. 


An equilateral triangle is also equiangular, 


vertical angle of an isosceles triangle 


те congruent ; 


Cor. 2. 
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THEOREM. 16. (Euclid I. 6.) 
This is the converse of Theorem 15. 


If two angles of a triangle are equal, the sides which sub- 
tend * these angles are equal. 


B D о 


Let ABC be a triangle in which 2В=20С. 
It is required to prove that AB = АС. 


Construction. Let the angle BAC be bisected by a straight line 
meeting BC in D. ч 


Proof. In the triangles ABD, ACD, 
LB= LO (given), 
| LBAD = / САР (construction) 
and AD is common to both triangles ; 
‘°. the triangles are congruent ; 
<‘. the sides opposite to equal angles in each triangle are equal ; 
"^. АВ = AC. 


COR. Ап equiangular triangle is also equilateral, 


* * To subtend’ means ° to be opposite to.’ 
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The following definitions are inserted for use in the Exercises :— 


Der. A circle is a plane figure bounded by one line called 
the circumference, and is such that all straight lines drawn from a 
certain point within the figure to the circumference are equal. 

These straight lines are called radii, and the point is called the 
centre of the circle. 


Postulate. Let it be granted that a circle may be described 


with any point as centre, and with radius equal to any given 
straight line. 


Der. A diameter of a circle is a Straight line drawn through 
the centre and terminated both ways by the circumference. 


Der. A semi-circle is the figure bounded by a diameter of a 
circle and part of the circumference cut off by the diameter. 


Der. A chord of a circle is a straight line joining any two 
points on the circumference. 


Der, An arc of a circle is any part of the circumference. 
A 


Diameter Chord 


Der. A segment of a circle is the 


figure bounded by any straight line and 
one of the arcs into which it divides the ч 


circumference. 


Der. A sector of a circle is the figure 
bounded by two radii and the arc inter- 
cepted between them. 
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Exercise VI, (Theorems 15, 16.) 


1. The vertical angle of an isosceles triangle is 90° ; what are the 
base angles? 


2. One of the base angles of an isosceles triangle is 70° ; what is 
the vertical angle ? 


.9. How many degrees are there in an angle of an equilateral 
triangle? 
4. Ifthe equal sides of an isosceles triangle are produced, the 
angles on the other side of the base are equal. 


5. Points X, Y are taken in the base BC of an isosceles triangle 
ABC, so that ВХ=СҮ ; show that AX, AY are equal and equally in- 
clined to BC. 


6. ACB, ADB are isosceles triangles on the same base AB. Show 
that САр=2 СВР. 


T. Equilateral triangles BAD, CAE are described on the sides AB, 
AC of an equilateral triangle ABC, externally to the triangle ; show that 
DA is in the same straight line as AE. 


8. On the sides BC, CA, AB of an equilateral triangle, the three 
equilateral triangles BCD, CAE, ABF are drawn, externally to the 
triangle; prove that D, E, F are the corners of an equilateral triangle. 


9. Equilateral triangles ABH, ACK are described on AB, AC, sides 
of a triangle ABC, externally to the triangle. Show that CH= BK. 


10. ABCD is a parallelogram in which the diagonal AC bisects the 
angle at A, Prove that ABCD is a rhombus. 


ll. If P is any point on the circumference of a semicircle whose 
diameter is AB, then the angle APB is a right angle, [Let O be the 
centre. Join OP. Apply Theorem 15 to As ОАР, OBP, and show 
that 2АРВ =2А-+4В.] 


12. Show how to find points D and Е on the sides АВ and AC re- 
spectively of a triangle ABC, such that DE is parallel to BC, and equal 
to BD. Грега that if DB= DE, then ¿DBE =£ DEB.] 


13. А circle is described on the side AB of the triangle ABC as 
diameter ; XY is that diameter of the circle which is parallel to BC. 
Prove that BX, BY are the bisectors of the interior and exterior angles 
of the triangle at B. 

14. ABCDE is a regular tagon and OA, OB are the bisectors of 
the angles A and B. yen OC, OD, OE bisect the angles C, D, E. 
Hence show that О is equidistant from А, B, C, D, E, [Use As BAO, 
BCO to show ООВ = GAB. Hence show that OC bisects LBCD.) 
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THEOREM 17.*. (Euclid I. 8.) 


Two triangles are congruent if the three sides of one triangle 
are respectively equal to the three sides of the other. 


Let ABC, DEF be two triangles in which 
AB=DE, AC=DF, BC=EF. 
It is required to prove that the triangles are congruent, 


Proof. Place the triangle ABC so that A falls on D, AB falls 


along DE, and C falls at some point G, on the opposite side of DE 
10 F. Join FG. 


Then, because АВ = DE (gzven), 


`. B falls on E. 
Again, it is given that AC = DF, and, by supposition, AC = DG A 
". DF=DG, 
and these are sides of the triangle DFG ; 
^ £DFG=ZLDGF. 
Similarly, it can be shown that 
LEFG - LEGF ; 
^ the whole or remainder ¿DFE = the whole or remainder г DGE. 
But LACB =/ DGE А 


` LACB=ZDFE, 
Hence, іп the triangles ABC, DEF, 


CA= FD (given), 
CB = FE (given), 
the incl. ACB = the incl. 20 


l FE ( proved) ; 
^. the triangles are congruent 


адаа с 
* See note on p. 10, 
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THEOREM 18.* 
Two right-angled triangles are congruent if the hypotenuse 
and a side of one are respectively equal to the hypotenuse and 
a side of the other. 


B E 
N 
\ 
\ 
\ 
\ 
\ 
\ 
A, N 
с А Е р G 


Let АВО, DEF be two right-angled triangles, in which 
the hypotenuse BC — the hypotenuse EF 
and AB=DE. 
It is required to prove that the triangles are congruent. 
Proof. Place the triangle ABC so that A falls on D, AB falls 
along DE, and C falls at some point G, on the opposite side of 
DE to F. 
Then, because AB = DE (given), - 
*. B falls on E. М 
Also, it is given that 2s ВАС, EDF are right angles, 
and LBAC =LEDG; 
*. the adjacent 25 EDG, EDF are right angles ; 
* DF and DG are in the same straight line. 
Again, BC = EF (giver) and, by supposition, BC = EG. 
*. EFG is a triangle in which EF=EG; 
2. LEFD = Z EGD. 
But 1 BCA — ZEGD ; 
°". LBCA=ZLEFD. 
Hence, in the triangles ABC, DEF, 
1 ВАС = EDF, 
| LBCA = LEFD, 
AB=DE; 
*. the triangles are congruent. 


* See note on p. 10. 
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Note on the Congruence of Triangles. It has been shown that two 
triangles are congruent in the following cases :— 


(i) If two sides and the included angle of the one are respectively 
equal to two sides and the included angle of the other, (Theorem 4.) 


(ii) If two angles and a side of one are respectively equal to two 
angles and the corresponding side of the other. (Theorem 14.) 


(iii) If the three sides of one are respectively equal to the three 
sides of the other. (Theorem 17.) 
(iv) If two sides of one are respectively equal to two sides of the 


other and the angle opposite a pair of equal sides in each is a right 
angle. (Theorem 18.) 


The three sides and the three angles are sometimes 


called the parts 
of the triangle. 


To prove two triangles congruent, we must have three parts of one 
respectively equal to three parts of the other, and these parts must be 
chosen in one of the Ways just described. 


Two triangles are not necessarily congruent in the following cases :— 


(i) If the three angles of one are respec- e 
tively equal to the three angles of the other. M 

For example, in the figure LM is drawn 
parallel to BC and the triangles ABC, ALM 
are equiangular but are not congruent, A L B 
ne triangle are respectively equal 
т, the equal angles being opposite 


(ii) If two sides and an angle of o; 
to two sides and an angle of the othe 
equal sides in each triangle. 

Thus, in the triangles ABC, ABX, 


B 
AB is common, 
BX = BC, 
and the angle A, opposite the equal sides 
BX, BC, is common, but the triangles are ^ X 16 


not congruent. 


CONGRUENT TRIANGLES 4 


Exercise VII. (Theorems 17, 18.) 


1. In the quadrilateral ABCD, if AB=CD and BC=DA, prove that 
ABCD is a parallelogram. 


2. Prove that a rhombus is a parallelogram. 


_ 9 The diagonals of a rhombus bisect the angles of the figure and 
bisect each other at right angles. 


4. A chord AB of a circle is bisected at N. If O is the centre, show 
that ON is perpendicular to AB. 


5. A straight line cuts a circle in A, Banda concentric circle in 
C, D. Show that AC, DB are equal and that they subtend equal 
angles at the common centre. 


6. ACB, ADB are two triangles, on the same base AB and on the 
same side of it, such that AC= BD and AD=BC. If AD, BC meet in O, 
prove that the triangles OAC, OBD are congruent. 


7. A and B are the centres of two circles which cut at C and D. 
Prove that AB bisects the common chord CD and is perpendicular to it. 
ie 4° CD meet in N. Consider As ABC, ABD and then As ANO, 

D. 


8. If AB is a chord of a circle whose centre is O, prove that the 
perpendicular from O to AB bisects AB. - 


9. AB and CD are two equal chords of a circle whose centre is О, 
and OX, OY are the perpendiculars from O to AB, CD respectively. 
AB= CD, prove that OX —OY. [Use Ex. 8 to show that AX — CY, then 
take As OAX, OCY.] 


10. AB and CD are two chords of a circle whose centre is C and OX, 
OY are the perpendiculars from O to AB, CD respectively. If OX - OY, 
BAS on AB=CD. [Take 4s OAX, OCY to show AX=CY, then use 

x. 8. 

‚11: In any triangle ABO, the bisectors of the angles B and C meet 
in O. Show that AO bisects the angle A. [Use Exercise V. 5. 

12. In any triangle ABO, the straight lines bisecting the exterior 
angles at B, C Ed by producing АВ, AC meet in O. Show that AO 
bisects the angle BAC. [Use Exercise У. 7] 

13. In the triangle АВО, AB is bisected at X, AC is bisected at Y. 
The perpendiculars through X and Y to AB and AC respectively meet 
inO.. Prove that OA= OB- OC. Hence show that the perpendicular 
from О to BC bisects BC. ; 

14. ABCDE is a regular pentagon and OA, OB are the bisectors of 
the angles A and B. Prove that O is equidistant from the sides of the 
pentagon. [Use Exercise VI. 14.] 
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VII. THE USE OF INSTRUMENTS 


The following instruments are required : 
(i) A hard pencil. 
(ii) A pair of compasses with a hard pencil point. 
(iti) Two set squares, one with angles 60°, 30°, go”; the 
other with angles 45°, 45°, 90°. 
(iv) A ruler with one edge graduated in inches and tenths 
of an inch, the other in centimetres and millimetres. 
(v) A pair of dividers. 
(vi) A protractor. 
Your pencils and compass leads should be finished off with 
glass paper to a fine chisel edge. 


Representation of Points. A point should be represented 
by the intersection of two short lines. 
х س ب‎ ٠° م م‎ 
Right method. Wrong method, 


To ensure accuracy in practical work, all lines should be as 
thin and uniform as possible. 

When ruling the straight line joining two points, first place 
the pencil-point at one of the points, bring the straight-edge up to 
it and, using the pencil as a pivot, swing the straight edge into 
position so that the other point is just clear, and rule the line 
as evenly and continuously as possible. 


In drawing a circle of given radius, open your compasses to 
a slightly greater distance than that required and apply them to 
the scale, press the legs together until the points are at the right 
distance and the ‘spring’ is removed from the legs. Then draw 
the circle, taking care to hold the compasses by the head only. 
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Set-squares are used for drawing parallels, perpendiculars and 
for making angles of 3°, 45 and бо degrees. 

It must be borne in mind that the angles of set-squares are 
never to be relied on quite close up to the vertex. 


Take a ruler and place a set-square with one of its edges along 
the square edge of the ruler. Hold the ruler firmly and slide the 
set-square along it into various positions. Draw straight lines 
using another edge of the set-square as а ruler. 

It will be seen that the angles « and B which any two of the 
lines make with the edge of the ruler are equal, for each is one of 
the angles of the set-square. Also these angles are corresponding 
angles, and therefore the lines are parallel. 


Through a given point (c), draw a straight line parallel to # 
given straight line (AB), using set-squares. 


Place a set-square, PQR, with its hypotenuse PQ along AB. 
Place another set-square with its hypotenuse in contact with PR. 
Hold the second set-square firmly, and slide the first into the 
position P'Q'R', so that Р'@/ is just clear of C. 
Draw a line through ©, using the edge Р'@ as а ruler. 
This line is the required parallel. 
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Draw a perpendicular to a given straight line (HK), through a 
given point (O), using set-squares. 


Place a set-square, PQR, with its hypotenuse PQ parallel to HK. 
Slide a. second set-square, ABC, along QP, with BC, one of the 
sides containing the right angle, in contact with PQ, until AB is 
just clear of O. 
Using the edge AB as a ruler, draw a line through O. 
This line is the required perpendicular. 


Measurement of Length. Any suitable length may be selected 
asa unit. The unit of length employed in Practical Geometry is 
either an inch or a centimetre. 

A scale, in which the upper numbered divisions are inches and 
the lower divisions are centimetres, is given below. 


The abbreviation 2’ 7" is often used to denote 2 feet 7 inches. 

Remember that 1 centimetre (cm.) = то millimetres (mm.). 

In measuring a line, be careful to tilt the scale, so as to bring 
the graduations as near to the line as possible. 


A scale with a 
thin bevelled edge is convenient. 
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Exercise VIII. 
Practical 


In expressing the result of a measurement, the unit em- 
ployed should always be stated. 


1. What is the length of one of the small lower divisions of the 
scale on page 44? 


9. By referring to the scale on page 44 or to your ruler, state a5 
nearly as you can the number of millimetres In 3 inches. Hence 
deduce the number of millimetres in 1 inch. 


3. In the last question, your final result ought to be more, accurate 
than if you had directly estimated the number of millimetres in 1 inc 
Why is this? 


4, By referring to the scale on page 44, state as nearly as you can 
the number of inches and tenths of an inch in 7 centimetres, giving the 
result decimally. 


5. Using the result obtained in the last question, express 1 centi- 
metre as the decimal of an inch. 


6. Measure the lengths AB, BC, CD in the figure below, in inches 
and tenths of an inch, giving the results decimally. 


A B © D 


Find the length of AD by addition, and state your results as follows :— 


AB= ... in 

BC- ... ins 

CD- ... іп, 
AD=AB+BC+CD= ... in. 


Verify the result by measuring AD. 


1. Measure the distances PQ, and XY, giving the results correct 
to the nearest millimetre. 
Q 
State as follows :— P 


ко... ШП, 


> 


X $ 
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It commonly happens that the length of a line, or the distance 
between two points, is not an exact number of tenths of an inch 
or an exact number of millimetres. 

With practice, always taking care to bring the graduated edge 
of the scale into close contact with the paper, it is possible to 
estimate a length correctly to the nearest hundredth of an inch 
or to the nearest tenth of a millimetre. 

A B, C, D E 


کے وا 
LLLLTETITITTIITITIIIITIIIITITITITIDP‏ 
ERS ST EA TERRA SURE CUN‏ 


P 


Thus, in the above figure, 
AB — 1:14 in., AC — 2-07 in., 
AD=2-59 in, AE=2-82 in., 
PQ=2-25 cm. 
Estimate the lengths of PR, PS, PT. 


When a line has to be measured accurately to the nearest 
hundredth of an inch, a diagonal scale must be used (see p. 92). 


The Dividers are used for comparing the lengths of straight 
lines and for measuring the distance between points, the distances 
being transferred to the scale. 


In applying the dividers to the scale, hold them nearly flat, so 
that the points do not injure the scale. 

Open the dividers to a slightly greater distance than that required, 
and press the legs together until the points are at the right distance 
and the ‘spring’ is removed from the legs. 

In transferring the distance, hold the dividers by the head only, 
ог you may alter the distance of the points. 

Do not make holes through the paper. 
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Exercise IX. 
Examples on Measurement and the Use of Set Squares. 


l. By applying a scale to the figure below, measure the lengths 
of AB, BC, CD, DE, EF correct to the nearest hundredth of an inch, 
and verify by measuring AF. 


кы} 
А B б D E F 


2. By applying a scale to the figure below, measure the lengths of 
AB and AC, giving the results in millimetres and tenths of a millimetre. 
Deduce the length of BC and verify by measurement. 


Sane eee 


State your results as follows :— 


BC=AC-AB= ... mm. 
3. Repeat Exx. 1 and 2, using your dividers. 


„ 4. Draw a circle of radius 1-3 іп. Find points A, B, C on the 
circumference such that АВ =2-1 in АС=2:3 in. Measure BC. 


5. Draw a parallelogram ABCD in which AB=2 in, AD—1.6 in., 
LA-60*. Draw DE perpendicular to AB. Measure DE and AC. 


6. Draw a triangle ABC in which AB—2:5 in., LA= 30", LB-45*. 
ШАУ perpendiculars AX, BY, CZ to BC, CA, AB respectively. Measure 


7. Draw a straight line AB. Draw AC perpendicular to AB. Along 
AC set off AD— r in. Through D draw DE parallel to AB. You have 
now drawn а pair of parallels 1 inch apart. Take any point O; 
through O draw a straight line making an angle of бо° with AB and 
DE, cutting them in X and Y. Measure XY. 


8. Draw a pair of parallels 1-8 in. apart. Draw another pair of 
parallels 2 іп. apart, making an angle of 60° with the first pair. 
Measure the sides of the parallelogram formed by these lines. 


9. Draw a circle of radius 1-3 in. In it place a chord of length 
24 in. Draw the perpendicular from the centre of the circle to the 
chord. Measure this perpendicular. 
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In nautical language a point is frequently used to denote an 
angle, and means in that case an eighth part of a right angle. 


The Bearing of an object B as seen from 
a station A is the angle which the direction of the 
straight line drawn from A to B makes with 
North; thus, in the figure, the bearing of B, as 
seen from A, is 30° East of North. The abbre- 30 
viation N. by зо°Е. is often used to denote 
30° East of North. А 


Exercise XI. 
The Points of the Compass. 
l. How many points of the compass are there? 


2. The wind shifts through one point of the compass. What 
angle in degrees does the vane of a weather-cock turn through? 


3. How many degrees are there in a point of the compass? Make 
a simple diagram showing the ¢hirty-two points of the compass, re- 
presenting each direction by a straight line drawn from a common 


centre, and name each point by the abbreviated lettering used on the 
compass card. 


4. A ship sailing East turns South ; name all the points of the 
compass it turns through in order. 


5. Name the points of the compass which are (i) 224° South of 
West, (ii) 114° West of South, (iii) 333° East of North 

6. What angle in degrees does each of the following directions 
make with North :—W, NE, NNE, SW? 


7. You are marching W and turn NW ; what angle do you turn 
through? You march WSW and turn S by E; what angle do you 
turn through ? 


Diagrams drawn to Scale. By means of à scale, a plan of a 
large object, such as a field, can readily be drawn. 

In order to do this, the unit of the scale is taken to represent 
some (much greater) length connected with the object. 

If a length of 6 in. on the plan represents an actual length of 
100 yd., this fact is expressed shortly thus : 

6 in. — roo yd., 

in which statement the sign 
Word *' represents," 


of equality is an abbreviation for ‘the ‘3 
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Ex. A ladder, 25 feet long, rests with one end on level ground, 7 feet 
from a vertical wall, its other end resting against the wall. Find, by 
means of a diagram, the height of the top of the ladder. (Take 1 in. to 


represent 20 ft.) 
ic 
20 ft. is represented by 1 in. E 


"a5 ftr. ... $§=1-25 in. 
п ... 3p =0'35 in. 
Draw two straight lines AB, AC at right angles. 
Along AB set off AD=0:35 in. 
With centre D and radius 1-25 in. draw an arc 
cutting AC in E. 
By measurement, we find that AE — 1-2 in. 


: B D 
Now т іп. represents 20 ft. ; Scale rin, лой. 


MM, Comes en sees 20 X 122 ft. ; 
^. height of top of ladder — 20 x 1:2 ft. —24 ft. 


Norr. The scale must always be indicated on the diagram. _ 

If the scale to be used is not given in the question, then a suitable one must 
be chosen. 1 

In deciding what scale to employ, remember that the larger the diagram, the 
more accurate is the result likely to be. The diagram should therefore be as 
large as your paper will allow. 


Exercise XII. 
Diagrams to Scale. 
1. If 4 in.=1 mile, what is the distance between two points оп the 
plan whose actual distance is 2000 yd. ? 
.2. Draw a straight line to represent a flag pole 35 ft. high, scale 
$ in.=1 yd. What is the length of your line? 
3. The distance from Rugby to Northampton by road is 21 miles. 
What is the length of the road as shown on a map, 6 in. to the mile? 
4. I walk бо yd. East, then 33 yd. North, then 4 yd. West ; find 
by drawing a diagram (1 in.— 10 yd.) my distance from the starting 
point. 
5. I stand by the hedge of a round garden, the diameter of which 
is 90 ft., and find that I can just reach the centre of the garden with 


"water from a hose pipe. Draw a diagram, scale т in.—22:5 ft., showing 
- » bow much of the duse can be watered from this point. If A and B 
| З ае the extreme points on the edge of the garden which can be reached, 


measure AB. 
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6. AB is a ladder, with its foot A on the ground, and B against 
a vertical wall, C being the foot of the wall Draw a plan (scale 
I in. = Io feet) in the following cases :— 


(i) AB=65 ft, BC=63 ft. ; find AC. 
(ii) AB=41 ft, AC—9 ft. ; find BC. 


7. The range of a gun is 11-7 miles, and its distance from a straight 
road is 10:8 miles. Find by a diagram (1 in. —2 miles) what length of 
road is dangerous. 


8. A gun is 8 miles from a straight road, and I find that it can shell 
a length of 12 miles of road. What is the gun’s range? 


9. A, B, C, D are points on the edge of a circular pond, of diameter 
85 yd. Given that the diagonal AC—85 yd., BD=68 yd., AB=77 
yd., draw a plan (scale 1 in.—20 yd.), and find the lengths of BC, 
cD 


, e 


10. A man starts from a point А and walks 6 miles East, then 6 miles 
North, then 3 miles West, then three miles South, finally reaching а 
point B. Draw a plan of the route, taking 1 cm. to represent I mile. 
Find the distance and bearing of B from A. 


11. A man starts from a point A and walks 3 miles West and then 
3 miles in the direction 30° East of North, finally reaching a point B. 
Draw a plan, scale 1 in.—1 mile, and find the distance and bearing of 
B from A. я 


12. Two vessels, A and В, start simultaneously from the same point, 
A in the direction 17° East of North and B in the direction 17° South 
of East. If each vessel steams 10 miles an hour, how far are they 
apart at the end of an hour, and in what direction is B as seen from A? 


13. Three places, A, B and ©, are situated at the corners of an equi- 
lateral triangle, and C is to the North of the line AB. If the bearing 


of ns seen from A, is 50° East of North, find the bearings of C from 
and B. 


14. А апа B are two stations 9:6 miles apart, and the bearing of B, 
as seen from A, is 20° East of South. C isa place to the East of the 
line AB, and distant ro miles from A and 2:8 miles from B. Draw a 
plan showing the relative positions of the places, scale 1 cm.=1 mile, 
and find the bearings of C from A and B. 


15. Band C are two places 5 miles distant from A, and, as viewed" 
from A, they are in the directions 36° West of South and 18° South of 
West respectively. Find the distance and bearing of B from C. 


16. Shooting through a loop-hole which faces North, I can only 
cover 10° horizontally with my rifle. А man, running West, crosses 
my line of fire at the rate of 10 yd. a second. Find how long he is 
under fire, if the range when he is nearest is 500 yd. 
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We determine whether a line is horizontal by means of a spirit 
level. 'The surface of water at rest is a horizontal plane. 

The vertical is the direction of a plumb line. 

Any plane which contains a vertical line is called a vertical 
plane. 

If, looking upwards from a point A, I see 
an object at C, and AB is the horizontal line. 
in the same vertical plane as AC, the angle BAC 
is called the (angular) altitude or elevation А 
of C. 


If, again, I look downwards from A, the 
angle BAC is called the (angular) depression 
of C. 


Exercise XIII. a. 
Diagrams to Scale (continued). 


1. The angular elevation of the top of a chimney, from a point in 
the same horizontal plane as its base and 200 ft. distant from the base, 
is 20" ; find the height of the top. 


2. I find from the Nautical Almanac that at noon, on a certain day, 
the sun's altitude is 40°, Find (by diagram) the height of a chimney 
that casts a shadow: roo ft. long. 


3. I am on a cliff 200 ft. above the sea, and find that the angular 
depression of a boat is 30°. What is the boat’s distance from me? 


4, A road rises 1 in ro, the 10 being measured along the road ; find, 
by diagram, the angle which the road makes with the horizontal. 


_ 9. A straight road whose inclination to the horizon is 10 degrees 
oins two places which are marked on the map as distant 5 miles apart. 
ind how high one place is above the other. Give the answer in feet. 


6. A boat is 3000 yds. from a cliff which is 3000 ft. high ; what is 
the angular elevation of the top of the cliff as seen from the boat? 


T. The angular elevation of the top of a mountain from'a point in 
е рыш distant 5 miles from the top, as shown by a map, is 15°. 
Find the height of the mountain above the plain in feet. 

8. Arailway cutting, 40 feet deep, is 118 ft. wide at the top and 
18 ft. wide at the bottom. Find the angle of slope of the sides, these 
being equally inclined to the horizon. 


E.G, [*] 
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УШ. ELEMENTARY CONSTRUCTIONS 
For exercises on these constructions, see p. 65. 


In purely geometrical constructions the ruler is used only for 
joining points and producing straight lines. 


'The compasses may be used 


(i) to draw a circle with a given centre and radius ; 


(ii) from the greater of two given straight lines, to cut off a part 
equal to the less. 


The ruler and compasses may not be used for any other purpose. 


The scale and protractor can be used only in numerical 
applications. 


In examinations, questions are often set in which the use of set 
squares is forbidden. In such questions, parallels and perpen- 
diculars must be drawn with the ruler and compasses only. 


In writing out constructions, an accurate figure must be 
drawn, and all lines required for the construction must be shown 


clearly: a hard pencil with a very fine point, or a chisel-edge, 
should be used. 


Any additional lines, which may be necessary for supplying a 
proof, should be dotted. 

It is frequently demanded that the figure; which is the object, 
of the construction, should be ‘lined in’ This should be done 
with a pencil giving a d/acker, though not necessarily a wider, line. 

Where a point is determined by the intersection of two circles, 


it is only necessary to show intersecting arcs about one-tenth of 
an inch in length. 
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CONSTRUCTION 1. 


From a given point in a given straight line, draw a straight 
line making with the given line an angle equal to a given angle. 


А.А 


Let A be the given point, AB the given straight line and DCE the 
given angle. 


Construction. With centre C and any radius, draw an arc of a 
circle, cutting CD in F and CE in G. 

With centre A and tlie same radius, draw an arc of a circle HK, 
cutting AB in H. 

With centre Н and radius equal the chord FG, draw an arc of a 
circle to cut the arc HK in K. 

Join AK. 
"Then AK is the required line. : 


Proof. Join GF, HK. 
In the triangles AHK, CFG, by construction, 

AH — CF, 

| AK — CG, 

HK=FG; 


". the triangles are congruent ; 
^ LHAK=ZFCG; 
`. AK is the required line. 


56 ELEMENTS OF GEOMETRY 


CONSTRUCTION 2. 


Bisect a given angle. 


Let BAC be the angle which is to be bisected. 


Construction. With centre A and any radius, draw an arc of a 
circle, cutting AB in D and AC in E. - 
Draw arcs of circles with centres D and E and any sufficient 
radius (the same for both circles), to cut in F. 
Join AF. 
Then AF bisects the angle BAC. 


Proof. Join DF and EF. 
By construction, DF and EF are radii of equal circles ; 
r. DF=EF, 


Hence, in the triangles ADF, AEF, 
AD — AE (construction), 
| DF — EF (proved), 
AF is common ; 
^. the triangles are congruent ; 
*. LDAF = LEAF; 
-. AF bisects the angle BAG, 


Nore. The circles drawn with centres D and Е will in general meet in two 

туы Theoretically it does not matter which of these points is joined to А. 

n practice the one which is further from A should be chosen, for the lino 
Joining two very near points cannot be drawn accurately. 
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CONSTRUCTION 3. 


Віѕес а given finite straight line. 


Let AB be the straight line which is to be bisected. 


Construction, Draw arcs of circles with centres A and B and 
any sufficient radius (the same for both circles), to cut in X and Y. 
1 Join XY, cutting AB in C. 

; Then AB is bisected at C. 


Proof. Join AX, BX, AY, BY. 
By construction, AX, BX, AY, BY are radii of equal circles ; 
°“. АХ = ВХ and AY=BY. 
Hence, in the triangles AXY, BXY, 
АХ — BX, 
| АҮ =ВҮ, 
ХҮ 15 соттоп; 
*. the triangles are congruent ; 
", LAXY = - BXY. 
Again, in the triangles АХО, BXC, 
AX =BX, 
| XC is common, 
incl. LAXY = incl. LBXY (Proved) ; 


^. the triangles are congruent ; 
*. AC = BC. 


Мотк. The angles at р are right angles, hence this construction gives the 
Perpendicular bisector of AB. 
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CONSTRUCTION 4. 


Draw a straight line perpendicular to a given straight line 
from a given point within it. 


First Method. 


Let AB be the given straight line and C the given point in it. 
it is required to draw a perpendicular to AB from C. 


Construction. Along CA and CB, set off two equal lengths, CD 
and CE. 
Draw arcs of circles with centres D and E and any radius 
greater than CD (the same for both circles) to cut in X. 
Join ОХ. 
Then CX is perpendicular to AB. 


Proof. Join DX, EX. 
By construction, DX and EX are radii of equal circles ; 
~ DX=EX; 


Hence, in the triangles CDX, CEX, 
| CD = CE (construction), 
CX is common, 
DX = EX (proved) ; 
4. the triangles are congruent ; 
`. LDCX - LECX ; 
4. CX is perpendicular to AB. 
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Second Method. * 


G 


A [e] D B 


Construction. With centre C and any radius, draw an arc of a 
circle DEF cutting CB in D. 

With centre D and the same radius as before, draw an arc cutting 
the arc DEF in E. 

With centre E and the same radius as before, draw an arc cutting 
the arc DEF in F. 

Draw arcs, with centres E and F, and the same radius as 


before, to cut in G. 
Join CG. 


Then CG is perpendicular to AB. 


Proof. Join CE, CF, DE, EF. 
By construction, CD, CE, CF, DE, EF are radii of equal circles ; 
*, all these lines are equal ; 
.’.. the triangles CDE, CEF are equilateral ; 
*, LDCE =LECF = бо”. 
But, by construction, CG bisects the angle ECF ; 
| .. LECG=30"; 
<. LBCG = ОСЕ + LECG = до”. 
<. CG is perpendicular to AB. 


* This method is especially convenient when constructing a square. 
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Construction 5. 


Draw a straight line perpendicular to a given straight line of 
unlimited length, from a given point outside it, 


First Method. 


Let AB be the given straight line and C the given point. 
It is required to draw a perpendicular from C to AB. 
Construction. With centre C and any sufficient radius, draw an 
arc of a circle to cut AB in D and E. 
Draw arcs with centres D and E and any sufficient radius (the 
same for both) to cut in X. Join CX. 
Then CX is perpendicular to AB. 
Proof. Let CX meet AB at М. Join CD, CE, XD, XE. 
By construction, DX and EX are radii of equal circles. 
"S DX=EX, 
Hence, in the triangles ООХ, CEX, 
CD = СЕ (construction), 
| CX is common, 
DX = EX (proved) ; 
`. the triangles are congruent 
'. LDOX - LECX. 
Again, in the triangles CDM, CEM, 
CD=CE, 
fou is common, 
LDCM = EOM ( (proved) ; 
~“. the triangles are congruent ; 
^ LOMD = СМЕ; 
-. CX is perpendicular to AB, 


ANGLE IN A SEMI-CIRCLE 6r 


NoTE. If the perpendicular from C to AB would obviously cut AB 
near one end, the last construction would be inconvenient. 

For the proof of a method to suit this case we require the following 
definition and theorem. 


Der. The angle contained by the straight lines which join any 
point on the circumference of a semi-circle to the ends of the 
diameter is called the angle in a semi-circle. 


THEOREM. The angle in a semi-circle is a right angle, 
Ld 
БЕРЕ 
D^ 


A [е 


Let D be апу рош on the circumference of a semi-circle, of 
which AB is the diameter. Join AD, DB. 
It is required to prove that the angle ADB is a right angle. 


Construction. Let © be the centre of the semi-circle. Join CD. 
Produce AD to E. 


Proof, Because CD = СА, .'. LCDA=LCAD, 
and because CD = СВ, .. ZCDB—ZCBD; 
'. LADB = LCAD + LCBD. 


Again, the side AD of the triangle ADB is produced to Е; 
`. ext. LEDB — LCAD + ZCBD, 
'. LADB = LEDB, 
Г. АОВ is a right angle. 
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CONSTRUCTION 5. 
Draw a straight line perpendicular to a given straight line 
(AB) of unlimited length from a given point (C) outside it. 
Second Method. 


This method suits the case in which the perpendicular from 
С obviously cuts AB near an end, which is close to the edge of 
the paper. 


Construction. Through C draw any straight line, cutting AB 
at D. 


Bisect CD at E. 
With centre Е and radius ED, draw an arc of a circle, cutting 
AB again at X. 
Join CX. 


Then CX is perpendicular to AB. 


Proof. The angle ОХО is an angle in the semi-circle ОХО; 
`. LOXD is a right angle ; 
7, OX is perpendicular to AB 


The next construction provides a method for drawing a circle 
to pass through any three given points A, B, C, which are not all 
in one straight line. 

The circle through A, B, C is said to cireumscribe the triangle 
ABC, and is called the circumcircle of the triangle. 


Its centre is 
called the circumcentre or the triangle. 
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CONSTRUCTION 6. 


Draw a virele to pass through three given points which are 
not in the same straight line. 


Let A, B, C be the three given points through which it is required 
to draw a circle. 
Construction. Draw the perpendicular bisectors of AB and AC, 
meeting in O. With centre O and radius OA, draw a circle. 
This circle is the required circle. 


Proof. Join AB, AC, AO, BO, CO. 
Let the perpendicular bisectors of AB, AC meet AB, AC respec- 
tively in D and E. 
By construction, AD = DB, and the angle at D is a right angle ; 
Hence, in the triangles ADO, BDO, 
AD = DB, 
| DO is common, 
LADO=ZBDO; 
*. the triangles are congruent, 
*. ОА = OB. 
Similarly, it can be shown that the triangles AEO, CEO are 


congruent ; 
". ОА= 0С; 


*. OA, OB, ОС are equal. 
Hence the circle described with centre O and radius OA passes 


through B and C. 
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CONSTRUCTION 7. 


Draw a parallel to a given straight line through a given 
point. 


Let AB be the given straight line and C the given point. 
It is required to draw a parallel to AB through C. 


Construction. With centre C and any sufficient radius, draw an 
arc of a circle DE, cutting AB in D. 

With centre D and the same radius, draw an arc CF ti cut 
AB in F. 

With centre D and radius equal to the chord CF, draw an arc 
to cut the arc DE at E, E being on the same side of AB 
as C. 


Join CE. 
Then CE is parallel to AB. 
Proof. Join CF, CD, DE. 
By construction, CE, CD and DF are radii of equal circles ; 
"^. CE=CD=DF. 


Hence, in the triangles CDE, DCF, 
CE=DF (proved), 
| CD is common, 
DE — CF (construction) ; 
Г. the triangles are congruent, 
". LECD = ZFDC; 
and these are alternate angles, 
Г. CE is parallel to AB. 
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Exercise XIII. b. (Constructions 1-7.) 


In exercises where the figure is given as a hint, the student 
should complete the construction and proof. 


1. Ona given straight line, construct an equilateral triangle. 


2. Using ruler and compasses only, make angles of 60°, 30°, 45° 
75". 


3. Draw any triangle ABC. Bisect the angles А, B,C. Verify that 
the bisectors meet in a point. 


4. Draw any triangle ABC. Draw the perpendicular bisectors of 
BC, CA, AB. Verify that these lines meet in a point. 


5. Draw any triangle ABC. Draw the perpendiculars from A, B, C 
to е opposite sides. Verify that these lines meet in a point. 


6. Explain how io complete a circle of which an arc is given. 


7. Prove the following construction for drawing a. perpendicular 
from A to a straight line AB. Take any point C outside AB. With 
centre C and radius CA, draw a circle to cut AB at D. Join DC, 
and produce it to cut the circle at E. Join EA. Then EA is perpen- 
dicular to AB. 


8. Prove the following construction for drawing a perpendicular to 
a straight line AB from a point O outside it. With centre A and radius 
AC, draw an arc of a circle. With centre B and radius ВО, draw an 
arc meeting the former arc in D. Join CD. Then CD is perpendicular 
to AB. 


9. Prove the following construction for bisecting a given angle 
AOB :—“ With centre О draw two arcs of circles cutting OA in P, Q 
and OB, in R, S respectively. Join QR, PS, cutting in X. Join OX. 
Then OX bisects the angle АОВ.” 


10. Given two pieces of string of the same length and four pegs, 
show how to mark out a corner of a tennis Е 
ground. [See Const. 4, Second Method.] 


„11. Draw a circle to pass through two 
given points A and B, and have its centre 
Оп а given straight line XY. When does the 
construction fail ? 

In the figure, O is the centre of the re- 
quired circle.] 
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12. Draw a circle to pass through two 
given points A, B, and have its centre on 
a given circle. 

When is a solution possible? 

How many solutions are there? 


[In the figure, P and Q are both centres 
of circles which satisfy the conditions.] 


Ux 


Q 


13. Draw a circle of given radius to pass through two given points 
How many solutions are there? When is no solution possible? 


14. Draw a circle with a given centre to pass through the ends of 
а diameter of a given circle. 


15. ABC is a given triangle; OX and OY are two given straight 
lines meeting at O. Show how to draw a triangle equal in all respects 
to ABC, having a side along OX and an angular point in OY. 


D, 


16. Draw a circle with centre O. Take a С 
point А on the circumference. In the circle 
place chords AB, BC, CD, DE, EF, each equal 
to the radius. Join FA. Prove that AF=AB, 
and that all the angles of the figure ABCDEF B 
are equal. 


A 


17. Explain how to draw a regular hexagon on a given straight line 
AB. [With centres A, B, and radius equal to AB, draw arcs meeting 


at O. With centre O and the same radius, draw a circle. Proceed as 
in Ex. 16.] 


18. On a given straight line AB as base, draw an equilateral triangle’ 
ABC. Bisect the angles A and B by straight lines meeting in О. Draw 
‘OD, OE parallel to CA, CB respectively, and let them cut AB in DE 
Prove that D, E are the points of trisection of АВ; ze. AD- DE = EB, 
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IX. INEQUALITIES CONNECTED WITH THE 
TRIANGLE. 


THEOREM 19. (Euclid I. 18.) 


If two sides of a triangle are unequal, the greater side has the 
greater angle opposite to it. 


A 


^ 


B -——-—70 


Let ABC be a triangle in which AB > AC. 
It is required to prove that C> ZB. 


Construction. From AB cut off AD equal to АС. Join CD. 


Proof. In the triangle ADC, by construction, 
AD —AC ; 
'. LADC = LACD. 
Again, the side BD of the triangle BDC is produced to А; 
7. the exterior LADC the interior opposite _ DBO, 
that is, 2АОС>2АВС; 
`. also ACD >LABC. 
But LACB > ACD, 
.. LACB>LABC. 
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THEOREM 20. (Euclid I. 19.) 
This is the converse of Theorem 19. 


If two angles of a triangle are unequal, the greater angle has 
the greater side opposite to it. 


B c 


Let ABC be a triangle in which LC > LB. 
It is required to prove that AB > AC. 


Proof, If AB is not greater than AC, it must be either equal to 
AC or less than AC. 
Now, if AB were equal to АО, 
LB would be equal to LC; 
but this is impossible, for it is given that LC> 2B. 
Again, if AB were lass than AC, 
LC would be less than 4B ; 
but this also is impossible, since LC> LB. 


Hence AB is neither equal to, nor less than, AC; 
4. АВ>АС. 
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THEOREM 21. 


Of all straight lines that can be drawn to a given straight line 
from a given external point, the perpendicular is the least. 


о 


А N P B 


Let AB be the given straight line and О the given point. Let 
ON be the perpendicular from O to AB, and let OP be any other 
straight line drawn from O to AB. 

It is required to prove that ON «OP. 


Proof. The side PN of the triangle OPN is produced to A, 
*. the exterior LONA> the interior opposite LOPN ; 
and because ON is perpendicular to АВ, 
*. LONA=ZONP; 
`. LONP>ZLOPN. 
Now, in the triangle ONP, the greater angle has the greater side 


opposite to it. 
2. OP>ON; 


that is, ON < OP. 
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THEOREM 22. (Euclid I. 20.) 


Any two sides of a triangle are together greater than the 
third side. 


A B 


Let ABC be a triangle. Choose any pair of sides ; for example, 
AB, BC. 
It is required to prove that 
AB+BC>AC. 


„ Construction. Produce AB to D. 
From BD cut off BE equal to BC. 
Join CE. 


Proof. In the triangle CBE, by construction, 
BE=BC; 
ВЕС = ВСЕ. 
But LACE > ВСЕ; 
^ LACE > ВЕС; 
that is, LACE > г АЕС, 
Now. in the triangle ACE, the greater angle has the greater side 
opposite to it ; 
^ AE>AC, 
But AE = АВ + BE 
and BE = BC (construction) ; 
`. AE- AB BC ; 
<. АВ +ВС>АС. 


INEQUALITIES л 


Exercise XIV. (Theorems 19-22.) 


1. in the figure of Theorem 19, show that 
(i) LADO =4(C+B), 
(ii) -BCD —3(C – B). 

[Observe that LADC=4B+4BCD and LACD —C- LBCD.] 


2. The angle opposite the greatest side of a triangle is greater 
than 60°. 


_ 3. The bisector of the angle A of the triangle ABC meets BC 
in X. If AB>AC, prove that АХС is an acute angle. [Prove that 
LAXB > 2АХС.] 


4. The bisector of the angle A of the triangle ABOC meets BC in X. 
Show that AB > BX and AC > CX. 


„5. The side BC of the triangle ABC is bisected in X. Show that 
(i) if AX > BX, the angle BAC is аспе; (ii) if AX < BX, the angle BAC 
is obtuse. 


6. In a right-angled triangle, the straight line joining the middle 
point of the hypotenuse to the opposite vertex is equal to half the 
hypotenuse. [Use Ex. 5.] 


7. If the sides AB, ВС, CD, DA of a quadrilateral are in descending 
order of magnitude, then the angle CDA is greater than the angle CBA. 


8. If AN is perpendicular to a straight line BNC, show that AB is 
greater than, equal to or less than AC, according as BN is greater, 
equal to or less than NC. [Prove the theorem of equality first. Then 
if BN> NG, take a point D in BN such that DN=NC, and prove that 
BA>AD.] 


9. If X is a point in the side BC of a triangle ABC, prove that 
either AB or AC is greater than AX. [Use Ex. 8.] 


10. BC is the greatest side of the triangle ABC, and D, E are any 
points in ВС, CA res ectively. Prove that BC> DE. [Join BE. 
Show that BC > BE and BC> CE. Use Ex. 9 to show that either BE 
or CE is greater than DE.] 


11. ВС is the greatest side of the triangle ABC, and E, F are any 
points in CA, AB respectively. Prove that BC > EF. [Use As BEC, 
BEF to show BC > ВЕ > EF] 


12. No straight line can be drawn within a triangle greater than 
the greatest side. [Use Exx. 10, 11.] 


LE 
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13. A is the greatest angle of the triangle ABC, Show that it is 
not possible to make a triangle with sides equal to AB, AC, 2BC 
respectively. 


14. If, y, z are the distances from the vertices of any point within 
a triangle whose sides are а, Û, с, then 


ж+у+г#>{(а+®+0с). 


[Let АВО be the triangle апа O the point within it. Apply Theorem 
22 to As OBC, OCA, OAB.] 


15. The sum of the diagonals of a quadrilateral is greater than the 
semi-perimeter. [Let ABCD be the quadrilateral, and let AC, BD meet 
in O. Apply Theorem 22 to As OAB, OBC, OCD, ODA.] 


16. If x, y, z, «v are the distances from the vertices of any point 
within a quadrilateral, whose sides are а, б, c, d, then 


etytet+w>k(ats+c+d). 
[Method of Ex. 14.] 


17. The sum of the diagonals of a quadrilateral is less than the 
perimeter, but greater than half the perimeter. [Let ABCD be the 
uadrilateral. For the first part, apply Theorem 22 to the triangles 

BC, ADC, BAD, BCD ; for the second part, let the diagonals intersect 
in O, and apply Theorem 22 to the As AOB, BOC, COD, DOA.] 


18. Find the point the sum of whose distances from the four angular 
Joints of a quadrilateral is least. 


19. ABC is an equilateral triangle, and D is a point within it. Show 


that it is possible to construct a triangle with its sides equal to DA, 
DB, DC respectively. 


20. ABC is a triangle, and M is the middle point of BC ; prove that 
AB+AC>2AM. [Produce AM to N, so that MN=AM, Join BN. 
Prove BN=AC.] 


21. AB is a given straight line ; C, D are two given points on the 
same side of it ; find a point P in AB such that, if Q is any other point 
in AB, then CP+PD<CQ+Qp, [Draw ON perpendicular to AB and 
produce it to X,* so that NX—CN. Join DX, cutting AB in P.] 


= 


*X is called the image of C in AB. See Ex. 3, p 105. 


INEQUALITIES 


THEOREM 23. (Euclid I. 21.) 


If from the ends of a side of a triangle two straight lines are 
drawn to a point within the triangle, these lines are together 
less than the other two sides of the triangle, but they contain 


а greater angle. 
A 


D 


а 


в [^] 


Let ABC be a triangle, and let straight lines be drawn from B, с 


to any point О within the triangle. 
(i) It is required to prove that 
BO + OC c BA + AC. 


! Construction. Produce BO to cut AC at D. 


Proof. In the triangle BAD, 
BA + AD > BD. 
To each of these unequals add DC ; 
*. AB+AC>BD + DC. 
Again, in the triangle ODC, 
OD + DC 7 OC. 
To each of these unequals add ВО; 
'". BD 4- DC 7 BO + OC. 
But it has been shown that 
BA+ AC> BD + DC; 
°. BA+AC> BO + OC. 
(ii) It is required to show that LBOC><A. 
The side DO of the triangle DOC is produced to B; 
*. the exterior 4 BOC the interior opposite 2006, 
Also, the side AD of the triangle BAD is produced to C ; 
*. the exterior LODC>the interior opposite Z BAD. 
Hence also 1 BOC 7 Z BAD. 
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THEOREM 24. (Euclid I. 24.) 


If two triangles have two sides of the one respectively equal 
to two sides of the other and the included angles unequal, then 
the base of the triangle with the greater included angle is 
greater than the base of the other. 


Let ABC, DEF be two triangles in which 
AB=DE and AC=DF 
and the included 2 ВАС >the included ZEDF. 
It is required to prove that BC> EF. 


roof. Place the triangle DEF so that D falls on A, DE falls 
along AB and F falls at some point G, on the same side of 
AB as C. 
It is given that ~BAC>~ BAG ; 
^. AG is within the angle BAC. 
Let AH be drawn to bisect the angle CAG and to meet BC in Н. 
Join GH. 
Then, in the triangles ACH, AGH, 
AC = AG (given), 
| AH is common, 
LCAH = ZGAH (construction) ; 
`. the triangles are congruent, 
^. HO=HG. 
Now BC=BH+HC; 
^. вс=вн + на. 
Also апу two sides of the triangle BHG are together greater 
than the third ; ". BH+HG>BG ; 
". BO BG; 
that is, BC > EF. 
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Turorem 25. (Euclid I. 25.) 
This is the converse of Theorem 24. 


If two triangles have two sides of the one respectively equal 
to two sides of the other and their bases unequal, then the angle 
contained by the sides of the triangle with the greater base i8 
greater than the corresponding angle of the other. 


С 
Е, 
А B D E 
Let ABC, DEF be two triangles in which i 
АВ = DE, 
АС = ОҒ 
and BC>EF. 


It is required to prove that LA> LD. 


Proof. Tf LA is not greater than LD, it must be either equal to 


or less than 20. 
If LA were equal to LD, 


BC would be equal to ЕР; 
but this is impossible, for it is given that BO EF. 
Again, if LA were less than 20, 
BC would be less than EF ; 
but this also is impossible, for BC- EF. 
Hence ZA is neither equal to nor less than 20 ; 
.. LA>LD. 
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Exercise XV. (Theorems 23-25.) 


1. C, © are the centres of equal circles in which AB, A'B' are 
chords. Prove that if AB ZNB' then LACB > АСВ. 


2. State and prove the converse of the theorem in Ex. r. 


3. In the triangle ABC, AB is bisected in X and AC CB. Prove 
that the angle AXC is obtuse, and that if D is any point in CX, then 
Ар > BD. 


4. If, within the triangle ABC, a point O can be found such that 
OA is equal to AB, show that BC is greater than CO. 


5. If x, y, zare the distances from the vertices of any point within 
a triangle whose sides are а, û, €; then & 4-6 -c Xyz. 


6. AB is the diameter of a given circle, passing through a 
poe C within the circle, and AC contains the centre О. Prove the 
following :— 


(i) CA is the greatest straight line that can be drawn from C to the 
circumference ; 


(ii) CB is the least straight line that can be drawn from C to the 
circumference ; 

(iii) If CX, CY are any other straight lines from C to the circum- 
ference, and if 2ХОС > ZYOC, then CX > CY ; and conversely. 


T. C is any point outside a circle, whose diameter AB when pro- 
duced passes through C, and AC contains the centre О. Prove the 
following :— 


(i) CA is the greatest of all straight lines which can be drawn from 
C to the circumference j 

(ii) CB is the least of all such lines 1 

(iii) If CX, CY are any other straight lines from C to the circum- 
ference, and if LXOC >  YOC, then CX 7 CY ; and conversely, 


8. If, in the sides AB, AC produced of a triangle ABC, in which AC 
is greater than AB, points D, E be taken such that BD, CE are equal, 
then BE is greater than CD. [Apply Theorem 24 to As BCE, CBD] 


TRIANGLES 


X. CONSTRUCTION OF A TRIANGLE WITH 
GIVEN PARTS. 


For exercises on these constructions, see p. 80. 


It has been shown that two triangles are congruent (and there- 
fore of the same size and shape) if three parts of one triangle are 
respectively equal to three parts of the other, these parts being 
chosen as described on p. 40. 

If, then, three properly chosen parts of a triangle are given, the 
size and shape of the triangle are determined. Various cases 
which arise are discussed later. 

It is usual to denote the angles of the 
triangle ABC by the letters A, B, C, and the 
lengths of the sides opposite these angles by a, 
б, c respectively. 


CONSTRUCTION 8. 
Describe a triangle with its sides respectively equal to three 
given straight lines, any two of which are together greater than 
the third. 


A B H 
Let a, 4, ¢ be the three given straight lines. 
Construction. Draw a straight line AH. 
Along AH set off AB equal to c. 
With centre A and radius equal to 4, draw an arc of a circle. 
With centre B and radius equal to a, draw an arc of a circle, 
cutting the former arc at C. Join AC, BC. 
Then ABC is the required triangle. 
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CONSTRUCTION 9. 


Describe a triangle, given a, side and two angles. 


E 


a 


С н 


(i) Given two angles A, В and the side a opposite one of the 
given angles. 


Construction. Draw a straight line BH. 
Along BH set off BC equal to a. 
Draw a straight line WOX. 
Make the adjacent angles XOY, YOZ equal to A, B respectively 
Since the angles XOY, YOZ, ZOW are together equal to two right 
angles, 
^ £ZOW is equal to the third angle C of the required triangle. 
At the points B and C in the line BH, draw straight lines, making 
with BC angles equal to B and C respectively. 
Let these straight lines meet at A. 
Then ABC is the required triangle. 


(ii) Given two angles B and C and the side a adjacent to these 
angles. 


Construction. This is obvious from the construction above, 
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Construction 10. 


Describe a triangle, given two sides and the angle opposite 
one of them. 


| 


Let a, û be the given sides and A the given angle. 


Construction. Make an angle НАК equal to A. 
Along AH set off AC equal to 4. 
With centre C and radius equal to a, draw a circle. 


Several cases now arise :— 

(i) If, as in the figure, the circle cuts AK, produced to any 
length towards К, in two points В and В, there are two solutions 
of the problem, namely the triangles ABC, AB'C. 

(ii) If the circle cuts AK in B and KA produced through A in K', 
there is only one solution, namely the triangle ABC. 

(iii) If the circle meets AK, produced to any length, in only one 
point B, there is only one solution, namely the triangle ABC. 

(iv) If the circle does not meet AK, produced to any length, no 
triangle exists with the given parts. 


Nore. Case (1) is called the ambiguous case. For two triangles can 
be drawn, different in size and shape, each having the given parts. 
The student should draw figures to illustrate cases (i)-(iv) He 
will then see that if 7 is the length of the perpendicular from C to AK, 
Case (1) arises when 47277. 
Case (ii) ..... „а>. 
Case (iii) .. t 
Case (iv) «ener а<ф. 
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Further, it will be seen that the ambiguous case cannot arise unless 
the given angle A is acute and >a. 


Hence, two triangles which have the above parts are not necessarily 
congruent unless the given angle is either (1) right ; or (2) obtuse; or (3) 
if acute, is opposite the greater of the two given sides. In these three 
cases the triangles are congruent. 


The case in which the angle A is a right angle is so important that 
it will be considered separately. 


Construction 11. 


Deseribe & right-angled triangle, given the hypotenuse and 
опе side. 


H 


B K 


Let a be the given hypotenuse and the given side, 
Draw two straight lines AH, AK at right angles. 
Along AH set off AC equal to 4. With centre C and radius 
equal to a, draw an arc of a circle to cut AK in B. 
Join BC. 
Then ABC is the required triangle. 


Exercise XVI. (Constructions 8-11.) 


l. Draw figures to illustrate the failure of Construction 8 (as given 
оп p. 77) in cases where any two of the given lines are not together 
greater than the third. Take lengths as shown below :— 


(i) а+б=‹г. (ii) 2+с=а. (iii) a+b <c. (iv) 24-c« a, 


nn‏ ج 


F 


CONSTRUCTIONS TO MEASUREMENT 8 


In Examples 2-12, construct triangles to the given measure- 
ments and, in each case, measure the remaining sides and 
angles. 

2. BC=10 cm., СА=8 cm., AB=6 cm. 

3. BC=7 cm., СА= 10 cm., AB— 5 ст. 

4. LBAC=42°, AB=2-55 in., AC— 3:19 in. 

5. LABC=135°, BA=4-02 in., BC=2-88 in. 

6. BC— 3:56 in., LABC—9o*, LACB= 53°. 

7. AC=8-4 cm., LCAB —6o*, LACB = 35°. 

8. AB=6-2 cm., 2АСВ= 34°, -BAC — 34°. 

9. @=1-5 in, А=27°, C— 19". 

10. ó—14 in, c=2-8 in., B— 30. 

ll. 2=7 cm, c=3 cm., B—45*. 

12. 6=7 cm, с=3 cm., B=135°- 

13. Construct a right-angled isosceles triangle whose greatest side 
is 1} in. Measure the equal sides. 

14. Construct a right-angled triangle in which the hypotenuse is 
3 in. and one side 2 in. Measure the smallest angle. 

In Examples 15, 16 explain why it is impossible to con- 
struct triangles with the given parts. Illustrate each case 
with a figure. 

15. а=2 cm., 6=3 cm., c=6 cm. 

16. a=6 ст., =2 cm., В= 30°. 


17. Construct an са triangle, the length of the line joining 
the vertex to the middle point of the base being 1-2 in. Measure a 


side. 


For Examples on the Construction of Quadrilaterals, see 
Exercise XVIIL. a and b, $. 86. 
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XI. PARALLELOGRAMS. 


THEOREM 26. (Euclid I. 33.) 


The straight lines which join the ends of two equal and 
parallel straight lines towards the same parts are themselves 
equal and parallel. 


Let AB and CD be equal and parallel straight lines. and let 
them be joined towards the same parts by the straight lines AC 
and BD. 

It is required to prove that AC and BD are equal and parallel. 


Construction. Join AD. 


Proof. Because AB is parallel to CD and AD meets them, 
"`. LADC =the alternate 2 DAB, 
Hence, in the triangles ADC, DAB, 
DC — AB (given), 
| AD is common, 
incl. LADC = incl. 2 РАВ; 
^. the triangles are congruent ; 
". AC - DB, 
апа ¿DAC = АОВ. 
Now these are alternate angles, 
°. AC is parallel to DB. 
Hence AC and DB are equal and parallel. 
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THEOREM 27. (Euclid I. 34.) 


The opposite sides and angles of a parallelogram are equal, 
and each diagonal bisects the parallelogram. 


D 


A B 
Let ABOD be a parallelogram. 
It is required to prove that its opposite sides and angles are 
equal, and that each diagonal bisects the parallelogram. 


Construction. Join AC. 


Proof. By the definition of a parallelogram, AB is parallel to 
DD and BC is parallel to DA. 
Because AC meets the parallels AB, CD, 
*. LBAC = ће alternate 2 ОСА; 
and because AC meets the parallels ВС, DA, 
*. LBCA = the alternate 2 DAC. 
Hence, in the triangles ACB, CAD, 
LBAC = LDCA (proved), 
| LBCA=ZDAC (proved), 
AC is common ; 
*. the triangles are congruent ; 
°. AB=CD, 
BC = DA, 
and АВС = /.CDA; 
and the triangles ACB, CAD are equal in area, that is AC bisects 
the parallelogram. 
Similarly, by joining BD, it can be shown that 
LBAD = BCD, 
and that BD bisects the parallelogram. 
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THEOREM 28. 
The diagonals of a parallelogram bisect one another. 
D © 


ш: 
atin 


A B 


Let ABCD be a parallelogram, and let the diagonals АО, BD 
meet at O. 
It is required to prove that AO = CO and BO = DO. 


Proof. Because ABCD is a parallelogram, 
*, AB is parallel to CD (Def) 
and АВ = CD (dy the last theorem). 
, Again, because AC meets the parallels AB, CD, 
`. LBAO =the alternate / ООО. 


Also, because BD meets the parallels AB, CD, 
`. LABO =the alternate / CDO. 


Hence, in the triangles ABO, CDO, 
LBAO = 2000 ( proved ), 
| LABO = 4 CDO (proved), 
AB=CD; 
*, the triangles are congruent ; 
. the sides opposite to the equal angles in each triangle are 


equal ; 


"^. AO=CO and BO-DO. 


Note. A guadrilateral is a parallelogram P 
(1) ¿f one pair of opposite sides are equal and parallel e 
or, (ii) if both pairs of opposite sides are equal : 
or, (їй) ¿f both pairs of opposite angles are equal; 
or, (iv) if the diagonals bisect one another. 
(i) follows from Theorem 26 ; (ii), (iii) and (iv) have already been 
given as exercises. See Ex. VII. 1; Ex. IV. 15; Ex. III. 8. 


T 


PARALLELOGRAMS 


& 


Exercise ХУП. (Theorems 26-28.) 
Mostly Constructions. 


1. The distance between a pair of parallel straight lines is every 
where the same. 


2. What is the condition that the diagonals of a parallelogram 
should bisect the angles? (See Ex. VI. 10.) 


3. Ifthe diagonals ofa parallelogram are equal, the parallelogram is 
a rectangle. 


4, Draw a straight line AB. Construct a rectangle of which AB is 
one diagonal, the other diagonal making 30° with AB. 

Б. Given two parallel straight lines AB, CD anda pcintO. Through 
O draw a straight line XY, equal to a given straight line, with its ex- 
tremities X, Y on AB, CD respectively. 

6. Construct a parallelogram whose diagonals and one side are equal 
to three given straight lines. What condition must be fulfilled by the 
given lines that it may be possible to construct the parallelogram ? 


7. Draw a straight line АВ. Construct a rhombus of which AB is 
one diagonal, the other diagonal being equal to a given straight line CD. 


8. Draw a triangle ABC. Construct a rhombus AXYZ, the point X 
being somewhere in AB, Y in BC and Z in CA 

9. OX, OY are given straight lines and P is any point within the 
angle XOY. Draw a parallelogram with its diagonals intersecting at 
P and with adjacent sides along OX and OY. 


10. Through a given point P between two given straight lines draw 
a straight line terminated by the given lines and bisected at P. 


11. Given two sides of a triangle in position but not in magnitude, 
and the middle point of the base, construct the triangle. 


12. Construct a parallelogram, given the lengths of two adjacent 


sides and the perpendicular. distance of a pair of opposite sides. 


13. Construct a parallelogram, given one angle and the perpendi- 
cular distances between pairs of opposite sides. 
- 14, Construct a trapezium whose parallel sides are equal to two 
given straight lines 6 and d (b> d), and whose other sides are equal 
sto two other given straight lines a and c. When is no such construc- 
tion possible? [Make a triangle whose sides are а, c ó— d.) 
15. Place a straight line, equal and parallel to a given straight line 
AB, so as to have its extremities on two given straight lines OX, OY. 
[Begin thus, —Take any point C in OX. Draw CD equal and parallel 
to AB, Draw DE parallel to XO, etc.] 
E.G. D 
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16. X'OX, Y'OY are given straight lines meeting at O, and A, B are 
given points within the angle XOY. Find a point P in XOX' and a 

oint Q in YOY’, such that AP and BQ may be equal and parallel. 
{ге AB or BA produced cut OX in A'; on the line AB, produced if 
necessary, take a point B' on the same side of A' as B is of A, making 
В'А'= ВА: draw B'Q parallel to OX to cut OY or OY produced in Q; 
draw QP parallel to BA.] 


17. Upon the same base AB, and upon opposite sides of it, the 
parallelograms ABCD and ABEF are described so that the side AD of 
the first is equal to the diagonal AE of the second, and the diagonal 
AC of the first is equal to the side AF of the second. Prove that 


(i) C, A, F are in the same straight line. 
(ii) D, A, E are in the same straight line. 


18. If E is a point in the diagonal AC of a parallelogram ABCD, 
such that EB equals ED, show that E is the middle point of AC. There 
is an exceptional case; state it. [Let AC, BD meet in O. Suppose 
that E does not coincide with O. Take As BOE, DOE.] 


19. ABCD is a quadrilateral ; the four parallelograms BCDP, CDAQ, 
DABR, ABCS are completed. Show that AP, BQ, CR, DS are equal 
and parallel. 


20. If the sum of the distances of any angular point of a quadri- 
lateral from the other three is the same for all four, the figure is a 
rectangle. [Prove that the opposite sides are equal and that thé 
diagonals are equal.] 


21. ABCD is a parallelogram and O any point. The parallelograms 
OAEB, OBFC, OCGD, ODHA are completed. Show that EFGH is a 
parallelogram, whose area is double that of ABCD. 


Exercise XVIII. a. 
Construction of Quadrilaterals. 


l Drawa straight line AB of length 7 cm., and on it construct a 
quadrilateral, having BC—4 cm., CD=3 cm., DA=5 cm. 
How many such quadrilaterals can be drawn on AB? 


2. In Ex. 1, it will be found that we can draw as many~quadri- 
laterals as we choose, different in size and shape, with their sides 
of the given lengths. In other words, the given conditions are not 
sufficient to determine the quadrilateral. 

Now suppose a fifth condition given, e.g. the length of the diagonal 
АС ; suppose AC=6 cm. You will now find that only one such quadri- 
lateral can be drawn on one side of AB. Construct it and measure the 
diagonal BD. , 


— 
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8. Construct the quadrilateral ABCD, having given the lengths of 
the sides and the inclination « of a pair of opposite sides AB and CD. 
Suppose that ABCD is the required quadri- Cc 
lateral. Complete the parallelogram ADCE. Join D 
BE 


Consider ABAE ; the lengths of AB and AE are 
given (for AE=CD), and 2 ВАЕ is equal to a, the 
inclination of AB and CD. Á 
Hence the triangle BAE can be constructed. We B 
can also construct ABCE, for the lengths of its sides are given. 
4, Construct the quadrilateral ACBD, having given the lengths of 
a pair of opposite sides BC, AD, the lengths of the diagonals AB, CD, 
and the angle a between the diagonals. [This is really the same 
problem as that in Ex. 3, and the explanation applies, word for word, 
from * Complete? onwards.] 
5. Construct the quadrilateral ABDC, having given the lengths of 
the diagonals BC, AD, the lengths of a pair of opposite sides AB, CD, 
and the inclination of these sides. [This again is the same as Ex. 3.] 


Exercise XVIII. b. 
Numerical Examples. 


In Examples 1-8 construct quadrilaterals to the given measure- 
ments ; the order of the letters in each case is A, B, C, D. In each 
case measure the lengths of the parts into which the diagonals divide 
one another. 

1. BC—25 in, CD=2 in, DA=1-3 in, BD=2-4 in., АС=2:3 in. 

2. AB=CD=1-3 in, BO=AD=08 in., BD— 1-8 іп. 

3. AB=CD=1-3 in, BC=o'8 in, AD=1-5 їп., and BC is parallel 
to AD. 

4, AB=CD=1-3 in, BC=o-8 in, AD=1-5 in., and the angle be- 
tween ВС and AD=25°. 

А 5. AB—2.8 cm., BD=3-4 cm., CD—2:6 cm., СА= 4-1 cm., and the 

diagonals AC, BD are at right angles. 

6. AD=3-4 cm., ОВ=бо cm, ВС=6:2 cm., CA= 5:8 cm., and the 
angle between the diagonals AC, BD is 80°. 

1. AB=o-75 in, BD=2-84 in, DO— 112 in, СА=2:57 іп., and the 
sides AB and CD are at right angles. 

8. AB=o-75 in, BD=2-84 in, DO=2-57 in, CA=1-12 in, and the 
sides BA, CD are parallel. 
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XII. DIVISION OF A LINE INTO EQUAL PARTS. 


THEOREM 29. 


The straight line joining the middle points of two sides of a 
triangle is parallel to the third side and is equal to half the third 
side. 


B c 
Let ABC be a triangle, and let AB be bisected at D and AC at E. 
It is required to prove that DE is parallel to BC and equal ta 
half BC. 
Construction. "Through C draw a straight line parallel to BA to 
meet DE produced at F. 
Proof, Because AC meets the parallels AD, CF, 
`. LDAE =the alternate 2 ЕСЕ. 
Hence, in the triangles DAE, FCE, 
LDAE = 2 ЕСЕ (proved), 
(oe = the vertically opposite FEC, 
AE = CE (given) ; 
^. the triangles are congruent ; 
<. the sides opposite to equal angles in each triangle are equal; 
"^ DE=FE and DA-FC. 
But it is given that DA=DB; 
"^ DB=FC; 
also DB is parallel to ЕС (construction) ; 
`. DB and FC are equal and parallel ; 
`. DF and BC are also equal and parallel. 
Thus DE is parallel to BC. 
Again, it has been shown that DE = EF and DF- BC; 
". ОЕ = jBC. 
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THEOREM 30. 


If through the middle point of one side of a triangle а straight 
line is drawn parallel to another side, this straight line bisects 
the third side. 


B с 


Let ABC be a triangle, and let AB be bisected at D. Through 
D let a straight line be drawn, parallel to BC, to meet AC at E. 
It is required to prove that AE=EC. 


Construction. Through C draw a straight line parallel to BA to 
meet DE produced at F. 


Proof, It is given that DF is parallel to BC, and, by construction, 
CF is parallel to BD ; 
*. BCFD is a parallelogram ; 
". BD=CF. 
Now, it is given that BD = AD ; 
` AD=CF. 
Again, because AC meets the parallels AD, CF, 
*. LDAE =the alternate 2 РСЕ. 
Hence, in the triangles DAE, FCE, 
LDAE = ЕСЕ (proved), 
[onte vertically opposite 2 РЕС, 
AD —CF (proved) ; 
°". the triangles are congruent ; 
/. the sides opposite to equal angles in the triangles are equal ; 
.. AE-CE. 
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THEOREM 31. 


If there are three or more parallel straight lines, and the 
intercepts made by them on any straight line that cuts them 
are equal, then the corresponding intercepts on any other straight 
line that cuts them are also equal. 


Let AB, CD, EF be parallel straight lines, and let a straight line 
PT cut them in Q, R, S respectively and make QR equal to R8. 
Let any other straight line P'T' cut them in Q/, R’, S'. 

It is required to prove that Q'R' — R'S'. 


Construction. Draw QH, RK parallel to РТ”, to meet CD, EF 
respectively in H and K. 


Proof. Because PT meets the parallels CD, EF, 
^. &ӨВН =the corresponding 2 RSK. 
Also, because QH, RK are both parallel to P'T', 
-. QH is parallel to ВК; 
and because PT meets the parallels QH, RK, 
^. £RQH =the corresponding ZSRK. 
Hence, in the triangles QRH, RSK, 
LQRH = LRSK (proved), 
LRQH = LSRK (proved), 
QR = RS (given). 
°. the triangles are congruent. 
*. the sides opposite equal angles in the triangles are equal ; 
.. ӚН = RK. 


` 
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Now the figures QQ'R'H, RR'S'K are parallelograms ; 
`. their opposite sides are equal, 
.. QH-Q'R' and RK—R'S'; 
and it has been proved that QH — RK, 
7. QR = 5. 


CONSTRUCTION 12. 


Divide а straight line into а given number of equal parts 
[say five). 


Let AB be the given straight line. It is required to divide AB 
into five equal parts. 


Construction. ‘Through A draw any straight line AC, making 
апу convenient angle with AB. 
From A, along AC, set off five equal lengths, Ау, 20, 475 75, sD. 
Join DB. 
Through s, 7, 7, 2 draw straight lines parallel to DB, to cut AB 
in S, В, Q, P respectively. 
Then P, Q, В, S are the required points of division. 


Proof. Through A draw AX parallel to BD. 
By construction, XA, AP, 4Q, 7R, sS are parallel to ОВ; 
`. XA, P, 4Q, 7R, sS, DB are parallel to one another. 
But, by construction, these parallels make equal intercepts 


C, OS `. they also make equal intercepts on АВ; 


`. AB is divided into five equal parts at P, Q, В,8. 
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Nore. 1. The foregoing construction 
can be used to cut off a given fractional 
part from a given straight line. Thus 
AQ = FAB. 

2. If through 7, g, 7, s parallels are 
drawn to AB, they will divide DB into 
five equal parts. А PULUR) 87 B 

Hence it appears that 

ФР=10В, gQ—jDB, rR-$DB, sS=4DB. 


The Diagonal Scale. 'The figure below is a diagonal scale 
showing inches, tenths and hundredths of an inch. 


H G 


Bi | A 


6 

| | Е it 
| ЕП Е 

2 | 


8| 6| 41 2| jo 1 2 


The large divisions of the bottom line are inches: of these, the 
one on the left is subdivided into tenths of an inch. The diagonal 
scale is formed by drawing ten equidistant lines parallel to the 
bottom line, the top line being subdivided similarly to the bottom, 
and joining up diagonally, so that the mark ‘3’ (say) of the 
bottom line is joined to the mark ‘4’ of the topline. In practice, 
the construction is more conveniently made by joining division 9 
of the bottom line to division 1o of the top line, and drawing 
parallels through the other points of division of the bottom line. 

On proceeding upwards along the diagonal starting from * o,' as 
we pass each horizontal line, the horizontal distance from the 
vertical through ‘o’ increases by 1; of a subdivision, z.e. by тї; of 
an inch. Hence this scale reads to inches (main divisions), tenths 
(subdivisions of bottom line), and hundredths (given by the 
nuinber opposite the horizontal line along which the measurement 
is made). у 
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1. Set off a certain distance from the diagonal scale, say 2:75 inches. 

[Place one point of the dividers at the point of intersection of the 
vertical 2, with the horizontal 5, and the other at the point of inter- 
section of the diagonal marked 7, with horizontal 5. These are the 
points marked A and B in the diagram of the diagonal scale on the 
page preceding. The distance between the points is now 2:75 inches, 
and can be transferred anywhere. Observe that in using the diagonal 
хае the two points of the dividers must be ол the same horizontal 
ine. 


2. Read off the lengths from C to D, E to F, G to H, points marked 
on the diagram of the diagonal scale on the preceding page. 


3. By using the diagonal scale, find the number of inches in (i) 3 
centimetres, (ii) 4 centimetres, (iii) a decimetre, correct to two places 
of decimals. 


Exercise XIX. (Theorems 29-31.) 


1, Any point X is taken in the side BC of the triangle ABC. Show 
that AX is bisected by the straight line joining the middle points of 
АВ, AC. 


2, Construct a triangle having given the middle points of its sides. 


3, The straight line AB is bisected at C, and perpendiculars AL, 
BM, CN are drawn to any straight line OX. Prove that 

(i) If A, B are on the same side of OX, then CN is half the sum 
of AL and BM. : 

Gi) If A, B are on opposite sides of OX, then CN is half the difference 
between AL and BM. 


4, The straight line joining the middle points of the diagonals of a 
trapezium is parallel to the parallel sides. [Let ABCD be the trapezium, 
with AB parallel to CD. Through E, the middle point of AD, draw EF 
parallel to AB, and show that EF bisects AC and BD.] 


5. In any quadrilateral, the middle points of the sides are the 
vertices of a parallelogram. [Draw the diagonals.] 


. 6. ABCD is a quadrilateral ; E, Р are the middle points of AB, CD ; 
X, Y are the middle points of the diagonals AC, BD. Prove that the 
figure EXFY is a parallelogram. [Use As BAC, BDC to prove EX and 
FY parallel to BC.] 


7. The straight lines joining the middle points of opposite sides of 
a quadrilateral, and the middle points of the diagonals, meet in a 
point, which is the middle point of all three lines. [Use Exx. 5 
and 6.] 
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8. ABC is a triangle and О is any point ; OA, OB, OC are bisected 
at P, Q, R. Show that the triangles PQR, ABC are equiangular, and 
that each side of PQR is half the corresponding side of ABC. 


9. Xis any point on the circumference of a given circle, with centre 
С and radius 7. O is any given point, and D, P are the middle points 
of OC, OX respectively. Prove that P lies on a circle, with centre D 
and radius 4” 


10. Prove the following construction for trisecting a straight line AB 
in G and H :—On AB as diagonal, construct a parallelogram ACBD ; 
bisect AC, BD in E and F respectively ; join DE, FC, cutting AB in G 
and H. 


11. Draw any triangle ABC. Bisect AB at X. Join CX and bisect 
CX at Y. Join BY and produce it to cut AC at 7. Prove that 
AZ=2ZC. [Draw XH parallel to BZ to meet AC at H.] 


12. If D is the middle point of the hypotenuse BC of a right-angled 
triangle ABC, prove that AD —3BC. 


[Bisect ABat E. Join ED. Prove As ADE, BDE congruent.] 


Exercise XX. (Construction 12.) 


1. From a given straight line, cut off a length equal to three- 
sevenths of the line. 


2, Drawatriangle ABC. Find points P, Q in AB, AC respectively, 
such that АР=?АВ, AQ—2AC. Prove that PQ is parallel to ВО and 
equal to #ВС. 


3. ABCD is a quadrilateral, and O any 
point inside or outside ABCD. Join OA, 
OB, OC, OD. Along OA take ОР=#ОА. 
Draw PQ, QR, RS, parallel to AB, BC, CD 
(as in the figure) to cut OB, OC, OD re- 
spectively in Q, R, S. Join SP. Prove that 

(i) OQ=20B, OR-300, OS=Z0D. 

(ii) SP is parallel to DA. e SERETA mar 

(iii) Any side of PQRS is two-thirds of А B 
the parallel side of ABCD. 


(iv) The figures PQRS, ABCD are equiangular. 


4, Given a map 3 inches to the mile, explain how to construct the 
corresponding map 2 inches to the mile. [Let A, B, C, D be any four 
points in the given map. Take any point O and make the construction 
of Ex. 3. Then P, Q, R, S are the corresponding points in the 
required map. 
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XIII. LOCI 


Der. If a point moves so as to satisfy some given geometrical 
condition, the line which it describes is called the locus of the 
point. 

When it is said that che point moves so as to satisfy a geometrical 
condition, the meaning is that the point has to move in some 
definite manner. 

For example, if a point moves so as to be always 2. inches 
distant from a fixed point A, the locus of the point is a circle with 
centre A and radius equal to 2 inches. 

In proving that the locus of a point which satisfies a given geo- 
metrical condition is a certain line, two things must be shown: 

(i) that every point which satisfies the given condition lies on 
the line ; 

(ii) that every point on the line satisfies the given condition. 

Very often, when the first of these things has been proved, 
the second is fairly evident. 

In writing out examples, it is usual to write out only the first 
part of the proof ; that is, to show that the point lies on the line. 

In the Theorems 32 and 33, very important loci are discussed ; 
and it is advisable to give both parts of the proof. 

Consider now the problem of finding а point which satisfies two 
geometrical conditions. 


Ex. Given а straight line AB and 
a point O. Find a point distant 
1-5 cm. from О and x ст. from AB. 

The locus of a point which moves 
so as to be always 1:5 cm. distant A 
from O is a circle with centre O and 
radius 1:5 cm. 5 С 

The locus of a point which is 1 cm. н 
distant from AB is obviously a pair of straight lines parallel to AB, the 
distance between AB and each line being 1 cm. 

Draw these two loci. Any point in which the circle cuts either of 
the parallels is а solution. In the above figure the points P, Q.RS 
are solutions. 
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THEOREM 32. 


The locus of a point, which is equidistant from two given 
points, is the perpendicular bisector of the Straight line joining 
the given points. 


Bo Ri MP 
CI 227 
| а. 

= 


віт 
Let A, В be the given points. 
First, let P be any position of.a point which moves so that 
РА = PB. 


It 15 required to prove that Р is on the perpendicular bisector 
of AB. 
Proof. Let O be the middle point of AB. Join PC. 
Then, in the triangles APC, BPC, 
AC=BC (construction), 
| CP is common, 
AP — BP (given) ; 
`. the angles are congruent ; 
`. LACP=cBOCP; 
-. CP is perpendicular to АВ; 
`. P lies in the perpendicular bisector of AB, 
Secondly, let P be any point on the straight line which bisects 
AB at right angles in C. 
It is required to prove that PA=PB, 
Join PA, PB. 
Then, in the triangles APO, BPC, 
AC = BC (given), 
{ CP is common, 
2АСР = £ BCP (given) ; 
^ РА=РВ. 
Hence the required locus is the perpendicular bisector of AB. 
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THEOREM 33. 


The locus of a point, which is equidistant from two given 
intersecting straight lines, is the pair of bisectors of the angles 
between the lines. 


© в 
Let AEB, CED be the given straight lines. ^ 
(i) Let P be any position of a point which moves so that the 
perpendiculars PF, PG, drawn from P to the given lines, are equal 
It is required to prove that PEF = Z PEG. 
roof, In the right-angled triangles PEF, PEG, 
| PE is the common hypotenuse, 
t PF = PG (given); 
`. the triangles are congruent ; 
". £PEF — ZPEG. 


(ii) Let P be any point on the bisector of one of the angles 
between AB and CD. 
It is required to prove that the perpendiculars PF, PG, drawn 
from P to the given lines, are equal. 
Proof. In the triangles PEF, PEG, 
LPEF = LPEG (given), 
{core = LPGE (given), 
PE is common ; 
‘. the triangles are congruent ; 
44 PF=PG. 
Hence, the required locus is the pair of bisectors of the angles 
between the lines 
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Exercise XXL a. (Loci) 


1. Draw a straight line AB and take a point О distant 1-5 in. from 
it. Find points which are 
(1) 0'5 in, from AB and 2:5 in. from О; 
(ii) 0:5 in. from AB and 2 in. from О; 
(iii) 1 in. from AB and 1 in. from О. 


2. Find the point on a given straight line AB which is equidistant 
from two given points C, D. When is this impossible ? 


3. Find a point which is equidistant from two given intersecting 
straight lines and at a given distance from a fixed point. 
Show that there may be four possible solutions. 


4. Draw an equilateral triangle ABC of 3 in. side. Find the oints 
which are distant 2 in. from the middle point of AB and equidistant 
from AB and AC or from these sides produced through A. , 

Show that there are four solutions. 


5. Find a point which is equidistant from three given points A, B, C. 
"When is there no solution ? 
[Draw the locus of points equidistant from A, B and the locus of 
points equidistant from A, C.] 


6. Find a point which is equidistant from the three sides of a 
triangle ABC (supposed to be produced to any length). 
Show that there are always four solutions. 
[Draw the pair of bisectors of the angles at A and the pair of bisectors 
of the angles at B.] 


T. Aisa given point and BC a given straightline. Ifthe point P 
moves along ВС, find the locus of the middle point of AP. 


8. ABC, DBC are two triangles on the same base and on the same 
side of it. If AB—BD, prove that AC and CD are unequal. 


9. Take a set square. Call it ABC, A being the right angle. Take 
two points P, Q on your paper. Slide the set square so that the edges 
^B, AC always pass through P, © respectively. Mark a number of 
positions of A. Prove that the locus of A is a circle, [Use Ex. XIV. 6.] 


10. Draw two straight lines OX, OY at rightangles. Takea straight 
edge AB and find its middle point C. (A short ruler or a strip of 
paper about 4 in. long will do.) Slide the straight edge so that A 
moves along OX and B along OY. Mark a number of sitions of C. 
Prove that the locus of C is a circle. [Use Ex. XIV. jd 


11. Find a point X on the circle through three given points A, B, C 
such that AX is bisected by BC. [Let P be any point in BC. Join AP 
and produce it to Q such that PQ=AP. Consider the locus of Q) 
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Exercise XXI. b. (Special cases of two important Theorems.) 


l A 25 a given point and P is any point on a given straight 
line BC. Draw a straight line AQ, equal to AP, and making а 
constant angle a with AP. Prove that the locus of Q is a straight 
line, and explain how to draw it. 

[Draw AM perp. to BC. Draw AN making Za with AM, the angles 
MAN, PAQ being measured in the same sense. Make AN=AM 
Join QN. Prove LANG a right angle. Hence the required locus is 
the straight line through N perpendicular to AN.] 

2. Ais a given point and BC a given straight line. In BC take 
any point X and draw a square AXYZ on AX. Prove that the locus of 
Z consists of two straight lines perpendicular to BC. 

[Draw AN perpendicular to BO. On AN draw squares ANHK, ANH'K'. 
The locus is the pair of lines HK, H'K. See Ex. 1.] 

3. Aisa given point and OX, OY are given straight lines. Draw 
a square ABCD with B on OX and D on OY. Show that there are, in 
general, two such squares. 

[By Ex. 2, construct the locus of the vertex D of a square ABCD, 
with its vertex A at the given point, the vertex B being at any point in 
OX. The points at which the locus cuts OY will be the required 
positions of D.] T 

4. ABC is an equilateral triangle with the vertex A at a given point 
and the vertex B at any point in a given straight line. Construct the 
locus of C. 

[Draw AM perpendicular to the given line. Draw the equilateral 
triangles AMH, AMK. Through H, K draw straight lines perpendicular 
to AH, АК. By Ex. 1, the locus consists of these lines.] 

5. Aisa given point and OX, OY are given straight lines. Draw 
an equilateral triangle with one vertex at A, another on OX and the 
third on OY. Show that there are, in general, two solutions. 


6. Ais a given point and Р is any point on a given circle whose 
centre is C. Draw a straight line AQ, equal to AP, making а con- 
stant angle a with AP. Prove that the locus of Q is a circle, and 
explain how to draw it. 

[Draw AD equal to AC, making ¿CAD = a, the angles CAD, PAQ 
being measured in the same sense. Join DQ. Prove As ACP, ADQ 
congruent; .. DQ=CP; .. the locus of Q is a circle with centre D 
and radius equal to CP.] 

7. ABCD is a square with the vertex A at a given point and the 
vertex B at any point on a given circle whose centre is C. Construct 
the locus of D. А 

[Draw НАК perpendicular to АС. Маке АН =АК=АС. With Н, К 
as centres, draw circles with radii equal to that of the given circle 
The locus consists of these circles.] 

8. ABC is an equilateral triangle with the vertex A at a given point, 
and B at any point on a given circle. Construct the locus of C. 
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XIV. MISCELLANEOUS THEOREMS AND 
CONSTRUCTIONS. 


THEOREM 34, 


The perpendicular bisectors of the three sides of a triangle 


meet in a point. 
Let ABC be a triangle, and let EO, 


FO be the perpendicular bisectors of 

CA, AB, meeting in O. E 
Let D be the midd!e point of BC. D 
It is required to prove that OD is 


perpendicular to BC. 
Construction. Join AO, BO, CO. 


Proof. In the triangles АЕО, BFO, 
AF — BF (given), 
| FO is common, 
LAFO = LBFO (given) ; 
^. the triangles are congruent ; 
°. АО = ВО. 
Similarly, from the triangles АЕО, CEO, it can be shown that 
AO=CO ; 
". BO-CO. 
Hence, in the triangles BDO, CDO, 
BD = CD (Фу supposition), 
| OD is common, 
ВО = CO ( proved) ; 
-. the triangles are congruent ; 
'. LBDO=LCDO; 
++ OD is perpendicular to BC, 


CONCURRENCE AND COLLINEARITY тої 


THEOREM 35. 


The bisectors of the three angles of a triangle meet in a 
point. 

Let ABC be a triangle, and let AO, 
BO be the bisectors of the angles BAC 
and ABC, meeting in O. 

Join oc. 

It is required to prove that OC 

bisects the angle ACB. 


Construction. Draw OD, OE, OF perpendicular to BO, CA, AB 
respectively. 


Proof. In the triangles OAE, ОАР, 
| LOAE = LOAF (given), 


А F B 


LOEA = LOFA (construction), 
OA is common ; 
*. the triangles are congruent ; 
"^. OE=OF. 
Similarly, from the triangles OBD, OBF it can be shown that 
OD=OF ; 
°. OD=OE. 
Hence, in the right-angled triangles ODC, OEC, 
the hypotenuse OC is common, 
{ and OD = OE (proved) ; 
„7. the triangles are congruent ; 
З LOCD - ZOCE ; 
«<. OC bisects the angle ACB. 


Der. Three or more points are said to be collinear when they 
are in the same straight line. 

Der. Three or more straight lines are said to be concurrent 
when they intersect in the same point. 
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Der. The Straight line joining a vertex of a triangle to the 
middle point of the opposite side is called a median. 


THEOREM 36, 


The three medians of a triangle meet in a point, 
Let ABC be a triangle, and let EF 


be the middle points of AC, AB. Let б 
the straight lines BE, CF meet at б. E 
Join AG, and produce it to cut BC E 
it D. 
It is requiredto prove that BD = DC, E Mice 
Construction. Through B draw a элее 
straight line parallel to ЕС to meet Н 


AD produced at Н. Join CH. 


Proof. In the triangle ABH, 
AF=FB (given), 
and FG is parallel to BH (construction) ; 
<. AG=GH. 
Again, in the triangle AHC, 
AG=GH ( Proved), 
and AE=EC (given) ; 
-. GE is parallel to HC. 
Hence, the opposite sides of the figure BGCH are parallel ; 
-. BGCH isa parallelogram, 
Now, the diagonals of a parallelogram bisect one another ; 
°. BD=DC, 


COR. Inthe above figure, DG is one-third of DA. 
For BGCH is a parallelogram ( Proved) ; 
^ DG-DH; . HG-2DG. 
But HG= GA (proved) ; 
^ ВА=2ра; . DA- зра. 
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Der. The point of concurrence of the medians of a triangle is 
called the centroid of the triangle. 


From the corollary, it is seen that the centroid zs a third of the way 
up the median DA, measured from D. 


THEOREM 37. 


The perpendiculars, drawn from the vertices of a triangle to 
the opposite sides, meet in a point. у; 


Let ABC be a triangle, апа let AD, Qr — — — — Се —P 
BE, CF be the perpendiculars from 1 Ps 
A, B, С to BC, CA, AB respectively. D^ 
It is required to prove that AD, At FB 
BE, CF meet in a point. \ d 
2 


Construction. Through А, B,C RL 
draw straight lines QAR, RBP, PCQ, 
parallel to BC, CA, AB respectively, forming the triangle PQR. 


Proof. By construction, PBAC is a parallelogram ; 
`. CP=AB; 
and by construction QABC is a parallelogram, 
2. QC=AB, 
.. QO CP. 
Again, AB is parallel to PQ, 
and CF is perpendicular to AB; 
°. CF is perpendicular to PQ, 
°. CF is the perpendicular bisector of PQ. 
Similarly, AD, BE are the perpendicular bisectors of QR, RP. 
But the perpendicular bisectors of the sides of the triangle PQR 
meet in a point ; 2 А 
°. AD, BE, CF meet in a point. 


Der. The point of concurrence of the perpendiculars, drawn 
from the vertices of a triangle to the opposite sides, is called the 
orthocentre of the triangle. 
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Method of search for the solution of а, geometrical problem. 


Ex. 1. A, B are two points on the same side of a straight line CD. 
Find a point P in CD such that the angles APC, BPD are equal. 

We search for the solution by supposing that the required point P 
has been found, and then studying the 
properties of the figure. A 

Suppose then that P is a point in CD 
such that APO — 4 BPD. 

If a perpendicular is drawn from A 
to CD, cutting CD at N and BP produced 
in X, we should have 

2АРС=2ВРО = ће vert. opp. LOPX. 

Hence, we should have in As ANP, XNP, 

{ ZANP=ZXNP, 


LAPN —ZXPN, 
NP common ; 
* the triangles would be congruent, 
and NX would be equal to AN.* 
The proper construction is now evident. 
Construction. Draw AN perpendicular to CD, and produce it to X 
so that NX=AN. 
Join BX, cutting CD at P. 
Then P is the required point. 
Proof. Join AP. 
In the triangles ANP, XNP, 
AN=XN (construction), 
NP is common, 
LANP—ZXNP (construction) ; 
^ the triangles are congruent, 
"^ LAPN=ZXPN. 
But ZXPN =the vert. opp, BPD ; 
^ LAPC=LBPD, 


Ex. 2. A, Bare two points on the same side of a straight line CD, 
and Р ts any point in CD. Show that PA+PB zs least when the angles 
APC, BPD are equal. 

As in Ex. 1, find the point P in CD such that ZAPC =< BPD. 

Take any other point Q in CD. 

It has to be proved that QA + QB > PA + PB, 


* The work up to this point is called the analysis (#.2. the picking to pieces] 
ofthe problem. What follows is the synthesis (7.¢, the Dutting together), 
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Outline of proof, Take As ANQ, XNQ, 
and show that QA=QX ; 
2 QA+QB=QX+QB. 
Next show that PA + PB= XB, and observe 
that QX + QB > XB. 


Applications of Exx. 1 and 2. 

When a ray of light is reflected at the surface of a mirror, it leaves 
the mirror at the same angle as that at which it strikes the mirror. 
The course of a billiard ball after striking a perfectly elastic cushion 
is determined by the same experimental law. 


Ex. 3. An eye situated at В sees a bright point А by reflection ata 
plane mirror CD. Determine the path of the ray from А to B. 

The path of the ray is along AP, PB in the figure of Ex. 1. To the 
eye, the bright point A seems to be at X: the point X is therefore 
called the image of A. 


Ex. 4. In Ex. 3, prove that the actual course of the ray from A to B 
is the shortest possible course (if Ais seen by reflection). 
This follows from Ex. 3. 


A number of rays proceeding from a point is called a pencil of rays. 


А 


Ex. 5. Zn Ex. 3 the eye is treated as 
a point. Now consider the eye as having 
size, and draw the pencil of rays which, 
proceeding from A, fills the eye. 


Ex. 6. ABCD isa billiard table. P,Q 
are two balls placed anywhere on the 
lable; P is struck so that, after hitting 
the cushions AD, DO, it hits Q. Con- 
struct the path of P. 

Find the ¿mage Q, of Q in DC, the 
image Q, of Q, in AD. Join as in the 
figure. P must be hit in the direction 


PQs. 
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Miscellaneous examples on the construction of triangles, 
Ex.7. Construct AABO, given a+b, с, А. 


a+b 


B 


Let AB=c, make 2 BAD—A, and set off AD=a+é. Join BD. Draw 
a line bisecting BD at rt. 25 and meeting AD in C. Join ВС. 
Prove that BAC is the triangle required. 


Ex.8. Construct ^ ABO, given the perimeter and two angles В, C. 


Let DE = given perimeter. Let LEDF=B, LDEG=C. Bisect 25 D, 
E by lines meeting in A. Draw AB||FD, AC || GE co meet DE in B, С 
respectively. Prove that ABC is the triangle required. 


Ех. 9. Construct AABO, given +c, a, A. 


Let LEDF=4A. Along DE set off DC=5+c. 

With centre C, and radius a, draw an arc of a circle cutting DF in В 
Bisect DB at right angles by a line cutting DC in А. Join AB. 

"Then ABC is the required triangle. 

Supply proof, and show that there are two solutions. 
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Ex. 10, Construct AABO, given 0-0 а, A. 


Let LEDF=go"+Ê Along DE set off DC=û =< Proceed as їп 
the last example. ~ 
Complete construction and proof. 


Exercise XXII. a. 


1. The sides AB, AC of a triangle are produced. Prove that the 
bisectors of the interior angle at A and the exterior angles at B and 
are concurrent. 


2. If the medians BE, CF of the triangle ABC are equal, show that 
AB=AC. 
[Let BE, CF meet in G. Prove GB — GC, and hence show that As 
BEC, CFB are congruent.] 


3. Construct the triangle АВО, given the lengths of ВО and the 
medians BE, CF. [First construct the triangle BGC.] 


1 Construct a. triangle, having given the lengths of the three 
medians. 

[Referring to the figure of Theorem 36, we can construct the 
parallelogram BGCH, for the lengths of BG, GC, GH are known. 


5. Given the base BC of the triangle ABC in position and the 
length of the median BE, prove that the locus of Ais асїсе — 
[The locus of G is a circle with centre B and radius 3 BE, xm d 
the middle point of ВС, DA=3DG. Hence, show that the locus o 
is a circle. Compare Ex. XIX. 9] 


6, Pis any point in the straight line, drawn through the vertex A 
of an КЫСА АЙШЕ АВО, parallel to the base BC. Prove that 
PB+PC>AB+AC. ER 
_ [Draw CN perpendicular to AP. Produce CN to meet BA produc 
in X. Prove that PB + PC=PB-+ PX, etc.] 
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T. А, B are two billiard balls, / is a cushion ; find where B must be 
made to strike / in order to hit A. 


8. Draw the ¿mage of an arrow PQ as seen by reflection at a plane 
mirror. 


9. ABCD is a billiard table, AB— 12 ft, AD=6 ft. A ball is placed 
at О, the centre of the table, and struck so that, after hitting the 
cushion CD,it goes into the pocket at A. Draw a diagram (scale 
1 in.—3 ft.) and construct the path of the ball. Measure the distance 
travelled by the ball. 


10. In Ex. 6, p. 105, construct the course of the ball P in order 
that it may hit Q after striking the cushions BA, AD, ОС in the order 
hamed. 

11. A ball is placed anywhere on a billiard table and struck so that, 
after hitting all four cushions once, it returns to the point from which 
it started. Construct its path and prove that it must be struck in a 
direction parallel to a diagonal of the table and that the total 
distance it travel: is twice the length of a diagonal. 


Exercise XXII. b. 
Construction of Triangles (continued). 


1. Explain how to construct the triangle ABC, having given c— 4, 
a В. [Use the figure of Theorem 19.] 


2. From Ex. XIV. 1, deduce a construction for the triangle АВО 
with the following data :— 
(1) a, c-b, C-B. 
(2) а, có, С-В. 
3. Given a, A, B — C, construct the triangle. 


Construct the triangle ABC with the following data; in each case 
measure the longest constructed side :— 


4. a+6=3 in, с=26 in, C2 120* 
5. a=4 in. €— 6-7 1:46 іп., А=бо°. 
6. a+b=377 in, £705 in., А=62°. 
T 6-a=0-48 in, С=2:03 in, A=33°. 
8. Perimeter=5-01 їп, А=42°, В= 36°, 
9. c=2-41 in. 6-a=1-57 in, B-A-65*. 
10. 6=1-10 in, с+а= 3:08 in. C-A=60". 
1L 4-2 in, A-—40', B-C-20* 


——————— а 
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XV. THE FORMS OF SIMPLE SOLIDS. 


In geometry the space occupied by any object (say a brick) is 
called a solid. The boundaries of a solid are surfaces. 


Der. A solid has length, breadth and thickness. The volume 
of a solid is the amount of space enclosed by its boundaries. 


Any brick-shaped solid will be called a rectangular block. The 
plane figures which bound such a solid are called its faces. The 
lines in which pairs of faces intersect are the edges of the solid. 
The points of intersection of edges are the corners or vertices of 
the block. 


(2) © 


Fic. 1. 


A rectangular block, whose length, breadth and height are all 
equal, is called a cube. 


(è) © 
Fic. 2. 


Nore. In the diagrams illustrating this section, the right-hand figure is a 
hotograph on a reduced scale of the piece of cardboard used to make the solid 
in the left-hand figure ; the dark lines on the right-hand figure are the V-shaped 
grooves cut in the cardboard to facilitate folding. The central figure shows 
how such a solid should be represented on paper. Note that all lines not 
parallel to the plane of the paper are shortened, and that, if two such lines 
in the solid are parallel to one another, the lines which represent them, in 


- the drawing, will meet when produced. Dotted lines represent edges which 


would only be seen if the solid were transparent. 
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Exercise XXIII. (Rectangular. Blocks.) 


1. What measurements must be taken to describe completely the 
shape of a brick? 


2. Consider the shape of a rectangular block whose length is a in, 


breadth Û in. and height c in. 


(i) How many faces has the block? 
(ii) What is the shape of each face? 
(iii) What is the length and breadth of each face? 
(iv) What do you observe about any pair of opposite faces? 
(v) How many faces meet at each vertex ? 
(vi) How many edges has the block? 
(vii) How many edges are a in. long ? 
(viii) How many edges meet at each vertex ? 
(ix) How many vertices has the block ? 


3. Consider the shape of a cube. 


(i) What do you observe about the lengths of its edges ? 


(ii) How many measurements must be taken to determine a cube 
completely ? 


(iii) What is the shape of each face? 


(iv) If the length of an edge is a in., what is the sum of the lengths 
of the edges ? 
(v) If the faces are numbered 1, 2, 3, 4, 5, 6 (as in the case of dice), 


how could you describe a particular edge? and how a particular 
vertex ? 


4. Draw on fairly thick paper a diagram consisting of six squares 
as in Fig. 2(c). Cut the figure out neatly. Fold the paper so as to 
form creases along the dark lines. This can be done by folding the 
paper over the edge of a thin ruler Placed along the line. Now bend 
the paper so as to form a cube, as in Fig. 2(а). Fasten the edges 
together with a narrow strip of gummed paper : or, when cutting out, 
narrow flaps may be left on the edges of the Squares, where required. 


` 5. Draw a figure of character similar to Fig. 1 (с), showing how a 
piece of paper may be cut and folded so as to form a rectangular block 
whose edges are 3 in., 2 in. and 1-6 in. respectively. 


6. What is the smallest number of bricks, each 9 in. by 4p in. by 
2{ in., which can be built into a cube? Make a freehand wing 
showing how the bricks are arranged. 


PYRAMIDS III 
Draw any triangle ABC, and take a point D outside the plane of 


your paper. (Fig. 3 (2).) 
B 
[2) [2] 


Fic. 8. 

Suppose the point D joined to A, B and С. The figure bounded 
бу the four triangles ABC, DBC, ООА, DAB is called a tetrahedron 
(plural tetrahedra). 

If all the edges of a tetrahedron are equal, the tetrahedron is 
said to be regular. A regular tetrahedron is therefore bounded 
by four equilateral triangles. (Fig. 4.) 


К 
d 
19] €) 


FiG. 4. 


Draw any polygon ABCDEF, and join any point O outside its 
plane to the vertices, thus forming a number of triangles. 


Aw 


Ф) [2] 
Ес. 5. 


The solid bounded by the polygon and the triangles is called a 


pyramid. 
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The polygon is the base of the pyramid, the triangles are its 
lateral faces, the lines OA, OB, OC, etc., are its lateral edges, and 
the point О is its vertex. (Fig. 5.) 

A pyramid is triangular, quadrilateral, etc., according as its 
base is a triangle, a quadrilateral, etc. Thus, a tetrahedron is a 
triangular pyramid, and any one of its faces may be considered 
to be the base. 


Exercise XXIV. (Pyramids.) 


1. What is the smallest number of planes which can bound a solid? 


2. What is the solid called which is bounded by four planes which 
do not all meet in a point? 


3. With regard to a tetrahedron, 


(1) How many faces has it? (ii) How many edges? 
(1) How many vertices? (iv) What is the shape of each face? 


4. Draw on paper a triangle ABC in which BC—2:5 in, CA=2 in., 
АВ=2.3 in. Through A, B, C draw parallels to BC, CA, AB respec- 
tively, forming a triangle А'В'С. What are the lengths of the sides of 
A'B'C? Prove the correctness of your answer. Cut out the triangle 
A'B'C. Crease the paper along the dark lines. You will now be able 
to construct a tetrahedron whose opposite edges areequal. What are 
the lengths of the pairs of opposite edges ? 


5. Draw a figure showing how a piece of paper may be cut and 
bent so as to form a tetrahedron ABCD in which BC- 34 in, СА=2:5 
in., AB=3 іп., AD=2-84 in., BD=2-9 in., С0= 3-15 in. 


6. Drawa figure showing how a piece of paper may be cut and 
bent in order to form a pyramid whose base is a square of 2 in. side and 
each lateral face an equilateral triangle. 


T. Draw a figure showing how a piece of paper must be cut and 
bent in order to make a pyramid whose base is a rectangle of length 
3 in, and breadth 2 in., each lateral edge being 2-5 in. long. 


PERPENDICULAR TO A PLANE II3 


In Fig. 6, OA and OB represent the intersection of two walls and 
the floor of a room, OC is the intersection of the walls. Observe 
that OC is perpendicular to every straight line (such as OD) drawn 
through O on the floor. 


Fic. 6. 


Hence OC is said to be perpendicular to the plane of the floor. 
Usually, a floor is a horizontal plane, the walls are vertical planes 
and two vertical walls intersect in a vertical line. 


Draw any two straight lines on your paper, and construct a line 
perpendicular to both of them as follows :— 

Take the stiff covers AOCD, BOCE of an exercise book from 
which the interior has been removed. 


Fic. 7. 


Place the covers so that the edges OA and OB are along the lines 
drawn on your paper, then the edge OC is perpendicular to both 
OAand OB. (Fig. 7.) 
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Now hold the cover BOCE firm; you will find that AOCD can 
be turned about OC so that the edge OA remains in contact with 
the paper. 

Hence OC is perpendicular to every straight line through O in 
the plane of the paper, z.e. OC is the perpendicular through О to the 
plane of the paper. | 

Thus it will be seen that if a straight line (OC) is perpendicular 
to each of two straight lines (OA, OB) at their point of inter- 
Section, it is perpendicular to the plane which contains them. 

You will now understand that any vertical line is perpendicular 
to every horizontal plane, and that an edge of a rectangular block 
is perpendicular to either of the faces which it intersects. 


Planes which do not intersect, however far they are produced, 
are said to be parallel. "Thus two opposite faces of a rectangular 
block are parallel planes. 


Exercise XXV. 
1. Name several surfaces which you would call horizontal. 
2. Name several lines which you would call vertical. 
3. Give instances of pairs of parallel planes. 


, 4, Give instances of lines and planes which are mutually perpen- 
dicular. 


5. Stand your pencil, as nearly as you can judge, perpendicularly to 
the plane of your paper. By using a set square how can you discover 
if it is exactly perpendicular to the paper? 


6. How would you determine by means of a spirit level whether 
the surface of a table is horizontal. 


T. How would you use a prump-line to determine whether a post is 
placed vertically ? 


TE How would you proceed to level the surface of a three-legged 


9. Why is it easier to level a three-legged table than a four- 
legged one? 


— —— 
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Suppose a large number of triangular pieces of paper, all of the 
same size and shape, cut out and piled as in Fig. 8 (a), so that each 
covers exactly the one below it. The solid so formed is called a 
right triangular prism or wedge. 


Fic. 8. 


Next suppose that, without moving the triangles, a hole is bored 
through the pile in a line perpendicular to the base and a thin 
metal rod, such as a knitting needle, is put through the hole. 

You will see that the pile can be displaced into the shapé 
shown in Fig. 8 (6), in which each lateral edge remains straight, 
but is no longer at right angles to the plane of the base. The 
solid obtained in Fig. 8 (2) is called an oblique triangular prism. 

Observe that in the process just described, neither the volume of 
the solid (że. the amount of space occupied by it) nor its height 
(£e. the perpendicular distance between the triangular faces) has 
been altered. Hence it is seen that the volume of an oblique 
triangular prism is equal to that of the right triangular prism of 
the same height standing on the same base. 


Exercise XXVI. (Prisms.) 


1, What is the shape of the lateral faces of a right triangular 
prism? 

2. What is the shape of the faces of an oblique triangular prism? 

3. Why are all the laterai edges of a triangular prism equal? 
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4, What sort of solid can be constructed by cutting out from papet 
a figure of the shape shown in Fig. 9 (c) consisting of three equal 
rectangles and two equilateral triangles and bending it about the 
dark lines? 


e 
Fic. 9. 


5. Cut out from paper a figure of shape similar to that in 
Fig. ro (c), but of five or six times its linear dimensions (ze, each line 
five or six times the length of the corresponding line in Fig. 10 (0). 


(a; [2] (o 
Fic. 10. 


Bend about the dark lines and an oblique triangular prism will be 
obtained. 


6. Draw a figure showing how to cut and bend paper to form 
a right triangular prism the sides of whose base are 2 in., 1-25 in. and 
r5 in and whose height is 2:5 in. 


7. If two parallel planes are cut by a third plane, the lines of inter- 


section are parallel. Can you give a reason for this? 


Draw two congruent polygons ABCDE, A'B'O'D'E' and place 
them in parallel planes with their corresponding sides parallel. 

Then the figures ABB'A' BCC'B; etc., are parallelograms (Why?), 
and the solid bounded by the polygons and parallelograms is 
called a prism (Fig. 11). 

The polygons are the bases of the prism and the perpendicular 
distance between the bases is the height of the prism. 


RIGHT CIRCULAR CYLINDER II7 


A prism is triangular, quadrangular, etc., according as its bases 
are triangles, quadrilaterols, etc. 


¢) © 
Fic. 1. 


If the lateral edges AA’, BB’, etc., are perpendicular to the plane 
of a base, the solid is called a right prism. 


i 
| 
| 
| 
| 


Fig. 12 represents a right prism whose base is a regular polygon 
of 24 sides. If the regular polygon had a very great number of 
sides, the shape of the corresponding prism would approximate to 
that represented in Fig. 13. 

A solid of the shape of a round uncut pencil is called a right 
circular cylinder, and the curved surface of the pencil is called 
a cylindrical surface. 


Fic. 12. Fic. 18. 


To be more precise, if a rectangle ACC'A' is made to revolve 
about one of its sides CC’ as axis, it is said to generate a solid. 
This solid is called a right circular cylinder and the curved 
surface of the solid is a cylindrical surface (Fig. 13). 
The line CC’ is called the axis of the cylinder and the circles 
generated by the revolution of CA and C'A' are its bases. 
к.с. Е 
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Exercise XXVII. (Prisms, etc.) 


1. What do you observe about all the lateral edges of a prism ? 


2. Draw a figure representing a right prism whose base is a 
rectangle. What is the other name of this solid ? 


3. Describe exactly the shape (giving the correct name) of an 
uncut hexagonal pencil. 


4. Explam exactly why, in Fig. 13, as CA revolves, it always moves 
in the same plane. 


5. Take a cylindrical ruler and measure its circumference as 
follows: wrap a piece of paper tightly round the ruler until the paper 
overlaps. Stick a pin through the paper so as to mark two points 
just under one another. Unfold and measure the distance between 
the points. This is the circumference of the cylinder. 


6. Draw a freehand sketch of the section of a right circular 
Cylinder made by a plane which is (i) perpendicular to the axis, 
(it) parallel to the axis (4.2. such that the axis never meets the plane 
if both are produced indefinitely), (iii) inclined to the axis. 

In both cases (i) and (ii) say exactly what figure the section is. 


T. Measure the circumferences of several cylinders, such as a ruler, 
a pencil, a draughts-man, a cork bung. Measure also the diameters, 
and verify that, in all cases, the circumference is approximately 
4 times the diameter. 


8. The curved surface of a tin box in the shape of a right circular 
cylinder, whose height is 3 in. and circumference 4 in., is cut through 
along a line parallel to the axis of the cylinder. Draw a figure showing 
the exact size and shape of the curved surface when flattened out on a 
table. What is the figure called? 


9. A cylindrical box of height 4 in. and diameter 3 in. is to be 
made of tin. Draw a figure of the exact shape and size of the piece of 
tin required for the curved surface. What is the length and breadth 
of the figure? 

10. A room is 30 ft. long, 20 ft. wide and 15 ft. high. By drawing 

a figure to scale, fina, as accurately as you can, the distance of a 
corner of the floor from the opposite corner of the ceiling. 

[Scale т іп, =10 ft.) 


Fig. 14 represents a pyramid whose base is a regular polygon 
of 24 sides. If the polygon had a very great number of sides, 
the shape of the corresponding pyramid approximates to that 
represented in Fig. 15. 
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А right cireular cone is the sclid generated by the revolution of 
a right-angled triangle AOC about OC, one of the sides containing 
the right angle. The curved surface of the cone is called a 
conical surface. (Fig. 15.) 


Ес. 14. Fic. 15. 


During the revolution, the side OA generates a circle whose 
centre is O, and whose plane is perpendicular to CO. This circle 
is called the base of the cone, the line CO its axis and the point 
© its vertex. The length of CO is the height of the cone, and CA 
is called a slant side. ў 

Observe that the surface of a right circular сопе сап be 
developed (Ze. rolled out flat) on a plane. If this is done, the 
resulting figure is a sector of a circle, for each point in the 
circumference of the base of the cone is at the same distance from 
the vertex. , 


Exercise XXVIII. (Cones.) 


1. Explain why the section of a cone by a plane perpendicular to 
the axis is a circle. 


2. What is the section of a cone by a plane through the vertex ? 


3. A piece of wood in the shape of a right circular cone, of height 
2in. and the radius of whose base is 1:5 in., is to be covered with tin. 
Draw a figure showing the exact size and shape of the piece of tin 
required and find the angle of the sector of the circle. 


4, Find, by drawing a diagram, the semi-vertical angle (z.e. the 
angle between the axis and a slant side), of the cone, the surface 
of which, when rolled out flat on a plane, forms a, semi-circle. 


1 
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A solid of the shape of a cricket ball is called a sphere, and its 
surface is called a spherical surface. (Fig. 16.) 

A sphere is a solid bounded by a surface, all points of which are 
equidistant from a certain point within the surface. This point is 
called the centre. 

А radius of a sphere is a straight line drawn from the centre to 
any point on the surface ; all radii are equal. 

A diameter of a sphere is a straight line passing through the 
centre and terminated both ways by the surface of the sphere. 

А sphere may also be considered as the solid generated by the 
revolution of a semi-circle about its diameter. 

The surface of a sphere cannot be flattened out on a plane 
without crumpling. 


It is readily shown that the section 01 a sphere by a plane is a 
circle. (Fig. 17.) 


Fic. 16. Fic. 17. 


Let O be the centre of the sphere, OC perpendicular to the plane of 
section, P and © any two points on the curve of section ; 


(i) The 25 ООР, OCQ are right angles. (Why?) 
(ii) The As ООР, OCQ are congruent. (Why?) 
Hence CP=CQ. 


In the same way any two points on the curve of section may be 
shown to be equidistant from C. 


Hence the section is a circle whose centre is C. 


Nore. For Revision papers on Part I., see pp. 167-171, Nos. I.-IX. 


PARI ЧЇ; 


AREAS. 


x u > s r 
А + “ҮЙ У, » a 
GSA NOD ат OA 
" 


1, 
P LT 


PART II. 


AREAS. 


XVI. AREAS OF PARALLELOGRAMS AND 
TRIANGLES. 


Der. The area of a plane figure is the amount of surface 
enclosed by its boundaries. 

Congruent figures have the same area, for they can be made tc 
coincide. 

For example, two rectangles, which have the same.length 
and breadth, have also the same area. For they are obviously 
congruent. 

It will be seen presently that figures of the same area are not 
necessarily of the same shape. 


Measurement of Areas. In order to measure areas numeri- 
cally, some unit of area must be chosen. 

The area of а square whose side is the unit of length will be 
taken as the unit of area. 


Cross-rule some paper with lines at unit 
distance apart, and draw a rectangle whose 
sides are 6 and 3 units of length respectively. 
The rectangle contains 3 rows of 6 squares 
each, and each square contains the unit of 
area. 


*. area of rectangle=6 x 3 units of area. 


Similarly, the area of any other rectangle whose sides contain an 
exact number of units is found by multiplication. 
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А square inch is the area of a square 
whose side is an inch. 

If the unit of length is 4'; of an inch, the 
unit of area is the area of the small shaded 
square in the figure, and is туу of a square 
inch. 


Take squared paper ruled in inches and tenths, and draw on it the 
rectangle ABCD, where АВ =о:5 in. and AD= 1:3 in. 


Take o:1 in. as the unit of length. 
". AB=5 units, BC— 15 units ; 
-. area of ABCD 
=13х 5 units of area 
=13X 5 hundredths of a sq. in. 
2-18 x 45 sq. in. 
=1-3 X05 sq. in. 


Thus, again the area is given by multiplication, although the length 
and breadth are both fractions of an inch. 


It will thus be seen that the area of a rectangle is given by the 
formula А=/х 2, 


where A stands for the number of units of area in the rectangle 
and /, ф for the numbers of units of length in two adjacent sides, 
these numbers being whole or fractional. 


Der. Any side of a parallelogram or triangle may be called 
the base. 

The perpendicular distance between the base and the opposite 
side is called the altitude or height of the parallelogram. 

The perpendicular distance of the vertex of a triangle from t = 
base is called the altitude or height of the triangle. 
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In each of the figures below, if 2 is the base, # is the height. 


2 ЛАЗА 


+—------ б---- > 4 -5-— < -5-— 


Parallelograms and triangles, situated as in the figure below, 
are said to be between the same parallels. 


Since the perpendicular distance between two parallel straight 
lines is everywhere the same, these figures are of the same height. 

Conversely, it is obvious that parallelograms and triangles of 
the same altitude can be placed between the same parallels. 

For shortness, the parallelogram ABCD is often called ‘the 
parallelogram AC’ or ‘the parallelogram BD.’ 


Let ABCD be a parallelogram and X any point in the diagonal 
BD. Through X draw HXK 
parallel to AB to meet AD in 
H and BC in K. Through X H K 
draw LXM parallel to BC to 
meet AB in L and CD in M. 


A (5 B 


' The figures HM, LK are called 
the parallelograms about the D м C 
diagonal of ABCD, and the figures AX, XC are called the comple 
ments of the parallelograms about the diagonal of ABCD. 


Nore. The abbreviation CI" stands for ‘ parallelogram. 
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THEOREM 38. (Euclid I. 35.) 


Parallelograms on the same base and between the same parallels 
are equal in area. 


a VV 
A B A B 
Let ABCD, ABXY be parallelograms on the same base AB and 
between the same parallels AB, YC.* 
It is required to prove that ABCD, ABXY are equal in area. 
Proof. Because YC meets the parallels AD, BC, 
`. LADY =the corresponding 2 BCX. 
Again, because ҮС meets the parallels AY, BX, 
`. LAYD =the corresponding 2 ВХС. 
Also, the opposite sides of the parallelogram ABXY are equal ; 
`. АҮ = ВХ. 
Hence, in the triangles ADY, ВСХ, 
LADY = LBOX 
LAYD =LBXC | (proved) ; 
AY = BX 
°. the triangles ADY, BCX are congruent and equal in area. 
Take each of these equal triangles, zz succession, away from the 
figure ABCY. 
г. the remaining figures ABCD, ABXY are equal in area. 
Cor 1. Parallelograms on equal bases and of the same altitude are 


equal in area. 

For they can be placed so as to be on the same base and between 
the same parallels. | 

COR. 2. The area of a parallelogram is equal to that of a rectangle. 
whose adjacent sides are equal to the base and altitude of the paral- 
lelogram, respectively. 


* The parallels are supposed to be indefinitely produced in either direction. 


— Tu 
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THEOREM 39. (Euclid I. 41.) 


If а triangle and а parallelogram are on the same base and 
between the same parallels, the area of the triangle is equal to 
half that of the parallelogram. 


Y Xx С D 


Let the triangle ABC and the parallelogram ABXY be on the 
same base AB and between the same parallels AB, YC. 
It is required to prove that the area of ABC is half that of ABXY. 


Construction. Draw BD parallel to AC to meet YC, or YC pro- 
duced at D. 


Proof It is given that AB is parallel to CD, and, by construc- 

tion, BD is parallel to AC ; 
°. ABDC isa parallelogram ; 
and because ABDC is bisected by its diagonal BC, 
*. ЛАВС =4/——7" ABDC. 

Now the parallelograms ABDC, ABXY are on the same base and 
between the same parallels ; 
ym ABDC = ZT ABXY ; 

". AABC = 179 ABXY. 


Cor. т. Ifa triangle and a parallelogram are on equal bases and 
of the same altitude, the area of the triangle is equal to half that of the 
parallelogram, 

For they can be placed so as to be on the same base, and between 
the same parallels. 

Cor. 2. The area of a triangle is equal to half that of a rectangle, 
whose adjacent sides are respectively equal to the base and altitude of 
the triangle. 
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THEOREM 40. (Euclid I. 37, 38.) 


Triangles on equal bases, or on the same base, and between 
the same parallels, are equal in area. 


A D Xx Ww. 


B Cc Y 2 


Let ABC, XYZ be triangles on equal bases BC, YZ and betweer 
the same parallels BZ, AX. 


` It is required to prove that ABC, XYZ are equal in area. 
Construction. Through C draw a straight line parallel to BA, 


and through Z draw a straight line parallel to YX. Let these lines 
cut AX or AX produced in D, W respectively. 


roo, Each of the figures ABCD, XYZW is a parallelogram, 

and they are on equal bases BC, YZ and between the same parallels 
BZ, AW; 

^. Lm ABCD = Om XYzW. 

Now a parallelogram is bisected by a diagonal ; 
`. AABO = 1—7m ABCD 
and AXYZ — 3 m XYzW ; 
°. ДАВС = AXYZ. 


In the same way it can be shown that triangles on the same 
base and between the same parallels are equal in area. 
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THEOREM 41. (Euclid I. до.) 


Triangles of equal area, which are on equal bases in the 
same straight line and on the same side of it, are between the 
Same parallels. 


E 


Let the triangles ABC, DEF be equal in area, and on equal bases 
BC, EF, the bases being in the same straight line, and the triangles 
on the same side of it. 

It is required to prove that AD is parallel to BF. 

Proof. If AD is not parallel to BF, let AG be drawn parallel to 
BF, to cut ED or ED produced at G. 

it is given that the triangles ABC, GEF are on equal bases ; 
and, by supposition, they are between the same parallels BF, AG ; 
`. AABC =AGEF. 


But it is given that 
AABC = ADEF ; 


°. AGEF- ADEF, 
that is, a part equal to the whole, which is impossible. 
Hence it is wrong to suppose that AD is not parallel to BF ; 
*. AD is parallel to BF. 
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THEOREM 42. (Euclid I. 43.) 


The complements of the parallelograms which are about the 
diagonal of a parallelogram are equal. 


A L B 


D M Cc 


Let ABCD be a parallelogram, and X any point in the diagonal 
BD. Through X, let a parallel to AB be drawn to meet AD in H, 
and BC in К. Through X, let a parallel to BC be drawn to meet 
AB in L and CD in M. 


It is required to prove that the complements AX, XC are equal. 


Proof. The parallelogram AC is bisected by the diagonal BD; 
°. AABD = ACBD ; 
and since the figures HM, LK are parallelograms, 
`. HM is bisected by DX 
and LK is bisected by XB; 
`. QHDX=AMDX 
and ALXB=AKXB; 
. AHDX + ALXB = A MDX + AKXB. 
But AABD= ACBD ; 
.م‎ the remainders, the complements AX, XC, are equal. 
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Exercise XXIX. (Theorems 38-42.) 


1. ABCD is a parallelogram and E is the middle point of CD ; join 
AE ; show that the area of the triangle ADE is one-fourth that of the 
parallelogram. 


2. Of all parallelograms on equal bases, whose areas are equal, 
that which is a rectangle has the least perimeter. 


3. Construct a rhombus equal in area to a given parallelogram, 
having one side common with the parallelogram. 


4. If ABCD, ABXY are parallelograms on opposite sides of the 
common base AB, and CX is bisected by AB or AB produced, then the 
parallelograms are equal in area. [Draw CL, XM perpendicular to AB. 
Prove CL=XM.] 


Б. Find the locus of the vertex of a triangle of which the area is 
equal to that of a given triangle ABC, and which is on the same base 
ВО and on the same side of it. " 


6. ABO is a given triangle. Construct a triangle equal to ABC in 
area, with its vertex on a given straight line. 


7. Construct an isosceles triangle equal in area to a given triangle, 
and on the same base. 


8. Given the lengths of two sides of a triangle, show that its area 
is greatest when the angle contained by these sides is a right angle. 


9. AB is the base of a given parallelogram ; construct a rhombus 
equal in area to the parallelogram, with AB as a diagonal. 


10. ABCD is agiven parallelogram. Find the locus of the remaining 
vertices of parallelograms equal in area to ABCD, having AO as 
diagonal. 

11. ABCD is a quadrilateral, and BD is bisected in M. Show that 
the area of AMCB=half that of ABCD. 

12, ABCD is a quadrilateral. Through A and C draw parallels to 
BD, and through B and D draw parallels to AC. Show that the area 
of the resulting parallelogram is twice that of ABCD. 

13. ABCD is a quadrilateral. Construct a triangle two sides of 
which are equal and parallel to AC and BD respectively, and show that 
its area is equal to that of ABCD. [Use Ex. 12.] 

14, ABCD is a trapezium, with AB parallel to CD. Construct a 
parallelogram equal in area to ABCD, with AD for one of its sides, and 
two sides along AB, DC respectively. 

15. If D is the middle point of the base BC of a triangle ABC and 
P any point in AD, show that AAPB= ЛАРС. 
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16. ABC is a triangle and P is a point such that APAB= A PAC. 
Find the locus of P. [Let AP cut BC in X. Draw BL, CM perpen- 
dicular to AP. Prove As BXL, CXM congruent. ] 


17. Two triangles are on the same base, and the height of one is 
double that of the other ; show that the area of one is double that of 
the other. 


18. ABCD is a parallelogram, E is any point in the diagonal AC ; 
show that the triangles ABE, ADE are of equal area. [Join BD.] 


19. If two triangles have two sides of the one equal to two sides of 
the other and the included angles supplementary, they are equal in 
area, 


20. If one diagonal AC of a quadrilateral bisects the other diagonal 
BD, show that AC also bisects the quadrilateral. 


21. Dis a point in the side AB of the triangle ABC. Find a point E 
in BC so that the triangles EAD, CAE are equal. [Use Ex. ao] 


22. If a quadrilateral is divided into four equal triangles by its 
diagonals, show that it is a parallelogram. 


23. ABC is a triangle and D, E are the middle points of AB, AC, 
Prove that ABCD=ABCE. Hence show that DE is parallel to BC. 


24. ABC is a triangle and D, E are the middle points of AB, АС. If 
BE, CD meet in G, prove that the triangles ОВС, ОСА, GAB are equal 
in area. Hence show that AG produced bisects BC. 


25. Of all triangles on the same base whose areas are equal, that 
Which is isosceles has the least perimeter. [See Ex. XXII. а, 6.] 


26. ABCD isa parallelogram and Pis any point within the angle which 
AD makes with BA produced. Prove that APAC= APAB+ APAD. 
pum DE, BF parallel to AP, to cut AC in E and F. Join PE, PF. 

rove AE —CF, etc.] 


27. ABCD is a parallelogram and P is any point within the angle 
CAD. Prove that APAC— APAB — APAD. [Same construction as in 
Ex. 26, except that E, F are in AC produced.] 


28. In the base BC of a triangle АВО, take points D and E in the 
order B, D, E, C, so that BD may equal EC ; join AD, AE ; draw DF 
parallel to AC to meet AB in F, and EG parallel to AB to meet AC in 
G ; show that the triangles ADF and AEG are equal in area. 


29. Draw the figure of Theorem 42. Join HM, LK, and show 
that each of these lines is parallel to AC. [Join AM, CH. Prove 
AAHM = ACHM.] 


30. Draw the figure of Theorem 42. Join DL, DK, LK, HM, and 
prove that ADLK+ ADHM = ADAC. 


1 
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XVII. CALCULATION OF AREAS. 


Area of a Parallelogram. Let ABCD be a parallelogram, in 
which 


the base AB = units of length, 
the height BE =% units of length. 
Complete the rectangle ABEF. 
Then the parallelograms ABCD, 
ABEF are on the same base and А Z R 
between the parallels ; 


`. area of ABCD =area of ABEF 
= Ù x units of area. 


'Thus, the area of а parallelogram is the product of the base 
and the height. 


D E c 


Area ofa Triangle. Let ABC bea triangle, in which 
the base BC —a units of length, 
2 5 E 

the height AD —7 units of length. EDT 
Complete the parallelogram BCAE. ^ 
This is of the same height as the \ 
triangle ABC, and it is bisected by 

the diagonal AB ; 


*. area of ABC =} area of BCAE 
= jaf units of area. 


B рс 


Thus, the area of a triangle is half the product of the base and 
the height. 


Ex. АВС is а triangular field in which the length of BC is 6 chains 
and the perpendicular distance from А to BC is 4 chains. Find the 
area of the field in acres. 


Area=}x6%4 sq. ch.= 12 sq. ch.=1-2 acres. 
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Area of a Trapezium. Let ABCD be a trapezium with AB 
parallel to CD. 


Draw CE perpendicular to AB 
and AF perpendicular to CD. 


Join АС. 

Let the lengths of AB, CD and 
CE, be a, b and ф units respec- 
tively. 

Since AECF is a rectangle, ;, AF =CE = р units; 

4. area of ABCD =area of ABC + area of ADC 
= јар +4bp units of area 
=4(a+b)p units of area. 


Thus, the area of a trapezium is the product of half the sum 
of the parallel sides and the perpendicular distance between 
them. 


To find the Area of a Quadrilateral, draw a diagonal, find 
the areas of the triangles so formed and add the results, 

This can be done by measuring 
three lines. 

Let ABCD be the quadrilateral. 
Join AC. Draw BE, DF perpen- 
dicular to AC. 

Let the lengths of AC, BE and 
DF be d, p and q units respec- 
tively. 


«. area of ABCD = area of ABC + area of ADC 
=4dp +144 units of area 
=} (f +4)4 units of area, 
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In connection with the area of a quadrilateral, the following example 
is useful : 


Ex. The area of a quadrilateral is equal to that of a triangle, two 
sides of which are equal and parallel to the diagonals. 


Let ABCD be the quadrilateral. 5 JU e 
Through A, C draw parallels to BD, ` 
and through B, D draw parallels to AC, 7 AN 
forming the parallelogram PQRS. 5 Ж, -38 
Join QS. € p 
Prove that * NA pir p 
quad. ABCD =} £—/» PQRS= APQS. ТТАР Pd 
Pv 


Exercise XXX. a. 
Numerical. 


In Exx. 1-15, draw a sketch of the figure named, freehand, 
and find the area by calculation. 


1. A rectangle, 3 in. by 4 in. 

. A right-angled A, sides containing the rt. 4; 2 in. and 3 in, 

. A triangle BC— 1:2 in., СА=2:5 in, 26=90°, 

. A triangle /А=/ С=45°, АВ=т in. 

. A parallelogram, base 3 in., height 1:2 in. 

. A triangle, base 2 in., altitude 1-3 in. 

. A parallelogram, adjacent sides 3 in., 2:02 in. ; contained £ 30°. 


. A parallelogram, adjacent sides 3 in., 2:02 in. ; contained 150%, 


on ي ي‎ fF cC) в 


9. A rhombus, diagonals 2-4 in., 0-8 in. 


10. A trapezium, parailel sides 3 in. and 1 in., perpendicular distance 
between them 1-5 in. : 

11. A quadrilateral ABCD, in which the perpendiculars from B and 
D on AC are т in. and 1-2 in. respectively and AC=2 in. 


12. A quadrilateral whose diagonals are 1-5 in. and 1-2 in. and are 
at right angles. 
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13. A quadrilateral ABCD, in which AC=3-01 in, BD—24 in, 
and AC, BD are inclined at 45°. 


14, A quadrilateral ABCD, in which AC=4 in, bD=32 in., AC, BD 
inclined at 230°. 


15. Find the area (in acres) of a field ABCD, given АВ= 5-35 chains, 


CD=8.65 chains, AB is parallel to CD, and the perpendicular distance 
between AB, CD = 4:2 chains. 


Exercise XXX. b. 
Numerical. 


In Exx. 1-13, find the areas of the figures by drawing to 
а convenient scale and measurement. 


. А rectangle, one side 0-8 in., and diagonal 1-7 in. 

. A rectangle ABCD, where AB=2 in., LCAB= 30°. 

. A right-angled A, hypotenuse 0:73 in., one side 0:55 in. 
A triangle, /А=/ В=/ C, AB—2 in. 

. A triangle, 2А=30°, AB=3 in., BC—2 in. 

. A triangle, LA=33°, LB=113°, AB=3 in. 


. A parallelogram, base 1-2 in., one angle 45°, opposite diagonal 


Pa maroon н 


8. A parallelogram, perpendiculars between pairs of parallel sides 
I in. and 2 in. ; one 4 60°. 


9. A rhombus, side 1-4 in., one Z 40°. 
10. A trapezium ABCD, in which AB=2 in., AD=DC=r in. РАА =42°, 


ll. A quadrilateral ABCD, in which АВ 1.68 in, ВС=0:26 in., 
CD =о:72 in, AD=1-54 in. and 28—90°. 


12. A quadrilateral whose diagonals are 2 in. and 3 in. and are 
inclined at 38°. 


13. A quadrilateral ABCD, where AB=2-4 in., BC—2 in, CD— r5 in, 


DA=0:7 in., ВО = 2:5 in. 
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Area of any Rectilineal Figure. 


The following are convenient practical methods of determining 
the area of a given rectilineal figure ABCDE. 


First Method: ‘ Triangulation? 
Divide the figure ABCDE into triangles by joining any vertex A to 
the remaining vertices. 
Find the area of each triangle by taking suitable measurements. 


If the figure is convex, as in the diagram, the required area is the 
sum of the areas of the triangles. 


If the figure is not convex, and has an angle B greater than twa 
right angles, it will be found that the area of ABC must be subtracted 
from the sum of the other triangles. (The student should draw a 
figure to illustrate this case.) 

Let ВВ, CC’, EE’ be perpendiculars from B, C, E to AC, AD, AD 
respectively, 

Then area of ABCDE 

=}AC. BB' + }AD. CO’+4AD. EE'.* 


* The notati . BB’ for an area is to be understood thus: [f the lengths 
of AC, BB ae у units respectively, then the area denoted by AC.BB' is 


& Хх y units of area. 
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Second Method; ‘ Field- Book? 


Join AD, and take this as dase Jine. C 

Draw BB’, CC’, EE’ perpendicular to D 
AD. Measure AB', AE', AC', AD and the 
offsets B'B, E'E, C'C. 

Then the area of ABCDE is the sum 
of the areas of the triangles ABB', AED, 
CC'D and the trapezium BB'C'C, and 
these can be found by the formulae on A E 
РР. 133, 134. 

Let ABCDE bea plan ofa field, in which AD = оо links, AC' = доо links, 
AE’=380 links, AB'—roo links, E'E—200 links, B/B=190 links, 
С'С —210 links. 

This information would be entered in a Surveyor’s field-book in the 
following form : 


w 


the offsets being placed to the right or left of the central column, 


according as the corresponding points are to the right or left as you 
walk from A to D. 


Then AABB'=}AB' . BB’ =4}x100x190= 9500 
AAED =4AD . EE’ =4%X500x200= 50000 
AOC'D—4C'D.CC' =4x100x210= 10500 

fig. BB'O'C —3B'C'(BB'-00) =} x 300 x 400= 60000 
130000 
^ Area of ABCDE = 130000 sq. links 
7:13 sq. chains 


= 1:3 acres, 
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Exercise XXXI. 


l. Calculate the area of a re; hexagon whose side is 1 in., by 
eg. it into triangles by joining each vertex to the centre of the 
igure, 

Also calculate its area by joining any vertex to all the other 
vertices and finding the areas of the triangles into which the hexagon 
is divided. 

2. Draw a plan of the field ABCDE from the field-book entry on the 


previous page, to scale 1 in.=1 chain, and find the area by the first 
method, making any necessary measurements. 


3. From the following extracts from a surveyors field-book, 
representing measurements of certain fields, draw plans to scale 
2in.=1 chain, and find the areas of the fields, in acres, by both 
methods : 


160 to © 
75 to D 
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XVIIL AREA CONSTRUCTIONS. 


CONSTRUCTION 13. 


Draw a triangle equal in area to a given quadrilateral 


A 


x с р 


Let ABCD be the given quadrilateral. 
It is required to draw a triangle equal in area to ABCD, 


Construction. Join AC. 
Draw BX parallel to AC to cut DC produced at X. Join AX. 
Then AXD is the required triangle. 


Proof. The triangles ACX, ACB are on the same base AC and 
between the same parallels AC, BX ; 
°. QACK=A ACB. 
To each add the triangle ACD ; 
4. ДАХО =the figure ABCD. 
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CONSTRUCTION 14. 


Make а rectilineal figure equal to а given convex rectilineal 
figure and having fewer sides by one than the given figure. 


v 


A 


x с р 


Let ABCDE be а rectilineal figure with (say) five sides. 
It is required to make a rectilineal figure equal to ABCDE, with 
four sides. 


Construction. Join AC. 
Draw BX parallel to AC to cut DC produced at X. 
Join AX. 


Then AXDE is the required figure. 


Proof. 'The triangles ACX, ACB are on the same base AC and 
between the same parallels ; 
°". A ACX = A AOB. 
To each add the figure ACDE ; 
°. the figure AXDE =the figure ABCDE. 


NOTE. Ву a succession of steps, similar to the above, we can con 
struct a triangle equal in area to any given rectilineal figure. 
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Exercise XXXII. (Constructions 13, 14.) 
1. Bisect a given triangle ABC by a straight line through A. 
2. Divide a triangle into 5 equal parts by straight lines through A 


3. Reduce a trapezium to a triangle of equal area, by Construc- 
tion 13, and show that the rule already given for the area of a 
trapezium follows. 


4. Draw a pentagon ABCDE and reduce it to a triangle of equal 
area, one vertex of the triangle being at A and the others in CD, 
produced both ways. 


5. Draw a straight line AB one inch long. On AB describe a 
regular hexagon ABCDEF (see Ex. XIII. 17). Draw a triangle equal 
in area to the hexagon, with one vertex at A and the others in CD 
produced. Find by measurement the area of the triangle. 


6. Pisa point in the side BC of a triangle ABC. Find a point X, 
in CA produced through A, such that the triangle PCX may be equal 
in area to the triangle ABC. [Suppose X to be in the required position, 
Join PA. Prove that APAX must be equal to APAB, Hence BX 
must be parallel to PA.] 


7. ABCDE is the plan of a field. Show 
‘how to replace the fence ABC by a straight 
fence AX, X being some point in CD, or in 
CD produced, without altering the area of 
the field. 


8. ABCDEF is the plan of a field. Show 
how to replace the fence ABCD by a straight 
fence AY, Y being some point in ED, or in 
ED produced, without altering the area of 
the field. [First find X in CD, such that 
the area AXDEF may be equal to the area 
ABCDEF.] 


A 


9. Bisect a triangle ABC by a straight 
line through a given point P in the side 
BC. 


[If BP — PC, by Ex. 6, find X, in CA pro- 


duced, such that APCX=AABC. Bisect ү 
OX at Y. 
Join PY. Prove that Л PCY =} AABC, A 4 


and that Y lies between A and C.] B 
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10. Prove also that the following construction is correct: If 
BP < РС, bisect AC at X. Join PX. Draw BY, parallel to PX, to cut 
ACinY. Join PY. Then ACPY=} A ABC. + ; 


11. Bisect a quadrilateral ABCD by a 
straight line through A. 

[If AADC <AABG, find X in BC pro- 
duced, such that A ABX= the quad. ABCD. 
Bisect BX at Y. Join AY.] 

Prove that AABY=} quad. ABCD, and 
that Y lies between B and C. 


12. Prove also that the following construction is correct: Bisect 
the diagonal BD at E. If AADC<AABC, through E draw EY 
parallel to AC to cut BC in Y. Then AABY —3 quad. ABCD. 


13. Divide a square into three equal parts by straight lines drawn 
through a vertex. ; 


14. From a given triangle ABC, cut oft any fractional part, say two 
fifths, by a straight line through à given point P in ВОЛ {If BP AFO 
by Ex. 6, find X; in CA produced, such that APCX=AABC. Along 
CX set off СҮ=2 СХ. Join PY. Prove APCY —2 AABC.] 


15. Give an alternative construction for Ex. 14, similar to the 
construction of Ex. 10. 


16. Give constructions for Exx. 9, 10 when BP > РС; for Exx. п, 
and 12, when AADC  AABC ; and for Ex. 14, when BP > $PC. 


17. Divide the rectilineal figure ABCDE into five equal parts, yy 
Straight lines through А. 


Make AAHK=fig. ABCDE. Divide HK into 5 equal parts at 

1 i Р, || AC, 

93, О. n A to Qs, Qa, the points in CD. Draw ©,Р,||АС, 

and РАО the lines AP, AQ, AQs, AP, are the required lines of 
division. Supply proof. 
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Construction 15. 


Draw.a parallelogram equal in area to a given triangle and 
having one of its angles equal to a given angle. 


2 ¥ A 


B x c 


Let ABC be the given triangle and D the given angle. It is 
required to make a parallelogram equal in area to the triangle ABQ 
with one of its angles equal to the angle D. 

Construction. Bisect BC at X. 

Make the angle XBZ equal to the angle D. 
Draw XY parallel to BZ. 
Draw AYZ parallel to BC to cut XY, BZ at \ ar 
Then BXYZ is the required parallelogram. 


Proof. Join AX. 
Because the parallelogram BY and the triangle ABX are on the 
same base BX and between the same parallels, 
^. ZO" BY = 2AABX. 
Again, the triangles ABX, ACX are on equal bases and between 
the same parallels ; 
` QABX=AACX; 
`. A ABC —24 ABX. 
But C" BY —24^ ABX (proved); 
^ "^ BY =A ABC, 
Also 2 XBZ was made equal to 2D; 
^. BY is the required parallelogram. 


NoTE. A particular case of the above is to construct a rectangle 
equal in area to a given triangle. By Constructions 1 3, 14, 15 we can 
therefore draw a rectangle equal to any given rectilineal figure. 
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CONSTRUCTION 16. 


Draw a rectangle with one of its sides equal to a given Straight 
line and its area equal to that of a given rectangle. 


Let ABCD be the given rectangle and PQ the given straight line. 
х It is required to draw a rectangle with one side equal to PQ and 
its area equal to that of ABCD. 


Construction. Along AB set off AE equal to PQ. 
Join DE. 
Draw BG parallel to ED to cut AD or AD produced in G. 
Complete the rectangle AEFG. 
Then AEFG is the required rectangle. 


Proof. Join BD, EG. 
The triangles GED, BED are on the same base ED and between 
the same parallels ED, BG; 
°". AGED=ABED. 
°. ВАЕ =A BAD.* 
But, since a rectangle is bisected by a diagonal, 
`. rect. AEFG= 2A GAE 
and rect. ABCD = 2^ ВАО; 
°". rect. AEFG = rect. ABCD, 
Also AE was made equal to PQ; 
*. AEFG is the required rectangle. 


— a PP ION 


* If, as in the figure, G is in AD produced, this follows by adding AADE 
to each of the AsGED, BED. If a is within AD, the AsGED, BED must 
taken away, in succession, from A ADE. 
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Exercise XXXIII. a. (Constructions 15, 16.) 


1. Draw а parallelogram ABCD with its sides AB, AD equal to 


given straight lines and its area equal to that of a given rectangle 
AEFG. 


Along AE or AE produced set off AB of the proper length. Join BG. 


Draw EH parallel to BG to cut AG or AG produced in H. Draw 
HDC parallel to AE. Complete the construction and supply proof. 


2. Draw a rhombus of given area and altitude. 


3. Construct the triangle ABC, given a, B, and that the area is equal 
to that of a given triangle АВО". 


С ted 


Along BC’, set off BO, equal to а. Join CA. Draw O'D||CA’, to 
meet BA’, produced if necessary, in D. Draw DA|| BC’, and make 
СОВА equal to В. ABC is the triangle required. Supply proof. 


4. Construct the triangle ABC, given а, 4, and area equal to that of 
a given triangle. When is this impossible? 


[s) 


5. Construct a rhombus ABCD of area equal to that of a given 
triangle PQR, and with its diagonal AC of given length. 

[Find a point S in QR, such that QS=}QR, and use Ex. 3 to con- 
struct a triangle AQB, having a right angle at Q, QB equal to 4A0, 
and its area equal to that of A PQS. AQB is а quarter of the rhom- 
bus. Complete the construction and supply proof.] 
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Exercise XXXIII. b. 
Numerical, 


In Exx. 5-10, measure, in each case, the length of the 
constructed side of the parallelogram or rectangle. 


5. Construct a rectangle, given one side=1-53 in., area— 1 sq. in. 


6. Construct a rectangle, given one side=2 іп., and area equal 
to that of a parallelogram, whose sides are 1:5 in, 2:4 in. and 
mcluded angle 30°. 


7. Construct a rectangle, given one side=2 in., and area equal to 
that of a rhombus whose side is 1-5 in. and one of whose angles is 75°. 


8. Construct a rectangle, one side 1:5 in., and area equal to that of 
a triangle whose sides are 3 in., 4 іп., 5 in. 


9. Construct a rectangle, one side 1-2 in., and area equal to that of 
a trapezium whose parallel sides are 3 in., 1 in. and altitude 1:5 in. 


10. Construct a parallelogram, one side 2 in., one angle = 45% 
агеа=2:4 sq. in. 


In Ex. 11-13, construct the triangle ABC with the given 
data. Measure the parts named. 


ll. а=2 in, B=45°, area equal to that of a triangle whose sides are 
31n., 2:6 in, 2:8 in. Measure АВ. 


12. a=2-5 in, 6=1-5 in, area that of a triangle whose sides are 
211,34 in., 1:8 in. Measure АВ. 


13. On a line of length=2 in, as hypotenuse, construct a right- 
angled triangle, having i area equal to that of a triangle whose Moa 
are 1.3in., 1-4 in., 1-5 in. Measure the perpendicular from theright ang é 
to the hypotenuse. [Use the method of Ex. 3 to construct, of а 9250 
of 2 in., any triangle having an area equal to that of the given triangle, 
and then use the theorem on р. 61] ` 
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XIX. SQUARES ON THE SIDES OF RIGHT-ANGLED 
TRIANGLES. 


> 


THEOREM 43, (Theorem of Pythagoras. Euc. I. 47.) 


In any right-angled triangle, the square on the hypotenuse | 
is equal to the sum of the squares on the sides containing the 
right angle. 


| 


l 
| 
l 
l 
| 
M 


E 


Let ABC be a triangle with the angle A a right angie. 
It is required to prove that 
sq. on BC = sq. on СА + sq. on AB. 


Construction. Draw the squares BCED, CAGF, ABKH. 
Draw AM parallel to BD to meet DE in M. 
Join KC, AD. 


Proof. The adjacent angles BAC, BAH are right angles; 
7, CA, AH are in the same straight line, 
Similarly, BA, AG are in the same straight line. 
Again, / КВА =/ ОВРО. i 
To each add „АВС; 
4. 2КВС = ZABD. 
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Hence, in the triangles КВО, ABD, 
KB — AB (sides of a square), 
{ec =BD (sides of a square), 
LKBC = LABD (proved) ; 
°‘. the triangles are congruent and equal in area. 


Now the square AK and the triangle KBC are on the same base 
BK, and between the same parallels BK, CH ; 
2. sq. AK = 2A KBC. 
Also the rectangle BM and the triangle ABD are on the same 
base BD, and between the same parallels BD, AM ; 
*, rect. BM=2AABD. 
But AKBC=AABD (27002); 
*, sq. AK=rect. BM. 
Similarly it can be shown that 
sq. AF — rect. ОМ; 
". sq. AK + sq. CG = rect. BM + rect. CM —sq. BE. 


Exercise XXXIV. 


‚1, By means of the figures below, show that the square on 26 
side opposite the angle A of the triangle АВС is greater than, or less 
than, the sum of the squares on the sides containing the angle A, 
according as the angle 
A is obtuse or acute. 

[In each case, prove, 
by the method of Theo- 
rem 45, that 

rect. CM —rect. CN, 
rect. BM —rect. BL, 
rect. AL —rect. AN.] 


2. State the converse of Theorem 43, and prove it by the method 


of ‘reductio ad absurdum. [Use Ex. 1. 


di Áo 
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THEOREM 44 (Euclid I. 48.) 


If the square on one side of а triangle is equal to the sum оѓ 
the squares on the other sides, then the angle contained by 
these sides is a right angle. 


A D 


B GE F 


In the triangle ABC, let the square on BC be equal to the sum 
of the squares on AB, AC. 


It is required to prove that the angle A is a right angle. 


Construction. Draw a triangle DEF, in which the angle D is а 
tight angle, DE — AB and DF — AC: 


Proof. In the triangle DEF, the angle D is a right angle: 
`. sq. on EF=sq. on DE * sq. on DF. 
Now, by construction, 
DE — AB and DF = AC ; 
`. sq. on EF — sq. on AB + sq. on AC. 
But it is given that 
‘ Sq. оп BO=sq. on АВ + sq. on АС; 
^. Sq. on ВС =sq. on EF, 
"^ BC=EF, 
Hence, in the triangles ABC, DEF, 
AB = DE (construction), 
| АС = DF (construction), 
BC=EF (proved); 
^. the triangles are congruent, 
4 LA-LD. 
But 2р is a right angle (construction) : 
*. LA is a right angle. 


T 


_* 


gs 92 
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Exercise XXXV. (Theorems 43, 44.) 


l. If N is any point in a straight line AB, or in AB produced, and 
P any point on the perpendicular at М to AB, then the difference of the 
squares on AP, BP is equal to the difference of the squares on AN, BN. 


2. In the figure of Theorem 43, prove that 
(i) F, A, К are in a straight line. 
(ii) The triangles HAG, KBD, ECF, ABO are all equal in area. 
(iii) AD is at right angles to CK. 
(iv) BH and CG are parallel. 
3. If aquadrilateral has its diagonals at right angles to each other, 
show that the sum of the squares on two opposite sides is equal to the 
sum of the squares on the other two opposite sides. 


4. ABC is an equilateral triangle and AD is perpendicular to BC. 
Prove that the square on AD is equal to three times the square on BD. 


5. Construct a square equal in area to three times a given square. 
[Use Ex. 4.] 

6. In the triangle ABC, 2А=30°, LB=45°. If CD is drawn per- 
pendicular to AB, prove that the square on AD isthree times the square 
on BD. 


7. Divide a straight line into two parts so that the square on one 
part may be equal to three times the square on the other part. [Use 
Ex. 6.] 


8. If AB, CD are chords of a circle, prove the following by means 
of Theorem 43. 

(i) If AB=CD, then AB and CD are equidistant from the centre. 
(ii) If AB and CD are equidistant from the centre, then AB=CD. 
(iii) If AB> CD, then AB is nearer the centre than CD. 

(iv) If AB is nearer the centre than CD, then AB > CD. 

[Let O be the centre ; draw OM, ON perp. to AB, CD. Then AB, CD 
are bisected at M, N. Next show that sq. on AM + sq. on OM —sq. on 
CN sq. on ON.] 

9. In a given straight line AB, or in AB produced, find a point X 
such that the difference of the squares on AX and XB may be equal to 
the difference between two given squares. [Use Ex. 1.] 

10. From a point O, within a triangle ABC, OD, OE, OF are drawn 
perpendicular to BC, CA, AB respectively ; show that the sum of the 
squares on BD, CE, AF is equal to the sum of the squares on CD, AE, 
BF. [Use Ex. r.] 

11. ABC is a triangle right angled at C: draw CD at right angles to 
AB ; in CB take CE equal to BD, and in CA take CF equal to AD ; join 
AE and BF ; show that AE and BF are equal. 


* 
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3 
| 
Ex. т. Given a piece of paper AEFGCD, in the shape of two squares 
ABCD, BEFG, explain how to divide the Jigure into three pieces, by twa 
straight cuts, which will fit together into one square. 
i 


Along AE set off AX equal to BE. 
Join XD, XF. 
Cut the figure along XD, XF. 


Then the pieces can be fitted to 
form a square. 


` Outline of proof. Produce ВС 
to Y, making CY=BE. Join YD, 
hin 


By construction, AX=BE, CY = BE d 
.. AX-OY-GF-EF. 
Now prove that AD= DC—GY —XE. 
Hence show that As AXD, CYD, GFY, EFX are congruent, and there: 
fore all the sides of the figure XDFY are equal. 
Finally, show that all the angles of XDFY are rt. г 5. 
Hence XDFY is a square. 
Also, since AAXD can be made to coincide with AGFY and AEFX 


with ACYD, the square XDFY can be made out of the pieces of the 
given figure. 


Ex.2. Find, by calculation, the length of a chord of a circle of radius 
5 Jeet, if the distance of the chord. from the centre is 3 Jeet. 
[As this has to be done by calculation, it is P 


unnecessary to draw a figure to scale. A free- 
hand sketch is sufficient.] 


Let PQ be the chord, O the centre of the 
tircle, ON perpendicular to РО. 
Let PQ—2x ft. ; г. PN— ft. (See Ex. VII. 8.) 
Also, because ONP is a right angle, Q 
^ Sq. on PN+sq. on ON=sq. on OP; 
“P+ Zt 52; 
г @=16, л х=ф n 2x-8; 

.. PQ=8 feet, 
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Ex. 3. Jn the triangle ABC, if BC=13 in., ОА=12 in., AB=5 Zr, 
prove that LA zs а right angle. 
The area of the square on BC — 13? sq. in., 
CA=12? sq. in., 
AB= 5? sq. in. 
Now 12?-- 5?— 1444-25 —169— 13* ; 
" sq. on BC—sq. on CA+sq. on AB, 
*. LAis a right angle. 


Ex. 4. Jf ABC zs an equilateral triangle, and AB=2 in., find the 
length of AD, the perpendicular from A to BC. 
Let AD=x in. Because ADB is a rt. 2, 

7. sq. on AB=sq. оп AD +sq. on BD. 

But AD bisects BC; .. BD—r in. 
ek eh Зз c exu: 
7. AD=,/3 inches. B D 9 


Ex. 5. The length of a rectangular box is 2 in., its breadth 1 in., tts 
height 2 їп. Find the length of a diagonal of the box, drawn from a 
bottom corner to the opposite top corner. 


Катта о) 


Тһе edge CD of the box is perpendicular 
to every straight line drawn through C in the 
plane of the bottom ABC of the box ; 


"^ LAOD isa rt. 2, 

~ sq. on AD —sq. on AC--sq. on CD. 
Again, because ABC is a rt. д; 
*. sq. on AC —sq. on АВ +9. on BC, 
.. sq. on AD=sq. on AB+sq. on BC+ sq. on CD. 
Hence, if AD—z in., 
4 =1 +2 +2 =9; .. x-3; 
^ AD=3 in. 
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Exercise XXXVI. а, (Theorems 43, 44.) 
Numerical. 


1. Without actually drawing the figure, show that a triangle, whose 
sides are 8, 15 and 17 inches long, is a right-angled triangle. 


2. If m, n are any two numbers, show that a triangle whose sides, 
measured in inches, are 
m+n, m-n}, aw, 
is a right-angled triangle. 
What values must and have to produce the triangle in Ex. 1? 


3. Use the equality 13=2?+ 3? to draw a straight line of length 
4/13 inches. 


4. Use the equality 7—4*-53! to draw a straight line J/7 inches 
long. 


| 5. Use the equality 6=12+4 124-2? to draw a straight line /6 inches 
ong. 


Exx. 6-16 are to be done by calculation. 


6. Find the length of a chord of a circle of radius 1-7 in. which is 
distant 0-8 in. from the centre. 


7. The diameter of a circular lake is 1446 miles. A and B are 
places on the shore of the lake distant тї miles apart. I sail straight 
from A to В. Find my shortest distance from the centre, 


8. Two points A, B are 54 ft. apart. Find the radius of a circle, 
which passes through A, B, whose centre is 120 ft. from the straight 
line AB. 


9. A gun, whose range is 2-65 miles, is situated at a point 1-4 miles 
from a straight road. What length of the road is commanded by the 
gun? 


10. A ladder 20 ft. long rests with its top against a vertical wall and 
its base, on level ground, distant 12 feet from the wall. Find the 
height of the top above the ground. 


ll. Find the length of a ladder which, with its base on level ground, 
8 ft. from а vertical wall, will just reach a point on the wall 31:5 feet 
from the ground. 


12. The diagonals of a rhombus are 112 ft. and 66 ft. Find the 
length of a side. 


13. A side of a rhombus is 34 in. one diagonal is 60 in. Find the 
length of the other diagonal. 
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14. The radii of two intersecting circles are respectively 15 in. and 
13 in., and the common chord of the circles is 24 іп. What length of 
the line joining the centres lies within both circles? 


15. In a field, in the form of a quadrilateral ABCD, B is North of A 
and D is East of A. Also AB—7:5 chains, BC=8-4 chains, CD— 1:3 
chains, DA—4 chains. Show that ¿BOD is a right angle, and find the 
area of the field in acres. 


16. Two men start from the same point A, to walk by different 
routes to B, where the routes cross. One walks due North from A 
a distance of 2300 yards, and turns off to the right through an angle 
of 45 degrees. The other walks due East from A a distance of 3700 
yards, and then due North to B. Find the distance travelled by each. 


Exercise XXXVI. b. (So/id Figures.) 


1. A room is 30 ft. long, 20 ft. wide and 12 ft. high. Find the 
distance from a corner of the floor to the opposite corner of the ceiling. 


2. Find, correct to two places of decimals, the length of a diagonal 
of a cube whose edge is 1 inch. 


3. A point P is taken, in the line of intersection of two walls of a 
toom, 6 feet above the floor. A point Q is taken in the floor 2 feet 
from one of the walls and 3 feet from the other. Find the distance 
from P to Q. 


4, The height of a cone is 6 in. and the diameter of the base is 
5in. Find the length of a slant side. 


B. A bar of rectangular section is to be cut from a cylindrical log 
of wood. The diameter of the log is 15-7 inches and the width of the 
bar is to be 13:2 inches. What is the greatest possible thickness of 
the bar? 


6. A slice is cut off from a spherical ball of radius 2-5 in. The 
extreme thickness of the slice is 1:8 in. Find the radius of the circular 
face of the slice. [In Fig. 17, p. 120, we should have in AOCQ, 
LOCQ=90", OQ=2'5 in, 00=(2:5 - 18) in.] 

. The radius of the top of a spherical bowl is 2 ft., the extreme 
dents of the bowl is 1 ft. : fhd the etae of the sphere of which the 
bowl is a part. [If the radius of the sphere is 7 ft., we should have in 
Fig. 17, p. 120, in AOCQ, 2009 =90, OQ=7, OC=r-1, QC=2.] 


8. Find how many square feet of material are required to make a 
cycle-camper’s tent, which is to have a square base and a single pole. 
А side of the base is to be 6-6 feet and the height of the pole 5:6 feet. 


9. A rectangular block 2:6 in. by 2:2 in. by 1-9. in. can just be cut 
out of a SHE bal of iron. What is the diameter of the ball? 
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XX. TRIGONOMETRICAL RATIOS. 


Let AB and CD be two straight lines. 

In the expression 8, AB stands for a number, namely the 
number of units of length in AB, and CD has a similar meaning. 

The fraction 28 is often called the ratio of AB to CD, and is 
written in the form AB : CD. 

Thus AB: CD means the same as 25. 


If four straight lines AB, CD, PQ, RS аге such that 
AB PQ 
CD” RS’ 
the four straight lines are said to be proportional. 
The above equation is often written in the form 
AB : CD =PQ: RS, 
which is read thus : 
AB zs Zo CD as PQ zs to RS. 


Tf AB and CD are straight lines, and a straight line XY can 

be found such that 
AB=m.XY and CD-z.XY 

where m and z are whole numbers, then XY is called a common 
measure of AB and CD. 

In practice, all straight lines may be regarded as having а 
common measure ; for example, if 

AB=1-234in. and CD=2-345 in, 

the length о:оот in. is a common measure of AB and CD. For it 
is contained 1234 times in AB and 234 5 times in CD. 


Sides of equiangular triangles, which are opposite equal angles 
in each, are called corresponding sides, 
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We shall prove that 
If two triangles are equiangular, their corresponding sides are 
proportional. 
Let ABC, DEF be two equiangular triangles with 
LA-LD,  LB=LE andzOCzzF. 


c 


We have to prove that == — — ===. 


Place ADEF so that D falls at A, E falls at some point Y in AB 
and F falls at some point Z. 

Because 20 =/ А, .'. the point Z is in AC. 

Again, AB meets YZ and BC so as to make 

LAYZ =the corresponding ZABC ; 
7. YZ is parallel to BC. 

Now suppose that AB and DE have a common measure. 

Suppose, for example, that the common measure is ccntained 
5 times in AB and 3 times in DE. 

Mark off lengths equal to this common measure along AB, and 
through the points of division, draw parallels to BC. 

These parallels divide AC into 5 equal parts, and YZ is one of 
the parallels. 


АО АС 5, ang Bai АВАС 
DF AZ 3' DE 3 DE DF 
Similarly, by placing ADEF so that the angles E and B coincide, 
we can show that AB BC 
DE EF 
AB AC BC 


Hence DE DF EF 
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Trigonometrical Ratios. Let P be any point in either arm 
of an acute angle А. Draw PM perpendicular to the other arm of 
the angle. 

We shall prove that no matter where P is taken in eitner arm, 
each one of the fractions 


Me АМ ME 
AP’ AP’ AM 
always has the same value. 
Q 
E N 
Р, 
А M N A M Q 


Take any point Q in either arm of LA, and draw QN perpen- 
dicular to the other arm. 
Then, in the triangles APM, AQN, 
2А is common, 
Paton ees (being ct. 4s); 
`. the triangles are equiangular. 
Hence, by the last article, 
AM MP AP. 
AN МО AQ’ 
MP NQ AM AN MP NQ 
' AP AQ AP AQ) АМ AN 
which proves the theorem. 
The ratios, or fractions, A AD wr are called the sine, cosine 
and tangent of the angle A, respectively, 
The names of the ratios are abbreviated into sin A, cos A, tan A. 
Thus, sin A=, совА-АМ, tan A=. 
The reciprocals * of the sine, cosine and tangent of an angle A 
co PETS 


* The reciprocal of x is $ 
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are called the cosecant, secant and cotangent of the angle A 
respectively. The names of these ratios are abbreviated into 
cosec A, sec A, cot A. 


Thus. совосА ME Sec A— — 26 
: ~ sinA МР’ ~ cosA АМ 

I AM 

cob A= un A MP' 


Ex. т. Draw an acute angle whose cosine is » 


Draw two straight lines OX, OY at rt. Ls. Along Y 
OX set off OA=2 units. With centre A and radius B 
equal to 3 units, draw an arc cutting OY at B. Then 
OAB is the angle required. $ 

AO 2 


For соз OAB BIOS BETE 


B „2 
Ех, 2. Draw an acute angle whose sine ts y 


Make the same construction as in Ex. r. Then OBA is the required 
angle. 


х AO 2 
For sin ОВА ВУ: 
. 2 Y 
Ex. 3. Draw an acute angle whose tangent is =, 
The construction will be obvious from the figure. B. 
The required angle is ОАВ, 
JOB 32 
For tan CAB KOE o AX 


Ex. 4. Use the tables on f. 162 to find, as accurately as possible, the 
angle whose sine is 3. 
We have 4=0:3333 nearly. 
Looking at the numbers in the column of the tables headed sie, we 
see that the nearest of these to 0:3333 is 03256. The corresponding 
angle (in the first column) is 19°. Hence 


the required angle=19° 22 the nearest degree. 
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Exercise XXXVII. (Trigonometrical Ratios.) 


1. Draw an acute angle whose sine is 3. Measure the angle with 
your protractor, and check the result by the tables. 


2. Draw an acute angle whose cosine is 4. Measure the angle, 
and check the result by the tables. 


3. Draw an acute angle whose tangent is #. Measure the angle, 
and check the result by the tables. 


4. Draw an acute angle whose sine is 3. Prove from your figure 
that the cosine of the angle is $ and its tangent 3. 


5. Prove that the cosine of an angle is the sine of the complement 
of the angle. 


6. If the angle A is supposed to increase from o to 90°, prove that 
(i) sin A increases from o to І. 

(ii) cos A decreases from r to o. 

(iii) tan A increases from zero, and, by taking A sufficiently near to 


go’, tan А can be made greater than any positive number that we may 
choose, however great. 


[To do (i) and (ii), draw OX, OY at right angles. Draw an arc of à 
circle with unit radius to cut OX at A and OY at В. Take any point P 
оп the arc AB. Draw PM perpendicular to OA. Prove that 


sinAOP=MP, cosAOP=OM.] 


Ex. 5. Find the inclination of a road to the horizon which rises 
I Zn 3. 
Let x be the number ot degrees in the angle. 


Referring to the sketch, it is seen that 1 
sin =} —0:3333 nearly ; 
. ж=19° fo the nearest degree, (See Ex. 4.) * 


Ex. 6. Find the remaining parts of AABO, given A=90°, В=40°, 
£- 10. 


Since A+B+C=180", C, 
^ 90" +40°+-C=180" ; 
2 O-50* 
Referring to the sketch, we have b g 
a tan 40° —0-8391 ; f 


.. 6=0-8391 x 10—8:391 nearly. A C210 B 
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Also 79 cos 40° =0-7660 ; ^ 10=0-7660 Xa 5 


10 
о:7ббо 


Note. lf we have tables of secants, we can proceed thus: 


а= =13:054 nearly. 


a Mee j 
To Sec 40" = 13054 ; 


^ a=1:3054X 10— 13:054 nearly 
We are thus saved the trouble of division. 


Ex. 7. From the top of a hill, I observe a horizontal road running 
straight away from the foot of the hill. The angles of depression of 
two consecutive milestones along this road are 20° and 10°. Calculate 
the height of the hill in feet. 


x3 Y $ 
SE Ji 
RS 
DE DM 
x - 


The figure is a rough sketch in which A is the top of the hill, C and 
D the nearer and further milestones, AB perpendicular to DC produced 
and AH parallel to CD. Thus AH is horizontal, and it is given that 

2НАС= 20°, ZHAD-t10'; 
* 2ВАС= 70°, 2ВАЮ = 80°, 
Also CD=1 mile— 5280 ft. 
Let AB-z ft. 


Then BP = tan BAD = tan 8о°= 56715, 
ВО an BAC=tan 70° = 2-7475 $ 
Hence, by subtraction, OP 2238 Н 
^ CD-2:9238X x; 
. 528066 nearly ; 
х= 2 92 38 1805 Ту 2 
г. height of hill= 1805 ft. nearly. 
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Table of Trigonometrical Ratios. 


Hd 
= 


Cosine. | Tangent, || Angle. 


oan ASHES 


80 
81 
82 
83 
84 
85 
86 
8T 
88 
89 
90 
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Exercise XXXVIII. 


The following examples are to be done by calculation and 
the use of the tables on f. 162. 


„ 4. A road is inclined at 10° to the horizon ; how much does it rise 
in 100 yards, measured along the slope? 


. 2. Whatis the inclination of a road to the horizon that rises 1 ft. 
in 6 ft.? 


_ 3. Calculate the length of the diagonal of a square whose side is 
2 in. 


..4. Calculate the lengths of the diagonals of a rhombus of 1 in. 
side, one angle of which is 50°. 
5. Calculate the lengths of the sides of a right-angled triangle, 

whose hypotenuse is 1:5 in., one angle being 50°. 
4 6. Calculate the remaining parts of AABC with the following 
ata :— # 
(1) А=90°, ġ=48 ft, с= 5:5 ft. 
(2) А=90°, 6=1-6 yd., 2=6-5 yd. 
(3) A=90°, с=4 ch. şo lk., a=5 ch. 30 lk. 
(4) А=90°, B=15°, с=8 in. 
(5) A=90°, C=50°, a=8 іп. 
_ 7. А chimney casts a shadow 200 ft. long when the sun’s altitude 
is 20°, Calculate the height of the chimney. 


8. A chimney 98 ft. high casts a shadow 138 ft. long. Calculate 
the sun’s altitude. 

9. From the top of a cliff I observe a house at sea-level, which 4 
know to be two miles distant from the foot of the cliff The angle o! 
depression of the house is 15° Calculate the height of the cliff in feet. 


10. A lighthouse facing E. throws out a fan-shaped beam of light 
covering a angle of per A vessel sailing due S. at 6 miles an hour 
sees the light for 10 minutes. Calculate the ship’s shortest distance 
from the lighthouse. 

ircles, 

11. Calculate the length of the common chord of two equal circles, 
each of which passes SUB the centre of the other, the distance 
between their centres being 2 in. 

12. A tower stands on a level plane, and, from a point A in ET 
plane, the elevation of the top of the tower is 12 ; from a v ub 
the plane, roo yd. nearer the foot of the tower, the elevation of the 
top is 22°. Find the height of the tower. 
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13. In the triangle ABC, B=40°, C—70', and the length of the 
perpendicular AN from A to BC is 2 in. Calculate the lengths of BN, 
CN, and hence that of a. 


14. In the triangle ABC, B=35°, C=50°, a=3 in. Calculate the 
length of the perpendicular from А to BC. 


15. In the triangle ABC, A=30°, B=20°, 4—2 in. Find the length 
of the perpendicular from A to BC. 


16. A railway cutting, 40 ft. deep, is 118 ft. wide at the top and 18 ft. 
wide at the bottom. Calculate the angle of slope at the sides, these 
being equally inclined to the horizon. 


17. I start from the most southerly point of a circular lake, whose 
diameter is 20 miles, and sail straight across in a direction 15° East of 
North. Find, by calculation, how far I sail, and my shortest distance 
from the centre of the lake. 


18. I observe the elevation of the top of a chimney from a certain 
point and find it to be 20°; I walk straight towards the chimney a 
distance of 50 yds., and then find the elevation of the top to be 30°. 
Calculate the height of the chimney in feet. 


19. Shooting through a loop-hole which faces North, I can only 
cover 10° horizontally with my rifle. A man, running West, crosses 
my line of fire at the rate of 10 yds. a second. Find by calculation 
how long he is under fire, if the range when he is nearest is 500 yds. 


20. The bore of a pistol is 0-45 in. in diameter and the length of the 
barrel is 6 in. ; calculate the amount of angular space which you can 
see through it, if you place your eye at one extremity. 


21. From the top of a mountain, I observe the angles of depression 
of two houses which are one mile apart and due North of the top of 
the mountain. I find the angles of depression to be 24° and 13°. 
Find the height of the mountain in feet above the plain in which the 
houses lie. 
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Trigonometrical Expressions for the Areas of Parallelograms, 


Triangles, etc. 
Area of a Parallelogram. Let ABCD be a parallelogram, of 
which LA is an acute angle. р c 

Draw DE perpendicular to AB. 
Let AB —a units of length, 

AD =% » ” 

DE=% ” ” = 
Then area of 7" ай units of area * Ё 
But sina=4, 2. h=bsinA; 


°. area of 7" = a} sin A units of area. 


Thus, the area of a parallelogram is the product of two 
adjacent sides and the sine of the included angle. 


Area of a Triangle. Let ABC be a triangle, in which 2А is 
àn acute angle. c 

Draw CD perpendicular to AB. 

Let АВ = units of length, 


АС =0 » » $ 
CD sz: A » ” 
Then area of AABC= 27. * уен 
But sin A=, у A=dsinA; 
*. area of AABO = 3/ sin A. 


Thus, the area of a triangle is given by half the product of two 
sides and the sine of the included angle.* 


Note. Zhe area of the triangle АВО is generally denoted by the 
symbol A (delta). 


Sit the piven ali : thei f A ABC 

* If the gi le A is obtuse, produce BA to D : their area o 
—Mesin CAD. Ў The ee should draw a figure for this case and supply 
& proof. 
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Area of a Quadrilateral. Let ABCD be a quadrilateral, of 
which the diagonals are inclined at o. 


Let AO=- units of length, А APA 
OC=y ” > 


” 
Regarding BD as the base of As ABD, 1e 
CBD, the altitudes of these As are 
x sin а and y sin a. B C 
-. area of ABCD = area of AABD + area of ACBD 
= 380. х5іпа + 1BD. ysina 
= JBD. (x-- y) sina 
= jBD . AC sin a. 


"Thus, the area of a quadrilateralis given by half the product 
of its diagonals and the sine of the included angle. 


Exercise XXXIX. (Areas of parallelograms and triangles.) 


Calculate, dy the use of the tables on p. 162, the areas of the following 
gures :— 


1. A parallelogram, adjacent sides 3 in, 2-02 in. ; contained £, 30°. 
2. A parallelogram, adjacent sides 3 in., 2-02 in. ; contained 2, 150°. 


3. A parallelogram, perpendiculara between pairs of parallel sides 
1 in. and 2 in. ; one ang! e, 60°. 


4, A rhombus, side 1-4 in. ; one angle, 40°, 


Find 4y calculation the area of the triangle ABC in the following 
cases ;— 


5. a=b=c=2 in. 6. a=3 in, d=c=2 in. 
7. a=3 in, ġ=2 in, C= go", 8. 6=c=3 in, B=40°. 
9. 6=c=2 in, A=70°, em 


16. ys in, B=55°, C= 35° (use a ‘method similar to that of Ex. 7, 
р. 161). 


И. B=40°, C—6o', and the perpendicular from A to BC —4 in. 


-—P———— ӨЕ 
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MISCELLANEOUS EXERCISES ' 


Arranged in Sets for Homework or Revision. 


PAPER I. (to Section VII.). 


1. ABCDEF is a regular hexagon; prove that A, C, E are the vertices 
»f an equilateral triangle. 

2. If the bisector AX of the angle A of a triangle ABC cuts the base 
BO in X, show that X is equidistant from AB and AC. 

3. ABC is a triangle ; P is a point on the bisector of the angle B; 
PQ is drawn parallel to CB to meet AB, produced if necessary, in Q. 
Prove that BQ.— QP. 

4. CA, CB are radii of a circle at right angles to each other, and 
AM, BN are drawn perpendicular to any diameter, meeting it in M and 
N ; prove that AM is equal to CN and BN is equal to CM. 

, 5. Draw figures to show into how many regions three straight 
lines divide a plane. Consider the different cases that may arise. 

6. ABCDE is а pentagon, in which AB=BC=CD and AE—ED: 
also, each of the angles at A, B, C, D is double the angle at E. 

Find the angle at E : and, if AB is 1 inch, construct the pentagon 
and calculate the length of AE. 


PAPER II. (to Section VIII). 


1. ABODE is a regular pentagon. Join AC, AD, and produce BO, 
ED to meet at F. Find the number of degrees in the angles ACD, 
FCD, and prove that the triangles ACD, FCD are congruent. 

2. Draw a circle with centre О, Draw a straight line to cut the 
circle at A and B. Produce AB to C, making BC equal to OA. Join 
CO and produce it to E. Prove that £ AOE —3ZACE. 

3. Draw an isosceles triangle ABO, in which AB—AC. Produce BA 
to D, making AD equal to AB. Prove that the angle ВОР is a right 
angle. 

4. Prove that the diagonals of a rhombus meet at a point which is 
equidistant from the sides. 

5. Using ruler and compasses only, draw two straight lines OX, OY 
inclined at an angle of 45°; mark off OX=r in. and OY =2 in. Find 
a point P within the angle XOY, distant т in. from Y and 2 in. from X. 
Measure OP. 

6. A chimney is 98 ft. high. What is the angular elevation of its 
top at a point at the same level as its base and 138 ft. distant? 
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PAPER III. (to Section IX.). 


1. ABC is a triangle ; BO, CO bisect the angles B, C and intersect 
in O; through Oa straight line is drawn parallel to BC, cutting AB in 
Dand AC in E. Prove that DE=BD+CE. 


2. ABCD is a quadrilateral such that the sum of the angles at A and 
B is equal to the sum of the angles at C and D, Prove that two sides 
of the quadrilateral are parallel to one another. 


3. AOB, COD are intersecting straight lines, and each of the figures 
AOCE, BODF is a rhombus. Show that the straight line EF passes 
through O, and that AC, BD are parallel. 


4. ABC is a triangle in which AB is greater than АС. From B and 
C draw two equal Straight lines BD, CE, perpendicular to AB and AC 
respectively, so that C, D are on Opposite sides of AB, and B are on 
opposite sides of AC. Join BE and CD. Prove that ВЕ> CD. 


5. Draw four straight lines at random and produce them in- 
definitely. In the most general case, state (a) in how many points the 
lines intersect, (4) how many different triangles are formed, (c) into 
how many regions the lines divide the plane. 


,9. The inclination of a road to the horizon is ro degrees. Find by 
Nn (scale т їп. =25 yards) how many feet the road rises in 100 
yards. 


PAPER IV. (to Section X.). 


1. Squares ABHK, ACLM are described on the sides AB, AC of any 
, triangle ABC, externally* to the triangle. Show that BM —KC. 


2. ABC is an acute-angled triangle, in which the angle C is less than 
the angle B; take a point D in АВ; with centre D and radius DB, 
describe a circle cutting BC in Е; produce ED and CA to meet at F. 
Prove that the angle AFD is equal to B-C. 


3. ABC is a triangle, and through D the middle point of AB, DE is 
drawn parallel to ВС; BE is drawn to bisect the angle ABC and to 
meet DE in E. Prove that AEB is a right angle. [Use Ex. 3 in 
Paper I.] 

‚4. ADEF isa rhombus, having the angle at A a little greater than a 
right angle, and B and C are points in DE and EF respectively, such 
that ABC is an equilateral triangle. If a side of the rhombus is equal 
to a side of the equilateral tri 
ten-ninths of a right-angle. 


5. With ruler and compasses only, make an isosceles triangle ABC, 
и which AM base AB is 2 inches and the vertical angle C is 120°. 
easure CA, 


* That is, ABHK and ABC are on opposite sides of AB, and so on. 
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6. From the top of a hill, I observe a level road running straight 
away from the foot of the hill. The angular depressions of two con- 
secutive milestones along this road are 20' and 10°. Find, by diagram, 
the height of the hill in feet. 


PAPER V. (to Section XI.). 


1. ABC is an equilateral triangle ; Q is a point in BC produ in 
the direction B to C. Prove that Q is nearer to A than to B. 


2. The vertical angle A of an isosceles triangle ABC is half a right 


angle, and the perpendiculars AD, BE, from A, B to the opposite sides, 
meetin F. Prove that FE— EC. 


3. Two angles which are such that the arms of one are respectively 
perpendicular to the arms of the other are either equal or supplementary. 


4. Any point O is taken within a square ABCD, and on OA, and on 
the same side of it as D, a square AOEF is described. Prove that BO 
is equal to DF. 


5. B is a point 2 miles E. of another point A. C is a tower N.E. of 
Band E.N.E. of A. Find the distances AC, BC in yards. [Scale 1 in. 
i— 1000 yards.) 

/ 6. Draw two straight lines OX, OY making an angle of 45° with one 
another, Find a point P distant 1 in. from OX and 2 in. from OY. 


PAPER VI. (to Section XII.). 


1. AB and CD are any two diameters of a circle; prove that CB, 
DB bisect the angles made with AB by a straight line through B 
parallel to CD. 

2. From a point P in the base BC of an isosceles triangle ABC, 
perpendiculars PL, PM are drawn to the sides AB, AC. Prove that 
PL 4- PM is constant for all positions of P. 

[Complete the parallelogram BACD, and show that PL + PM = distance 
between opposite sides.] 

8. AD bisects the angle A of a triangle ABC. The perpendicular 
from C to AD meets AD in М. О is the middle point of BC. Prove 
that ON is half the difference between AB and AC. 

[Produce CN to meet AB.] 

4. AB is a straight line, AP any other straight line. Along AP mark 
off three equal lengths AC, CD, DE. Join EB and produce it to F, so 
that BF=EB. Prove that FC bisects AB. [Join DB.] 


5. Construct an isosceles triangle ABC, of which the perimeter is 
6 inches and the vertical angle C is 40°. Measure AB. 
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6. A bridge is thrown across a ravine through which a stream 17 ft. 
wide runs. The sides of the ravine slope upwards right from the 
banks of the stream at angles of 80° and 74° with the horizontal. The 
bridge is 85 feet long. What is its height above the stream? [Scale 


I in.—25 ft.] 


PAPER VII. (to Section XIII). 


l. M and N are the middle points of the sides AB and AC of a 
triangle ABC. L is the foot of the perpendicular from A to BC. Prove 
that the triangles AMN, LMN are congruent. 


2, If P is any point within a parallelogram ABCD, prove that the 
sum of its distances from the angular points is greater than the sum of 
the diagonals, but less than the perimeter of the parallelogram. 


3. Two triangles are drawn, one with two sides equal and parallel 
to the sides AB, DC of a quadrilateral ABCD, the other with two sides 
equal and parallel to AD, BC. Prove that their bases are equal. 


4. ABCD is a square, and equal lengths AE, BF, CG, DH are marked 
off in order round the sides of the square. Prove that EFGH is a 
square. 


5. Draw two straight lines AB, AC inclined at an angle of 6o*. Find 
a point P, within the arms of the angle, half-an-inch from AC and an 
inch from АВ. Through P draw a straight line QPR, to cut AB, AC in 
Q and R, such that QP—PR. Measure QR. 


, 9. A lighthouse facing due E. throws out a fan-shaped beam of 
light covering an angle of 20". A vessel sailing due S. at 6 miles an 
hour sees the light for ro minutes. What was the ship's shortest 
distance from the lighthouse? [Scale 1 in, = 1 mile.] 


PAPER VIII. (to Section XIV.). 


1. Draw any triangle ABC. Bisect AC at E and AB at F. Join BE 
and produce it to G, so that EG= BE. Join CF and produce it to H so 
that FH=CF. Make a careful construction, with ruler and compasses 
only, showing all the work, and Prove that the points H, A, G should 
lie on a straight line parallel to BC. 


2. A triangle ABC is rotated in its own plane about the point A into 
a position А'В'С, If AC bisects BB’, prove that AB’ (produced if neces- 
sary) bisects CC’, 


3. Draw a parallelogram ABCD. With centre B and radius BC, 
draw a circle to cut DC or DC produced in E. Join CA, AE, BD. 
Prove that the angle CAE is equal to the difference between the angles 
DCA and DBA [Prove As BED, ADE congruent. ] 
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4. AB is a straight line, CBD is any other stralght line such that 
CB=BD=AB, Join CA and produce it to E, so that AE=AB. Let 
AD, BE meet in F. Along EB mark off EH=FB, Prove that HAB is 
a right angle. 

5. Given the middle points of the sides AB, AC of a triangle ABC 
and the foot of the perpendicular from A to BC, construct the triangle. 

‚6. ABC is a triangle, in which AB is 23 in., BC is 3 in., CA is 3} in. 
Find a point X in BC which is half-an-inch further from AB than from 
AC. Verify by measuring the perpendiculars from X to AB, AC to the 
nearest hundredth of an inch. 


PAPER IX. (to Section XV.). 


1. ABC isa triangle. L, M, М are the middle points of the sides 
ВС, CA, AB. BM cuts LN in P, CN cuts LM in Q. Prove that 
PQ=}BC, and that PQ is parallel to BC. 


` 2. The sides BC, CA, AB of a triangle are divided in P, Q, R, so 
that BP=2PC, CQ=2QA, AR=2RB. BQ cuts AP in X and CR cuts 
AP in Y. Prove that AX—XY = 3YP. 

[If P is the middle point of BP, draw parallels to BQ through Р, P: 
9n a second figure draw parallels to CR through Р/, P.] 


3. А, В, C are three points in a straight line. On AB, AC, squares 
ABDE, ACFG are described, so as to lie on the same side of the 
straight line. Show that the straight line through A at right angles to 
BG will bisect EC. s 

[Produce ED to meet CF in K, and prove AK is at right angles to BG.] 


4. AOB, COD are two straight lines intersecting at О. Р is a point 
such that the sum of the perpendiculars from P to these lines is equal 
to a given length. Show that the locus of P consists of the four sides 
of a certain rectangle. 

5. Jf ABCD zs a quadrilateral, in which AB+CD=BC+AD, prove 
that the bisectors of the angles of the quadrilateral meet in a point 
which is equidistant from the sides of the quadrilateral. 

Proceed thus :* Let AD be the shortest side, so that BC is the 
longest. (Why?) Along AB cut off AE equal to AD. Along CB cuf. 
off CF equal to CD. Join DE, EF, FD. Prove that BE=BF, and that 
the bisectors of 25 A, B, C are the perpendicular bisectors of the sides 
of ADEF. The bisectors of Ls A, B, С therefore meet at a point O 
which is equidistant from the sides of ABCD. (Explain this.) Finally 
prove that OD bisects LD. 

6. OA, OB, OC are three edges of a rectangular block. If OA—4 in., 
OB=3 in, OC—2 in., find by drawing and measurement, as accurately 
as you can, the angles of the triangle ABC. 


* This proof was given by A. H. Teagle, a pupil at Derby School. 
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PAPER X. (to Section XVII.). 


l. Prove that, if ABCD is a square, and the bisector of the angle 
ВАС meets BC in E, then BE is equal to the difference between AC 
and AB, and CE is equal to the difference between 2AB and AC. 


2. ABO, DBC are two triangles on opposite sides of the common 
base ВО, such that the area of the triangle ABC is twice the area of 


the triangle DBC. BC, produced if necessary, cuts AD in К. Prove 
AK —2KD. 


3. ABCD isa parallelogram. PQR isa straight line, parallel to AB, 
which cuts AD in P, AC in Q, and BC in R. Prove that the triangles 
APR, AQD are equal in area. 


4. P is a point on the diagonal AC of a parallelogram ABCD, such 
that AC—z.AP. Through P draw parallels to the sides of the 
parallelogram. Prove that the areas of the complements to BP, DP 
are each (z:— 1)/7 of the area of the parallelogram. 


Б. Construct a parallelogram ABCD of area equal to 16 sq. cm., and 


having AB= 5 cm. AD—4 cm. Construct complements such that the 
area of each is 3 sq. cm. 


6. ABCD is а field in the form of a quadrilateral. B is 100 yd. 
E. of A and 250 yd. N. of A; C is 300 yd. E. of A and 350 yd. N. of A; 
D is 400 due E. of A. Draw a plan of the field, scale 1 in. = roo yd. 
and calculate its area, 


PAPER XI. (to Section XX.) 


1. ABC is a triangle; P is a point in BC such that w. BP=7 . PC. 
What fraction is the triangle ABP of the triangle ABC? 


2. In the triangle ABC, AD and AE are drawn from the vertex A to 
the base BO, making the angle BAD equal to the angle ACB, and 


the angle CAE equal to the ийе ABC ; prove that the perpendicular 
from A to BC bisects the angle DAE. 


3. ABC is a triangle, in which B is not a right angle. Draw a 
triangle PQR, such that PQ=AB, QR= BC, and the angle Q is a right 
angle. Prove that 

(i) AC is greater or less than PR, according as the angle B is 
greater or less than a right angle. 1 

(ii) Sq. on АС is greater or less than the sum of the squares on 
AB and BC, according as the angle B is obtuse or acute. 


4A corner is sawn off a rectangular block so as to leave a 
triangular section. Prove that the triangle must be acute angled. 
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5. Starting with a straight line AB, 1 in. long, give a construction 
for obtaining in succession lines whose lengths are 4/2, V3; NI" 
a/5, ... inches. Hence find 4/5 and 4/7 to two decimal places. 

6. A railway, running North and South, passes through a cutting 
40 feet deep, whose sides make an angle of 30° with the horizon. 
Starting from a point at the bottom of a face of the cutting, I walk in 
a straight line to a point at the top, 50 feet North of my starting point. 
Find, by diagram and measurement, how far 1 have walked. 


PAPER XII. (to Section XX.) 


1. ABCDEFGH is a regular octagon, and AF, BE, CH, DG are 
drawn. Prove that their intersections are the angular points ofa 
Square. 

, 2. ABC is a triangle, right angled at С; AB, ВС, CA аге 25, 20, 15 in. 
in length respectively ; P, Q are points on BC, CA distant 10 in. from C. 
Join AP and BQ, intersecting in O. 
(i) Prove that AO OP and BO —30G. 
(ii) Calculate the areas of the triangles АВС, AOB, BOP, AOQ, 
and that of the quadrilateral OPCQ. [Use Ex І m 
Paper XI.] 


3. From O, a point within а triangle ABC, perpendiculars OD, OE 
and OF are drawn to BO, CA and AB respectively. Prove that the 
sum of the squares on BD, CE, AF is equal to the sum of the squares 
on CD, AE, BF. 

4. A figure consists of five equal squares in the form of a cross. 
Show how to divide it, by two straight cuts, Into four equal figures 
which will fit together to form a square. 

Б. ABCD is a quadrilateral and X is a given point in AD. Find a 
point Y in AB such that the area of the triangle AXY is equal to that of 
ABCD. Hence show how to divide the quadrilateral ABCD into three 
equal parts by straight lines drawn through X. 

6. A balloon starts 1000 yd. away from me ап! 
observe it when its elevation is 42°, and 5 minutes. 
63°. If its motion is uniform, find, by means of trigon 
the rate of ascent in feet per second. 


d rises vertically. 1 
later its elevation 15 
ometrical tables, 


NDA 
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PART III 


THE CIRCLE. 


XXI CHORDS OF A CIRCLE. 


Der. A circle is a plane figure bounded by one line called 
the circumference, and is such that all straight lines drawn from 
a certain point within the figure to the circumference are equal. 

These straight lines are called radii, and the point is called the 
centre. 

Der. A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 

Der. A semi-circle is the figure bounded by a diameter of a 
circle and part of the circumference cut off by the diameter. 

Der. A chord of a circle is a straight line joining any two 
points on the circumference. 

Der. An are of a circle is any part of the circumference. 

Der, A sector of a circle is the figure bounded by two radii 
and the arc intercepted between them. 

Der. A segment of a circle is the figure bounded by any 
straight line and one of the arcs into which it divides the circum- 
ference. 

Dzr. Circles which have the same centre are said to be 
concentric. 
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The following properties of circles are obvious :— 
(i) Circles with equal radii are congruent figures. 
(ii) A point is without, upon, or within the circumference of a 
circle according as its distance from the centre is greater than, 
equal to, or less than the radius. 


(iii) Concentric circles, whose radii are unequal, do not cut one 
another. 


Der. Ifa straight line divides a plane figure in such a way that, 
when the figure is folded about the line, one part coincides with 


the other, the figure is said to be symmetrical with regard to the 
line. 


The line is called an axis of symmetry. 


Der. A figure is said to be symmetrical with regard to a 
point O, if, corresponding to every point P of the figure, there is 
another point P' such that the straight line PP’ is bisected at O. 


Exercise XL. (Symmetry.) 
1. A rhombus is symmetrical with regard to a diagonal. 


2. If a parallelogram is symmetrical about a diagonal, it is a 
rhombus. 


8, A rectangle is symmetrical about the straight line which bisects 
a pair of opposite sides. 


4. If a parallelogram is symmetrical about a straight line which 
bisects a pair of opposite sides, it is a rectangle. 


5. How many axes of symmetry has a square? What are they ? 
6. A circle is symmetrical with regard to its centre. 


7. А parallelogram is symmetrical with regard to the intersection of 
its diagonals. 


8. If a quadrilateral is symmetrical with regard to any point, it is a 
parallelogram. 
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THEOREM 45. (Euclid III. 3.) 
(i) The diameter of a circle which bisects a chord (not a 
diameter) is perpendicular to the chord ; 


(ii) Conversely, the diameter which is perpendicular to a 
chord bisects it. 


P Su КОДУ 


B 


Let AP. be a diameter and PQ a chord of a circle of which © is 
the centre. 


(i) Let AB bisect PQ at N. 
Tt is required to prove that AB is perpendicular to PQ. 
Construction. Join CP, CQ. 
Proof. In the triangles CNP, CNQ, 

NP=NQ (given), 

fon is common, 
CP-CQ; 
*. the triangles are congruent ; 


*. LCNP -£CNQ ; 
*. AB is perpendicular to PQ. 


(ii) Let AB be perpendicular to PQ. 
It is required to prove that NP — №. 
Proof. In the right-angled triangles CNP, CNQ, 
the hypotenuse CP= the hypotenuse CQ, 
and CN is common ; 
-. the triangles are congruent ; 
". NP=NQ. 
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THEOREM 46. 


The perpendicular bisector of a chord of a circle passes through 
the centre. 


P jtm ona Q 
B 

Let PQ be a chord of a circle of which C is the centre, and let 
AB be the perpendicular bisector of PQ. 

It is required to prove that AB passes through C. 

Proof. Since AB is the perpendicular bisector of PQ, it is the 
locus of points which are equidistant from P and Q. 

But CP=CQ; q 
/. AB passes through C. 


THEOREM 47. 
A circle is symmetrical with regard to any diameter. 


Let AB be a diameter of a circle (see figure of Theorem 46). 

It is required to prove that the circle is symmetrical with regard 
to AB. 

Construction. Take any point P on the circumference. Draw 
PN perpendicular to AB and produce it to meet the circle again 
at Q. a 

Proof. Because the diameter AB is perpendicular to the 
chord PQ, 


[ 
l 


.. PN=QN. 

Hence, if the figure is folded about AB, any point P on опе И 
semi-circumference will fall on some point Q on the other sem — 
circumference ; | 
-. the circle is symmetrical with regard to AB. 

[ 


75 
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THEOREM 48. 


One circle, and one only, can be drawn through three given 
points not in the same straight line. 


Let A, B, C be the given points. It is required to prove that 
one circle, and one only, can be drawn through A, B, C. 

Construction. Bisect AB at D and AC at E. Through D and E, 
draw perpendiculars to AB and AC respectively. 

Proof, Because AB and AC are not in the same straight line, 

these perpendiculars will meet at some point O. 
And because DO is the perpendicular bisector of AB, 

*. DO is the locus of points which are equidistant from A and B. 

Similarly, EO is the locus of points which are equidistant from 
^ and C. 

Hence O is the point, and the only point, which is equidistant 
from A, B and С; 

*. the circle with centre O and radius OA passes through A, B 

and C, and there is no other circle which passes through these 


three points. 


Cor. 1. Circles which have three points common coincide. 

Com.2. Twro circles cannot cut in more than two points. 

For ifthey have a third common point, they coincide. 

Cor. 3. If O is a point within a circle from which three equal 
straight lines OA, OB, OC can be drawn to the circumference, O is the 
centre of the circle. 


Exercises on Th. 45-48 are given on p. 184. 


E.G. © 
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THEOREM 49. (Euclid III. 14.) 


Equal chords of a circle are equidistant from the centre, and 
conversely, chords of a circle which are equidistant from the 
centre are equal. 

‘ D 


Ж 
Let AB, CD be chords of a circle of which E is the centre, and 
let EF, EG be the perpendiculars from E to AB, CD respectively. 
(i) АВ = CD, it is required to prove that EF = EG. 
Construction. Join EA, EC. 


Proof. Because EF is perpendicular to AB, 
^ AF=FB; .. AB=2AF, 
Similarly, CD = 200. 
But it is given that AB=CD; .'. AF-CG. 
Hence, in the right-angled triangles AEF, CEG, 
the hypotenuse AE =the hypotenuse CE, 
{ and AF = CG (proved); 
^. the triangles are congruent ; 
`. EF=EG. 


(ii) If EF = EG, it is required to prove that AB = CD. 
In the right-angled triangles AEF, CEG, 
the hypotenuse AE =the hypotenuse CE, 4 
{ and EF = EG (given); 
"^. the triangles are congruent ; 
`. AF=CG. iN 
But, as before, AB = 2AF and CD — 200; 
.. AB=CD. 
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THEOREM 50. (Euclid III. 15.) 


Of any two chords of a circle, the one which is nearer the 
centre is greater than the one more remote. 
Conversely, the greater chord is nearer the centre than the 


less. 


Let AB, CD be chords of a circle of which E is the centre, and 
let EF, EG be the perpendiculars from E to AB, CD respectively. 
(i) If EF < EG, it is required to prove that AB > CD. 


Construction. Join EA, EC. 
Proof. Because EF is perpendicular to AB, .. AB=2AF; 
and because EG is perpendicular to CD, .. CD=2CG. 


Because AFE, CGE are right angles, 
`. sq. on AE —sq. on AF 4- sq. on EF, 
and sq. on CE — sq. on CG 4 sq. on EG. 
But AE=CE; .. sq. on АЕ = $. оп СЕ; 
°". sq. on AF + sq. on EF —sq. on CG+sq. on EG. 
But, sq. on EF < sq. on EG, for EF < EG (ел); 
*, sq. on AF >sq. on CG; 
Ar 00; 
`. AB>CD. 


(ii) If AB > CD, it is required to prove that EF < EG. 
Proof, As before, AB=2AF and CD = 20G. 
" But AB CD (given); ~. AF >CG. 
As before, sq. on AF + sq. on EF —sq. on CG + sq. on EG. 
But sq. on AF >sq. on CG, for AF >CG; 
`. sq. on EF < sq. on EG; 
ОБЕ EG. 
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Exercise XLI. a. (Theorems 45-48.) 


1. From a point O, two equal straight lines OA, OB are drawn 
to the circumference of a circle whose centre is C. Prove that 
LAOC-BOC. 


2. If any two points are taken on the circumference of a circle, the 
chord which joins them lies within the circle. 


,9. Prove that a straight line cannot cut a circle in more than two 
points. 


4, Ifa straight line cuts a circle in one point, in general, it will cut 
the circle in a second point, if produced far enough. Prove this, and 
state the exceptional case. 


5. The radii of two circles are 7 and >”, and 4 is the distance 
between their centres. If the circles cut, prove that 7= 27< d<rt+r. 


, 6. The straight line joining the centres of two intersecting circles 
bisects their common chord at right angles. 


7. Explain how to draw the chord of a circle which is bisected at 
a given point within the circle. 


8. A chord PQ of a circle cuts a concentric circle in P’,Q’. Prove 
that PP’=QQ’. 


9. The straight line joining the middle points of two parallel chords 
of a circle passes through the centre. 


10. Find the locus of the middle point of a chord of a circle drawn 
parallel to a given straight line. 


11, Two chords of a circle cannot bisect each other unless they are 
both diameters. 


12, If two circles cut at one point, prove that they must also cut at 
a second point. 


13, Every circle which can be drawn through a given point A, with 
its centre on a given straight line PQ, passes through another fixed 
point. 


14. Two circles intersect in A and B. Through these points two 
parallel straight lines CAD, EBF are drawn, meeting the circles again 
in б, D, E, F. Prove that CD=EF. [Draw perpendiculars to CD, EF 
from the centres.] 


15. Two circles whose centres are C and D intersect at A and B. 
M is the middle point of CD, and a straight line PAQ is drawn through 
aine to AM, to cut the circles again in P,Q. Prove that 
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. 16. Through a point of intersection of two circles, draw a straight 
line such that the chords intercepted on it by the circles shall be equal. 
[Use the last example.] 

17. Through a point O two pairs of equal straight lines OP, OP' and 
OQ, OQ/ are drawn to the circumference of a circle whose centre is C. 
Prove that PQ, P'Q/ meet on OC (or OC produced) [Let PQ, Р'@ 
cut OC in T, T. First take ^s OPQ, OP’Q’, then As OPT, OP'T’. 
Hence show that T, T' coincide.] 

18. A circle cuts two concentric circles in P, © and Р, б. By 
considering the symmetry of the figure, prove that (i) the chords PP', 
QQ’ are equal ; (ii) the arcs PP’, QQ’, are equal. 


Exercise XLI, b. (Theorems 49, 50.) 


1. A diameter of a circle is greater than any chord which is not a 
diameter. [Let C be the centre and AB a chord. Consider ACAB.] 


2. Find the locus of the middle points of equal chords of a circle. 

3. Explain how to draw the least chord of a circle which passes 
through a given point within the circle. 

4. Chords of a circle which make equal angles with the straight 
line joining their point of intersection to the centre are equal. 

Б. АВ is а chord of a circle. In AB take a point O. Draw a chord 
through O equal to AB. 

6. POQ, XOY are chords of a circle of which C is the сеппе. If 
LCOP > 4 COX and both of these angles are acute, prove that PQ < XY. 

7. Construct a chord of a circle equal to a given chord and making 
an angle of 30 degrees with it. 

8. Construct a chord of a circle of given length, parallel to a given 
straight line. 

9. Calculate the length of the least chord of a circle of radius 5 in. 
which can be drawn through a point distant 3 in. from the centre. 


10. AB and CD are parallel chords of a circle of radius 2:5 in., on the 
„вате side of the centre. If AB=3 in. and CD— 14 in., calculate the 
distance between AB and CD. Verify by drawing and measurement. 


11. A circular field is crossed by two parallel paths. The distance 
between these paths is 93 yards and their lengths are 112 and 5o yards 
respectively. Calculate the diameter of the field. [Let the distance 
from the centre to the longest path be x yards.] 
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XXII. ANGLES IN SEGMENTS. 


If any point P is taken on the arc of a segment of which AB 
is the chord, it will be proved that the 


angle APB is always of the same size, no R 
matter where the point P is taken on the ye NS 
arc. The angle APB is called the angle А b 
in the segment. 


Der. The angle in a segment is the angle subtended by the 
chord of the segment at any point on the arc of the segment. 
The segment is said to contain the angle. 


Der. Similar segments of circles are those which contain 
equal angles. 


Der. Ifall the vertices of a rectilineal figure lie on the circum- 
ference of a circle, the figure is said to be inscribed in the circle, 
and the circle is said to be described about the figure or circum- 
scribed to it. 

The circle which passes through the vertices of a triangle is 
called the circum-circle of the triangle and its radius the circum- 
radius. 

It was proved in Theorem 48 that one and only one circle can 
be drawn through three given points, A, B, C. 

Hence iz general it is not possible to draw a circle to pass 
through four given points A, B, C, D. 


Der. A rectilineal figure which is such that a circle can be 
described about it is said to be cyclic. 


Der. Four or more points such that a circle can be drawn 
through them are said to be concyclic. 
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THEORM 51. (Euclid III. 20.) 


The angle which an arc of a circle subtends at the centre is 
üouble that which it subtends at any point on the remaining 
part of the circumference. 


Wes 


Fig.: Fig. 2 Fig. 3 


Let AB be an arc of a circle of which C is the centre, and let D 
be any point on the remaining part of the circumference. 
It is required to prove that _ACB = 22 ADB, 
Join DC, and produce it to meet the circle at E. 
Proof. First suppose that the point C is within the angle ACB, 
вз in Figs. 1 and 2. 
Because CA = CD, 
°". LCAD — ZCDA. 
Now the side DC of the triangle CAD is produced to E ; 
'. LECA— ZCAD + 2СрА; 
.. LECA = 2LCDA. 
Similarly, 2ЕСВ = 2260В; 
*. the sum of 25 ECA, ECB = twice the sum of 2s CDA, СОВ; 
that is, ZACB-2ZADB. 
Next, suppose that the point C is not within the angle ADB, as 
in Fig. 3. 
Then, as before, LECA= 2LCDA, 
and LECB= 2LCDB; 
«<. difference of 25 ECA, ECB = twice the difference of s CDA, СОВ; 
that is, 2АСВ = 22 АОВ. 


Nore. In Fig. 2, the angle subtended at C by the arc AEB is greater than 
two right angles. 
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THEOREM 52. (Euclid III. 21.) 
Angles in the same segment of a circle are equal. 


Let APB be a segment of a circle APBX, and let APB, AQB be 
any angles in the segment. 
It is required to prove that APB = LAQB. 


Construction. Let C be the centre. Join CA, CB. 


Proof. The angle ACB subtended by the arc AXB at the centre 
is double that which it subtends at any point on the remaining 
part of the circumference ; 

°. LACB = 22 APB, 
and LACB = 2L АОВ; 
.. &АРВ=/ АОВ 
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THEOREM 53. 
This is the converse of Theorem 52. 


If a straight line subtends equal angles at two points on the 
same side of it, a circie can be drawn through these points and 
the extremities of the line. 


Let AB be a straight line, and C, D points on the same side of it 
such that the angles ACB, ADB are equal. 

It is required to prove that a circle can be drawn through 
C, D, A, B. 

Proof, A circle can be drawn through A, D, B. 

If this circle does not pass through C, it will cut AC, or AC pro- 


duced, at some point E. 
Join BE. 


Because angles in the same segment are equal, 
Г. LADB = 2АЕВ. 
But it is given that АРВ = АОВ; 
2. &АЕВ=/ АОВ; 
that is, the exterior angle of the triangle BEC is equal to the: 
interior opposite angle, 
and this is impossible. 
Hence the circle through A, D, B passes through О, 
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THEOREM 54. (Euclid III. зі.) 


The angle in а semicircle * is a right angle; the angle in a 
segment greater than a semicircle is less than a right angle ; the 
angle in а segment less than а semicircle is greater than a right 
angle. : 


Let APB be a segment of a circle APBX. 
It is required to prove that 
(i) If the segment APB is a semicircle, 4 APB is a right angle. 
(ii) If the segment APB is greater than a semicircle, 2 АРВ is 
less than a right angle. 
(iii) If the segment APB is less than a semicircle, 4 APB is 
greater than a right angle. 


Proof. The angle which an arc subtends at the centre is double 
that which it subtends at the circumference. 

Hence, if a is the angle which the arc АХВ subtends at the centre, 

L a= 2L APB. 
(i) If APB is a semicircle, AB is a diameter and а= 2 rt. 4s j 
`. 2 APB is a right angle. 

(ii) If APB is greater than a semicircle, the arc AXB is less than 

the semi-circumference ; and д.а is less than 2 rt. 25; 
`. LAPB is less than a right angle. 

(iii) If APB is less than a semicircle, the arc AXB is greater than 

the semi-circumference ; and 4a is greater than 2 rt. 45. 
°. LAPB is greater than a right angle. 


* For an alternative proof of this part, see p. 61. 
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THEOREM 55. (Euclid III. 23.) 


On the same chord, and on the same side of it, there cannot 
be two similar segments of circles not coinciding with one 


another. 
D 


Let ACB, ADB be similar segments of circles on the same chord 
AB and on the same side of it. 
It is required to prove that the segments coincide. 


Proof. If possible, suppose that the segments do not coincide. 
Since the circles ACB, ADB intersect at A, B, they cannot meet 
at any other point ; 
*. one of the segments is entirely within the other. 
Let ACB be within ADB. 
Join AC, and produce 1t to cut the arc ADB at D. 
Join ВО, BD. 
Because the segments ACB, ADB are similar, 
*, LACB = LADB ; 
that is, the exterior angle ACB of the triangle is equal to the 
interior opposite angle ADB, 
and this is impossible. 
*. the segments must coincide. 


Com. Two similar segments of circles on equal chords are equal to 


one another. 
For if the segments are placed on the same chord and on the same 


side of it, by the above theorem, they will coincide. 


I.^* 


4" 
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Exercise XLII. (Theorems 51-55.) 


1. If O isthe centre of the circle described about the triangle ABC, 
show that the angle OBC is the complement of the angle А. [Draw 
OL perpendicular to BC.] 


2. If ABC, A'B'C'are two triangles in which BC — B'C' and LA-LN, 
show that the circles circumscribing the triangles are equal. [Let 
О, O’ be the centres. Use Ex. т to prove As OBC, O'B'C' congruent.] 


3. Similar segments on equal chords are parts of equal circles. 
[Use Ex. 2.] 


4. AC, BD are chords of a circle which cut at a point E within the 
circle. If O is the centre, show that 


4AOB+2COD=2/ AEB. 


5. ABCD is a quadrilateral inscribed in a circle whose centre is O. 
If the diagonals AC, BD are at right angles, show that the o posite 
sides AB, CD subtend supplementary angles at O. [Use Ex. 4. 


, 6. A point P moves at a uniform rate round the circumference of a 
tircle of which AB is a diameter and C is the centre. Prove that the 


angle BCP increases twice as fast as the angle BAP. [Suppose that, 
in 1 second, P moves to Q, etc.] 


7. If A, B are fixed points, find the locus of a point P which moves 
So that the angle АРВ is a right angle. 


8. A, B are given points and XY is a given straight line. Find a 
point in XY at which AB subtends a right angle. 


9. Inscribe a rectangle in a given circle, with one of its sides equal 
to a given straight line, 


10. Any parallelogram inscribed in a circle is a rectangle. [Prove 
that the centre is at the intersection of the diagonals.] 


ll. Circles are drawn on AB, AC, two sides of the triangle ABC, as 
diameters ; show that the circles meet on BC. 


12. Two circles intersect in A, B, and through B the diameters BP, 
BQ are drawn ; show that Р, A, © are in the same straight line. 


13, Find the locus of the intersection of the diagonals of arhombus, 
one of whose sides is given in magnitude and position. 


14. AP is a chord of a circle of which C is the centre. Prove tbat 
the circle on AC as diameter bisects AP. 


15. Find the locus of middle points of chords of a circle which pass 
through a fixed point. 


= 


{ 
d 
1 
М 
] 
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16. Find a point X on the circle circumscribing the triangle ABC, 
obtuse-angled at A, such that AX is bisected by BC. Consider the locus 
of the middle points of chords through A. See also Ex. XXI. a. IL] 


17. Find the locus of the vertex of a triangle which stands on the 
same base AB as a given triangle ABC, and which has a vertical angle 
equal to the angle C. 


18. ABC is a given triangle and XY a given straightline. Find a. 
point in XY at which AB subtends an angle equal to the angle. С. 
Draw figures showing that there may be two, four, or no solutions. 


.19. CAB, DAB are triangles on the same base AB. Construct a 
triangle on AB as base, equal in area to CAB and having a vertical 
angle equal to the angle D. 


„ 20. Given the base and the vertical angle of a triangle, show that 
its area is greatest when it is isosceles. 


21. X and Y are any points on the arcs of two segments on the same 
chord AB and on the same side of it. The bisectors of the angles 
XAY, XBY meet in Z. Prove that the angle AZB is constant. 

[Show that, if X is on the inner arc, 

4Z=LX+$LA-42B, and ZZ—-ZY--1:B- 34A] 


22. AD, BE are the perpendiculars from A, B to the opposite sides. 
ofthe triangle ABC. Prove that the quadrilateral ABDE 1s cyclic. 


23. Two circles intersect at A and B ; PAQ is any straight line 
through A, cutting the circumferences at P and Q. Prove that the 
angle PBQ is constant. 


= 94. AD, BE are the perpendiculars from A and B to the opposite 
sides of the triangle ABC. If AD meets BE in P and the circum-circle 
of the triangle іп Q, show that DP= DQ. [Prove ZDBP—ZDBQ.] 


25. ABC zs a triangle and X, Y, Z are the middle points of BO, CA, 
AB. Draw AD perpendicular to ВС. Prove that LYDC=LYZX. 
Hence show that the circle through X, Y, Z also passes through D. 


26. Two circles intersect in A, B; PAQ is any straight line through 
A, cutting the circumferences іп P, ©, Show that PQ is greatest when 
it is parallel to the straight line joining the centres of the circles. 
[Let C, D be the centres. Draw CM, DN ле to PQ and OX | 
perpendicular to DN. Prove that PQ=2CX. 

27. Two circles intersect in A, В; show how to draw a straight line 


of given length through A with its extremities on the given circles. 
[See hint to the last example, and note that X is on the circle on CD as 


diameter.) 
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THEOREM 56. (Euclid III. 22.) 


The opposite angles of а quadrilateral insoribed in a circle 
are supplementary. 


Cc 
022 


Let ABCD Бе а quadrilateral inscribed іп a circle. 
It is required to prove that 
the angles A and C are supplementary 
and the angles B and D are supplementary. 


Proof. Join B and D to the centre. 
Let a, Û be the angles which the arcs BAD, BCD subtend at the 
centre. 
Because the angle which an arc subtends at the centre is 
double that which it subtends at the circumference, 
^ £a=220 and LB=22A; 
"n LaL = 206+ 2LA. 
Now Za-F LB = 4 right angles, 
°. LO LA 2 right angles. 
Similarly, _B + LD = 2 right angles. 


COR. If a side of a quadrilateral inscribed in a circle is produced, 
the exterior angle is equal to the interior opposite angle. 
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THEOREM 57. 


This is the converse of Theorem 56. 


If two opposite angles of a quadrilateral are supplementary 
the quadrilateral is cyclic. 


Let ABCD be a quadrilateral in which the angles A and C are 


supplementary. 
It is required to prove that ABCD is a cyclic quadrilateral. 


Proof. A circle can be described through the points A, B, D. 
If this circle does not pass through C, it will cut DC, or DC 
produced, at some point E. 
Join EB. 
Because ABED is a cyclic quadrilateral, 
*. LBED =the supplement of 2А. 
But LC =the supplement of £A (given) ; 
"^. 2ВЕр= 46; 
that is, an exterior angle of the triangle BEC is equal to an 
interior opposite angle, which is impossible. 
*. the circle through A, B, D passes through C ; 
that is, ABCD is a cyclic quadrilateral. 


Com. If one side of a quadrilateral is produced and the exterior 
angle so formed is equal to the interior opposite angle, then the quad- 


tilateral is cyclic. 
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Exercise XLIII. (Theorems 56, 57.) 


1. АВОР is a quadrilateral inscribed in a circle, ana AB, CD are 
produced to meet at P. Prove that the triangles PAD, PCB are equi- 
angular. 


2, The bisectors of the angles B, C of the triangle ABC meet at |, 
and the bisectors of the exterior angles at B, C meet at J. Prove that 
BICJ is a cyclic quadrilateral. 


3, If the bases of two triangles are equal and their vertical angles 
are supplementary, prove that their circum-circles are equal. [Place 
the triangles on opposite sides of a common base.] 


4, If P is any point in the base AB of an isosceles triangle ABC, 
prove that the circum-circles of the triangles APC, BPC are equal. 


5. AD, BE are the perpendiculars from A, B to the opposite sides 
of the triangle ABC. If AD, BE meet at P, show that the quadrilateral 
DPEC is cyclic. Hence show that the angle APB is the supplement 
of C, and that the circles APB, ACB are equal. 


6. Let O be the centre, AB a diameter, and AC a chord of a circle ; 
draw OD at right angles to AB, meeting AC, or AC produced, in D; 
show that the circle about AOD is equal to the circle through O, B, O, D. 


7. ABCD is a quadrilateral inscribed in a circle ; the angle ABC is 
bisected by a straight line BE meeting the circumference in E; if the 
side AD is produced to F, show that DE bisects the angle CDF. 


8. Two circles intersect in the points B, D; a straight line ABC 
cuts the circles in A, С; AD, CD cut the circles again in P, Q ; AQ, CP 
meet in R; prove that DPQR is a cyclic quadrilateral. [Join BD.] 


9. The opposite sides of a cyclic quadrilateral are produced to 
meet in P and Q, and, about the triangles so formed, outside the 
quadrilateral, circles are described intersecting in В. Show that P,RQ 
are in the same straight line. 


10. ABCD is a quadrilateral, and the bisectors of the angles A, B ; 
B, С; С, D; D, A meet in E, F, G, H respectively. Show that the 
figure EFGH is cyclic. 


11. If the exterior angles of a quadrilateral are bisected by four 
oi RE lines, prove that the quadrilateral formed by these lines 1$ 
cyclic. 

12. If any points X, Y, Z are taken on the sides BC, CA, AB X 
a triangle ABG, prove that the circum-circles of the triangles AYZ, BZ 
OXY meet at a point. [Let the circles AYZ, BZX cut at О. Prove that 
OXOY is a cyclic quadrilateral.) 


< 
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13. A, B, C are three points їп a straight line, and P any other 
point. AFE, BFD, CED are perpendicular to PA, PB, PC respectively ; 
prove that P, D, E, F lie оп a circle. [Prove LPDC-ZPBC-ZPFE. 


14. ABCD is a cyclic quadrilateral ; AB, DC are produced to meet 
at E and AD, BC are produced to meet at F. Show that the bisectors 
of the angles BEC, CFD are at right angles. [Let the bisectors of 
BEC, CFD meet at X. Prove that 

LECF=LC=LEXF+}LBEC+}LCFD ; 
also LA-LEXF - 32 BEC - 2 CFD.] 

15. Let ABC bea triangle. Draw AD, BE perpendicular to BO, CA, 
meeting at P. Join CP and produce itto cut AB at F. Prove that 

LDPC-—ZDEC =2 ЕВР. 
Hence show that BDPF is a cyclic quadrilateral, and that CF is per- 
pendicular to AB. 


16. If P is the orthocentre of the triangle ABC, prove that the 
circum-circles of the triangles BPC, CPA, APB are equal. [See Ex. 5.] 


17. If P is the orthocentre of the triangle ABC, and X, Y, Z are the 
middle points of BC, CA, AB, respectively, prove that the circle through 
X, Y, Z passes through the middle point of AP 

[Bisect AP at L. Prove that LYLZ—LBPO- suppl. of 2ҮХ2.) 


18. Take any point X on the circum-circle of the triangle ABC. 
Draw XM, XN perpendicular to CA, AB. Let MN (or MN produced, 
cut BC at L. Join XL, XA, XB. Prove that 

LXNL=LXAC = LXBL (or its supplement, if X is on arc AB). 
Hence show that XNBL is a cyclic quadrilateral and that XL ü 
perpendicular to BC. 
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XXIII. TANGENTS. 


Let a circle and a straight line be drawn at random, and let 
the straight line be produced to any length. 

In general, the line will not meet the circle at all, or else it 
will cut the circle in two points. 

The exceptional case is that in which the straight line meets 
the circle in one point only. 

Der. Any straight line which cuts a circle is called a secant. 

Der. A straight line which meets a circle and which, when 
produced, does not cut it, is called a tangent. 


EO 


Secant Tangent 


The point at which a tangent meets the circle is called the 
point of contact, and the tangent is said to touch the circle at 
this point. 

Der. Two circles are said to touch one another when they 
meet at a point and have a common tangent at this point. 


External Contact Internal Contact 


Circles may touch either externally (when they are on opposite 


sides of the common tangent) or internally (when they are on the 
same side of the common tangent). 
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Der. If all the sides of a rectilineal figure touch a circle, the 
figure is said to be described about the circle or circumscribed to 
it, and the circle is said to be inscribed in the figure. 


Circumscribed Circumscribed 
Quadrilateral Hexagon 


A circle which touches the three sides of a triangle is called the 
inscribed circle, and a circle which touches one side and the other 
two sides produced is called an escribed circle. 


Inscribed Circle. Escribed Circle 


Je at a point A, the angle at which 


If a straight line cuts a circ en 
akes with tne 


it cuts the circle is the angle which the line m 
tangent at A. 

If two circles cut at a point A, the 
the angle between the tangents at A. 


angle at which they cut is 


a circle, given on p. 198, 


Nore. The definition of a ¢angent #0 n 
(in the opinion of the 


is Euclid' Another definition, which 1 
authors) is unsuitable for the beginner, is given on p. 244: 
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THEOREM 58. (Euclid III. 16.) 


(i) The straight line drawn through a point on a circle per. 
pendicular to the radius touches the circle. 


(ii) Any other straight line drawn through the point cuts the 
circle. 


xv 


Q 


Let A be a point on the circumference of a circle, of which C 
is the centre. Let PAQ be a straight line perpendicular to the 


tadius CA. 
(i) It is required to prove that PAQ is a tangent. 
Construction. In PQ take any point X, distinct from A. 
Join ОХ. 
Proof. In the triangle CAX, 
<CAX is a right angle ; 
J^. ДОХА is less than a right angle ; 
^. LCAX > LCXA, 
and the greater angle is subtended by the greater side ; 
"^ CX >CA; 
that is, CX is greater than a radius A 
^. X is outside the circle. 


In the same way it can be shown that any other point in PQ, 
except A, is outside the circle ; 


-. PQ meets the circle and, if produced, does not cut it; 
-. PQ is a tangent. 


ae 
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(1) Let НАК be any other straight line through A. 
It is required to prove that HAK cuts the circle. 


Construction. Draw CN perpendicular to HK, meeting it in N. 
Along NH cut off NB equal to AN. 
Join CB. 
Proof. In the triangles CNA, CNB, 
NA=NB (construction), 
CN is common, 
| LCNA = LONB (construction) ; 
„2. CA=CB; 
*. Bis on the circumference ; 
*. HK cuts the circle at B. 


Nore. This theorem may be stated as follows :— 

One tangent. and one only, can be drawn to a circle at any 
point on the circumference, and this tangent is perpendicular to 
the radius through the point of contact. 

Cor. т. The straight line joining the centre of a circle to the point 
of contact of a tangent is perpendicular to the tangent. 

Cor. 2. The perpendicular to а tangent to a circle, at the point of 
contact, passes through the centre. 


These corollaries follow from the fact › 
can be drawn to a straight line from a given point. 


t that one perpendicular only 


202 ELEMENTS OF GEOMETRY 


"THEOREM 59. 


If two tangents are drawn to a circle fro: 
(i) the tangents are equal; 


(ii) they subtend. equal angles at the centre of the circle ; 
(iii) they make equal angles with the 
given point to the centre, 


Let AP, AQ be tangents dra 
from an external point A, 
It is required to prove that 
(i) AP=AQ, 
(ii) LAOP — 1 AOQ, 
(iii) LPAO = QAO. 
Proof. Because AP, AQ are tangents at P, Q, 
`. the angles APO, AQO are right angles. 
In the right-angled triangles APO, AQO, 
the hypotenuse AO is common, 
{ OP — OQ (radii) ; 
*. the triangles are congruent ; 
`. AP— AQ, 


LAOP = LAOQ, 
&РАО = QAO. 


ш ап external point, 


Straight line joining the 


wn to a circle whose centre is O 
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THEOREM 60. 


If two circles touch one another, the point of contact lies in 
the straight line joining the centres, or in that line produced. 


IX IX 

1 П 

| | 

J t 

9) ‘ 
l 

i | 

ly ly 


Let two circles with centres A and B touch one another, and let 
P be the point of contact. 

It is required to prove that the points A, P, B are in the same 
straight line. 

Proof, Because the circles touch at P, by definition, they have 
a common tangent at P. 

Let XPY be the common tangent. 

Because XPY touches both circles at P, 

*. XPY is perpendicular to each of the radii PA, РВ; 

2. both A and B lie on the straight line through P, perpendicular 

to XY. 


Cor. If two circles touch one another, the distance between their 
centres is equal to the sum or the difference of their radii, according as 
they touch externally or internally. 
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Exercise XLIV. a. (Theorems 58-60.) 


l. If a straight line cuts a circle at A and B, it cuts the circle at 
the same angle at each of these points. 


2. If two circles cut one another at A and B, they cut at the same 
angle at each of these points. 


3. If two circles cut at right angles, the square on the straight line 
joining their centres is equal to the sum of the squares on their radii. 


4, Draw the tangents to a circle which are parallel to a given 
straight line, 


5. What is the locus of the centre of a circle which touches a given 
straight line at a given point? 


,9. Describe a circle to touch a given straight line AB at a given 
point C and to pass through another given point D. 


, 7. What is the locus of the centre of a circle which touches two 
given intersecting straight lines ? 


8. Describe a circle of given radius to touch two given straight 
lines, OA and OB. 


9. Describe a circle to touch two given straight lines AOB, COD, 
with its centre on a given straight line ХҮ. Show that, in general, 
two such circles can be drawn. What is the exceptional case ? 


10. What is the locus of the centre of a circle which touches two 
given parallel straight lines ? 


ll. Describe a circle to touch two given parallel straight lines and 
to pass through a given point. 


12. If two circles „аге concentric, any chord of the outer which 
touches the inner is bisected at the point of contact. 


„13. What is the locus of the centres of circles which touch a given 
circle at a given point? 


14. Draw a circle to pass through a given point A and to touch 
à given circle at a given point B. 


15. What is the locus of the centres of circles of given radius which 
touch a given circle? 


, 16. Draw a circle of given radius to touch a given circle and have 
its centre on a given straightline. Draw figures showing that there 
may be four, three, two, one, or no solutions. 


„17. Draw a circle of given radius to touch a given circle and a 
given straight line. 


re 


A 
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18. Given two non-intersecting circles, each outside the other. 
Explain how to draw a circle of given radius to touch both circles 
(i) externally ; (ii) internally. 

19. Given two non-intersecting circles, each outside the other. 
Explain how to draw a circle of given radius to touch one of the circles 
externally and the other internally. 

20. If three circles are such that each touches the other two, the 
common tangents at the points of contact meet in a point, [Consider 
the triangle formed by joining the centres, and its inscribed circle] 


ot different sizes lie on a table, and each 


21. Four circular coins 1 
touches two and only two of the others ; show that the four points of 


contact lie on a circle. 
22. /f a quadrilateral circumscribes а circle, the sum of one pair of 
opposite sides is equal to the sum of the other pair. 
For the converse of this theorem see p. 171, Paper IX. 5. 


23. Ifa parallelogram is circumscribed to a circle, it is a rhombus. 


94, If a rhombus circumscribes a circle, the lines joining the 
opposite points of contact pass through the centre. 
it is а square. 


i 


25. If a rectangle is circumscribed about a circle, 
26. If a hexagon ABCDEF circumscribes a circle, prove that the 
sum of the sides AB, CD, EF is equal to the sum of the sides BC, 
DE, FA. 

97. If a rectilineal figure of an even num 
about a circle, show that the sum of one set 0 
to the sum of the other set. 

28. Two circles whose centres are Cand D touch one another at A. 
Through A any straight line is drawn, cutting the circles at P and Q. 
Prove that the radii CP, DQ are parallel. 


ber of sides is described 
f alternate sides is equal 


tangents are drawn at Р, 
PRQ is equal to the angle between t| 

i ine cuts two concentric circles in A, A’ and B, B, 
юне, A and a B lie on another 


the four intersections of a tangent at an є 
concentric circle. [Let the tangent at B meet the tangents at A, A’ in 


Q, Q. Let C be the common centre. Prove that the quads. ABQC, 
A'CBQ/ are cyclic. Hence show cQ=0Q.] 
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Exercise XLIV. b, 
Graphical and Numerical. 


1. Draw a triangle ABC in which AB=AC=1-6 in, BC=1-2 in. 
Draw a circle to touch BC at B and to pass through A. Measure the 
radius and verify by calculation. 


2. Draw two straight lines OA, OB, making LAOB= 50", Draw a 
circle of radius 1 in. to touch OA, OB. Measure the distance of its 
centre from O. 


3. Drawa triangle ABC, in which BO= 4 cm., CA=6 cm., AB=5 cm. 
Draw two circles with their centres X, Y on BC, or BC produced, to 
touch AB, AC, or these lines produced. Measure XY. 

4. Draw two parallel straight lines AB, CD 2 in. apart. Take a 
point E between the lines and distant 0-4 in. from AB. Draw two 
circles through E to touch AB and CD. Measure the distance between 
their centres. Verify by calculation. 


5. Draw a circle with centre О and radius гіп. Draw radii OA, 
OB at an angle of 30°. Produce OB to C, making BC— 1 in. Drawa 
cre to pass through C and to touch the first circle at A. Measure its 
radius, 


6. Given a circle of radius 1 in. and a straight line at a per- 
pendicular distance of 1-4 in. from the centre. Draw two circles, 
each of radius o5 in., to touch the given circle and line. Measure 
the distance between the centres of the required circles. Verify by 
calculation. 


7. Given a circle of radius O:5 in. and a straight line distant 
3 in. from the centre. Draw a circle of radius 2 in. to touch the 
given straight line and the given circle, having internal contact with 
the given circle. Explain the construction. 


8. Given two circles of radii o-8 in. and о:5 in., the distance between 
their centres being 1-7 in. Draw a circle of radius o-6 in. to touch 
both the given circles externally. Explain the construction. 


9. Given two circles as in Ex. 8. Draw a circle of radius 1:4 in. 
to touch the smaller of the given circles internally апа the larger 
externally. Explain the construction. 


10. Given two circles as in Ex. 8. Draw a circle of radius 1-4 in. 
to touch the larger of the given circles internally and the smaller 
externally. Explain the construction. 


11. Given two circles of radii 0-8 in. and o-6 in., the distance between 
their centres bein I іп. Draw a circle of radius 2-4 in. to touch 
the given circles internally. Explain the construction. 
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XXIV. CONSTRUCTION OF TANGENTS. 


CONSTRUCTION 17. 


Draw г, tangent to a circle from an external point. 


Let A be the given point and C the centre of the given circle. 
Join АО, and bisect it at B. With centre B and 


Construction. 
radius BA, draw a circle, cutting the given circle at D and E. 
Join AD. 
Then AD is a tangent to the given circle. 
Proof. Join CD. 
diameter ; 


By construction, ADC is a semi-circle on AC as 
*. LADC is a right angle ; 
<. AD is perpendicular to the radius CD ; 
*. AD touches the given circle. 


n be shown that the straight line AE is a 


Nore. Similarly it ca 
rawn to a circle from an external 


tangent. Thus two tangents can bed 
point. 
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Nore. The circle described with centre c and radius v is 
often called the circle (c, v). 


Construction 18. 


Draw a direct common tangent to two given circles. 


Let A, B be the centres and 7, 7' the radii of the circles, and 
suppose that z 2 z'. 


It is required to draw a direct common tangent. 


Construction. Join AB. 
With centre A and radius 7 — 7, draw a circle. 
Draw a tangent BC to this circle. Join AC, and produce it to 
' cut the circle (A, 7) at D. 
Draw BE parallel to AD, to cut the circle (B, 7’) at E. 
Join DE. 

Then DE is the required common tangent. 
Proof. Because AD — апа AC = » — 7", 

"^ CD-r-(r-7)-7; 

4^ CD=BE; 
-. CD, BE are equal and parallel; 
-*. CBED is a parallelogram. 
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Now, by construction, BC is a tangent at с; 
`. LBCD is a right angle; 
'. CBED is a rectangle ; 
2. the angles ADE, BED are right angles ; 
*. DE touches each of the given circles. 


Construction 19. 


Draw a transverse common tangent to two given non- 
intersecting circles. 


v 9 


The construction is similar to the preceding, except that the 


circle described with centre A is of radius 7 + ts 
Proof, Because AD—7 and AC=7+ »3 
°. D0=(r+7)-7=7'3 
*, CD=BE. 
The rest of the proof is the same as in the preceding con- 


struction. 


we 


iv 
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Ex.1. Through a given 
given circle, whose centre is 
given straight line BC. 


point A, draw a straight line to meet a 
O, zz H, K, so that HK may be equal toa 


Place a chord DE, e 


qual to BC, in the circle, and proceed as” 
indicated in the figure. 


Complete the explanation and give a proof. 


Ex.2. Draw a circle to tou 


ch a given circle and a given straight 
line at a given point P. 


Let O be the centre of the given circle. Draw OX, PY each 
perpendicular to АВ. Let OX cut the given circle in В and S. Join 
PR, PS, cutting the given circles in E, F respectively. Join OE, OF 
and produce to cut PY in Н, K. Then Н, К are centres of circles 
which fulfil the conditions. 


Supply proof by showing 2НРЕ=2 HEP and &КРЕ=/ КЕР, 
he * i vm 


ч iu 
à ; "aM 
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T wd 
Ех. 3. Draw a circle to touch a given line AB, and a given circle аі 
& given point P. 


The construction is indicated in the above figure. Supply explana- 
tion and proof. 


Exercise XLV. a. (Constructions 17-19.) 

1. Draw a straight line through a given point, so that the per- 
pendicular on it from another given point may be equal to a given 
straight line. 

2. Construct the triangle ABC, given the angle A, the side AB and 
the length of the perpendicular from A to BC. 

3. A and B are given points ; draw a circle, centre A, so that the 
tangent to it from B is of given length (less than AB). 

4. Two circles whose centres are A and B touch externally at C. 
The common tangent at C cuts another common tangent DE at F. 
Prove the following :— 

(i) DE is bisected at F. 
(ii) The angle DCE is a right angle. 
(iii) The angle AFB is a right angle. 
(iv) The perpendicular to DE through F bisects AB. 
(v) The circle on AB as diameter touches DE at F. 


5, If 7, 7 are the radii of two circles and dis the distance between _ 


the centres, ^ 
(i) Prove that the length of a direct common tangent 25 
{d= (rr) 
and deduce the condition that one circle is entirely within the other. 
(ii) Prove that the length of a transverse common tangent is 
A (dt - (rn 
and deduce the condition that each circle is entirely outside the other. 


e x у, \; 


D 
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6. Two circles whose centres are А and B touch externally at C. 
DE is а direct common tangent and ОАО, EBH are the diameters ; 
through D, E. Prove that DH and GE pass through C. j PUN 


7, In a given circle, place a chord of given length. How many Р, 
such chords сап be drawn? Prove that they all touch a fixed con- 


centric circle. i Pr. 
JM. 8. Given two non-intersecting circles, explain how to draw y " 
+ straight line PQRS such that the chords PQ, RS intercepted on it by. 
7, the circles may Бе of given lengths. [Use Ex. 7.] . LA 
wed fa 
a af 
ir 
Exercise XLV. b. Lu 


Numerical and Graphical. 4 


wi 1, Calculate the length of a tangent drawn to a circle of radius 
5 3:3 in. from a point distant 6-5 in. from the centre. * 


„е 
n 2, Draw the tangents to a circle of radius 1 in. from a point distant д Ў l 
М zin. from the centre. Measure the angle between the tangents. — 


3. Draw a circle of radius т іп. Draw two tangents inclined at + 
; Ing: : 
ҳо" to one another. Measure their lengths and verify by calculation. 


4 Draw a circle of radius т їп, Construct the locus of a point P y 
which moves so that the length of the tangent from P to the circle is 
always 2 in. А 


5. Draw a circle of radius 1 in. Construct the locus of a point P 
such that the circle subtends an angle of 45° at Р, ze. such that the 
tangents from P contain an angle of 45* ۴ 


L3 
a 
в 6. Draw circlesofradii 1 in. and 1:5in., the distance between their ON 
w. centres being 2 in. Find a point P at which the first circle subtends 
an angle of 45? and the second circle subtends an angle of 60°. 
n Measure the distance of P from the line of centres. [Use Ex. 59} 


. 7, Drawacircle of radius 5 cm, and take a point P distant 8:5 cm. 
from the centre. Draw a straight line PQR through P, to cut the — 
circle at Q, R such that QR=6 cm. Measure PQ. Verify by cal- 
culation. y 


`, з. Find bycalculation the lengths of the common tangents to two 
circles of radii 1-1 in. and 0:4 in. with their centres at a distance of 
2:5 in. Verify by measurement. a i 
+ 9, Take two points, A, B, 2 in. apart. Draw a straight inê 4 
PQ such that the perpendiculars from A, B on it are 0'9 in. NE 
respectively. Show that there are four positions of PQ, and п 
the angles they make with AB. 


Na. "usua 
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XXV. CONSTRUCTION OF INSCRIBED AND 
ESCRIBED CIRCLES. 


3 Construction 20. 


Inscribe a circle in a given triangle. 


{ 
+ 
` Let ABC be the given triangle. 
It is required to inscribe a circle in ABC. 
Construction. Bisect the angles B and C by straight lines 
‘meeting at |. * 
Draw ID perpendicular to BC. 
With centre | and radius ID, draw a circle. 


" This is the required circle. 


"Proof. Draw IE, IF perpendicular to CA, AB respectively. ^ 


In the triangles IBD, IBF, а 
| LIBD =< IBF (construction), 


4 


j 


LIDB = LIFB (right angles), 
IB is соттоп; 
*. the triangles are congruent ; v 
^. ID=IF. М A 
Similarly D=IE; 
В 5 the circle drawn with centre | and radius ID passes through 
.E and F. 

`` А159; because the angles at D, E, F are right angles, the circle 


touches BC, CA, AB. 


~ 


“ed $ 
‚б. ' : ; 
Wo д , 5 
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Construction 21. 


Draw an escribed circle of a triangle. 


Á BF 


Let ABC be the given triangle. 


It is required to draw a circle to touch the side BC and the 
sides AC, AB, produced. 


Construction. Produce AB to F, and AC to E,. 

Bisect the angles CBF,, BCE, by straight lines meeting at h. 
Draw 1,0; perpendicular to BC. 
With centre 1, and radius |D}, draw a circle. | 
This is the required circle. "m 


Proof. Draw kE;, ҺЕ, perpendicular to AC, AB respectively. 1 
In the triangles !;BD;, BF}, 
2180; = ДВР, (construction), 
| 41,D,B=Z1,F,B (right angles), 
1,B is common ; 
*. the triangles are congruent ; 
© hD =hF, 4 
Similarly 1,D,=1,E, ; | 
“. the circle drawn with centre |, and radius 1,0, passes through 1 
E, and F,. 
Also, because the angles at D}, E;, F} are right angles, the circle E 
touches BO, AE,, AF}. 
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Lengths of Certain Lines connected with the In- and 
E-scribed Circles of a Triangle. 


1, Find the radius of the circle inscribed in the triangle ABC. 


Let | be the centre of this circle ; D, E, F its points of contact with 
Ihe sides and its radius. 


А, 
Then /5 at D, E, F are rt. 45. 7 


Hence if A=area of ЛАВО, and F 
25—a--Ó--c, Я, 2 
A=AIBC+ AICA4- AIAB ws 

=harthbrther ZA 


=$r(atb+c=rs; 


9. Find the radii of the escribed circles of the triangle ABC. 


Let I, be the centre of the circle escribed 
to AABC, opposite ZA, D,, E, Р, its A 
points of contact with the sides and 7, its 
radius. 
"Then Zs at D,, Еу, F; are rt. 45. 
Hence, if A=area of AABC, and 
25=а+2+0 
A=Al,CA+ Al,AB— А1,ВС 
-Enlen-ian 
-dnc-a)-n(5-2); 
MN 
s-a 
Similarly, if 7, 7 are the radii of circles 
escribed to A ABC, opposite 25 B, C, 
A 


fJ» "Аз 
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3. Jf the inscribed circle of the triangle ABO touches BC, CA, AB а} 
D, E, F respectively, then 
AE=AF=s-—a, 
where s is the semi-perimeter of the triangle. A 
Because AE, AF are the.tangents from A, 
^ AE=AF. 
Similarly ВО=ВЕ 
and CD=CE ; 
^ AE+BD+CD=semi-perimeter ; 
> AE+BC=s; 
4 АЕ=з—а. 


m 


з D с 


4. If the circle escribed to the triangle ABO touches BO at D, and 
AC, AB produced at E, F respectively, then 
AE,=AF,=s and BD,=s—c. 
We have AE,+AF, 
—AC-- CE, +AB+ BF, 
= AC -+ CD, + AB + BD, 
= AC + AB + BC 
me 
Now AE,—AF, ; 
л АЕү=АРү=з. 
Also BD,=BF,=AF, - AB 5—c. 


Exercise XLVI. a. (Constructions 20, 21.) 


1. If in the figure of Construction 20 the straight line Al is drawn, 
prove that it bisects the angle A. 


2. If in the figure of Construction 21 the straight line Al, is drawn, 
prove that it bisects the angle A. 


3. In the figures of Constructions 20, 21, prove that 


LBIC=90+4 and LBI,C=90-4. 


4, Construct the triangle ABC, given the side AB, the angle A and 
the radius of the inscribed circle. 


5. If | is the centre of the circle inscribed in the triangle ABC 
and |, is the centre of the circle escribed to the triangle opposite А, 
Prove that А, |, 1, are in the same straight line. 
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6. Draw two straight lines AB, CD which would meet, if produced. 
at some point X outside the sheet of paper. Construct the bisector of 
the angle X between thelines. [Draw any straight line cutting AB in 
E, and CD in F. Bisect Ls AEF, CFE by lines meeting in G. Bisect 
4s ВЕР, DFE by lines meeting in Н. Join GH. This is the line 
required. Supply proof.] 

7. A circle is inscribed in a right-angled triangle ; show that the 
sum of the hypotenuse and the diameter of the circle is equal to the 
sum of the sides containing the right angle. 

8. ABC is a triangle right-angled at A ; prove that the hypotenuse 
BC is equal to the difference between the radius of the circle inscribed 
in the triangle and the radius of the circle which touches BC and the 
other sides produced. 

9. The inscribed circle of the triangle ABC touches BC at D, and 
the circle escribed to the triangle, opposite A, touches BC at D,. If 
AB — AC and X is the middle point of BC, prove that 

XD—XD;—3(AB- AC). 

10. AX, AY are fixed tangents to a given circle. A variable tangent 
to the circle meets AX at B and AY at C. Prove that either AB + AC + BC 
or AB + AC -BC is constant. 

11. If | is the centre of the circle inscribed in the triangle ABC and 
lı, 1, lj are the centres of circles escribed to the triangle opposite 
A, B, C respectively, prove that 

(i) The straight line All, is perpendicular to l,l;. 
(ii) 1 is the orthocentre of the triangle 1,1313. 
12. AP, ВО, CR are the perpendiculars from A, B, C to the opposite 


sides of the triangle ABC, meeting in the orthocentre O. Prove that 
O, A, B, C are the centres of the inscribed and escribed circles of the 


triangle PQR. 


In general, a circle can be drawn to touch three given 
straight lines, but in order that it may be possible to draw a 
circle to touch the four sides of a quadrilateral, a certain con- 
dition must be satisfied. 

13. If the sum of one pair of opposite sides of a quadrilateral is 
equal to the sum of the other patr, a circle can be inscribed in it. 

[Let ABCD be the quadrilateral. Draw а circle to touch three sides 
AB, BC, AD. If DC does not touch this circle, draw DC’ to touch it, 
meeting BC or BC produced at С. Use Ex. XLIV. а, 22 to prove 
that C coincides with C.] 

For a direct proof, see Paper IX. Ex. 5, p. 171. 
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14. If a circle can be inscribed in a quadrilateral, prove that the 
bisectors of the angles of the quadrilateral meet in a point. 


15. In the accompanying figure, the sides 
of the quadrilateral ABDO, when produced, 
touch a circle ; prove that 


AB-CD=BD - AC. 


16. If A, B, C, D are any four points such 
that AB + BO—AD + DC, prove that a circle 
can be drawn to touch AB, BC, AD, DC, pro- 
duced if necessary. 


17. Four circular coins of different sizes lie on a table, and each 


touches two and only two of the others; show that a circle can be 


inscribed in the quadrilateral formed by joining the centres. 


Exercise XLVI. b. 


Numerical and Graphical. 


‚1. Draw triangles whose sides are (i) 3 in., 2-6 in., 2-8 in. ; (ii) 3-4 in, 
2 in., 1:8 in. Inscribe circles in them and measure their radii. 


2. Draw а triangle ABC in which a= 1.6 in., d=1-4 in, c=1-3 in 
Draw the inscribed circle and the escribed circle which touches AB 
and AC produced. Measure their radii. 


. 8. Draw an isosceles right-angled AABC, whose hypotenuse AB 
is 4 іп. Along AC, BC set off AP, BQ equal to 2 in., 1 in. respectively. 
Join PQ, and construct, as in Ex. 6 of the preceding Exercise, the bi- 
sector of the angle between PQ and AB. Verify by producing the lines. 


4. Draw a quadrilateral ABCD, in which AB=3 in, ВС=3 in. 
CD=r:5 in, DA=2 in, AC=3 in. Draw, as in Ex. 6 of the preceding 
Exercise, the bisectors of the angles between AD, BC and OD, BA. 
Verify by producing the sides. 


5. The sides of a triangle are 3 in., 4 in, 5 in. Find by calculation 
the radii of the inscribed circle and of the escribed circle which touch 
the shorter sides produced. 


_ 6. In the triangle ABC, BC=13 in, CA=11 in, AB— 10 in. If the 
inscribed circle touches ВО at D, calculate the length of BD. 


7. Draw any quadrilateral ABCD in which AB=3 in, ВС=2 in, 
CD=1 in, DA=2 in. Explain why a circle can be inscribed in it, and 
draw this circle. (See Ex. 13 of the preceding Exercise.) 


8, Draw two straight lines AD, BC crossing one another at X, such 
that AD=3 in., BC=2 in, AB=2 in.,CD=1 in. Produce AB, CD to 
meet in Y. Explain why a circle can be inscribed in the quadrilateral 
BXDY, and draw this circle. (See Æx. 16 of the preceding Exercise.) 
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XXVI. EQUAL ANGLES, CHORDS AND ARCS. 


THEOREM 61. (Euclid III. 26.) 


In equai circles (or in the same circle) if two arcs subtend 
equal angles at the centres, or at the circumferences, they are 


equal. 


6 Q 


A B 
Cc 


Let AB, CD be arcs of equal circles, of which the centres are E 
and F. 

(1) If LAEB =4CFD, it is required to prove that the arc AB = the 
arc CD. 

Proof, Apply the circle AB to the circle CD so that E falls on 
F and EA falls along FC. 

Because LAEB =/ ОЕР (given), .. EB falls along FD. 

Because the circles are equal, their radii are equal ; 

*. A falls on Сапа B on D, 
and the circumferences coincide ; 
*. the arcs AB, CD coincide ; 
`. the arc АВ = the arc CD. 

(ii) If the angles АРВ, CQD which the arcs AB, CD subtend at 
points P, @ on the circumferences are equal, it is required to prove 
that the arc AB —the arc CD. 

Proof. The angle which an arc subtends at the centre is twice 
that which it subtends at the circumference ; 

°. LAEB-2LAPB and ZOFD-2ZCQD. 
But LAPB - ZCQD (given) ; 
.. LAEB=LCFD; 
4. arc AB—arc CD. 
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THEOREM 62. (Euclid III. 27.) 


In equal circles (or in the same circle) if two arcs are equal, 
they subtend equal angles at the centres and at the circum- 


ferences. 
Q 


(0) 


Let AB, CD be equal arcs of equal circles, subtending the angles 
AEB, CFD at the centres and angles APB, CQD at the circum 
ferences. 

It is required to prove that 

LAEB-ZCFD and ZAPB=CQD. 


Proof. Apply the circle AB to the circle CD so that E falls on 
F and EA falls along FC. 
Because the circles are equal, their radii are equal ; 
*. A falls on C, 
and the circumferences coincide. 
Aiso, because the arc AB = the arc OD, 
'. B falls on D; 
*. EB falls along РО; 
'. LAEB=LCFD. 
Again, the angle which an arc subtends at the centre is twice 
that which it subtends at the circumference ; 
*. LAEB—-2LAPB and LCFD=22CQD; 
Г. LAPB=LCQD. 


Com. If the arcs AB, CD of two equal circles are equal, the sectors 
AEB, CFD which stand on these arcs are equal. 


| 
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THEOREM 63. (Euclid III. 28.) 


In equal circles (orinthe same circle), if two chords are equal, 
the arcs which they cut off are equal, the greater to the greater 
and the less to the less. 


G 
H 
A D 
o 
B С L 


Let AB, CD be equal chords of equal circles, of which the centres 
ere E and Р. 
It is required to prove that the arcs which they cut off are equal, 
namely that 
arc AGB=arc CHD and arc AKB=arc CLD. 
Construction. Join EA, EB, FC, FD. 
Proof. Because the circles are equal, their radii are equal : 
Therefore, in the triangles AEB, CFD, 
EA — FC, 
| ЕВ=ЕР, 
AB=CD (given); 
`. the triangles are congruent : 
*, LAEB — ZCFD. 
Hence the arcs AKB, CLD subtend equal angles at the centres; 
*, arc AKB=arc CLD. 


But the circumferences of the circles are equal ; 
*. the remaining arc AGB — the remaining arc CHD. 
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THEOREM 64. (Euclid III. 29.) 


In equal circles (or in the same circle), if two arcs are equal, 
the chords of the arcs are equal. 


e 


Let AB, CD be equal arcs of equal circles, of which the centres 


are E and F. 
It is required to prove that the chord AB =the chord CD. 
Construction. Join EA, EB, ЕС, FD. 


Proof. Because AB, CD are equal arcs of equal circles, 
`. they subtend equal angles at the centres, 
that is, LAEB =/ ОЕР. 
Now, because the circles are equal, their radii are equal. 
Therefore, in the triangles AEB, CFD, 


+ 


EA — FQ, 
4 | EB=FD, 
" LAEB=cCFD; 
„'. the chord АВ = ће chord CD. 
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CONSTRUCTION 22. 


Bisect an arc of a circle. 


Let AB be the given arc which it is required to bisect. 


Construction. Draw the perpendicular bisector of the straight 
line joining A, B, meeting the arc AB at C. 
Then the arc AB is bisected at C. 
Proof, Join AB, AC, CB. Let AB cut the perpendicular bisector 
at D. j 
In the triangles ADO, BDC, 
AD — BD (construction), 
| CD is common, 
LADO =LBDC (construction) ; 
*. the triangles are congruent ; 
“, AC — BC. 
Now the equal chords AC, BC cut off equal arcs ; 
7. the arc AC = ће arc BC. 


224 ELEMENTS OF GEOMETRY 


Exercise XLVII. (Theorems 61-64.) 


1. The arcs intercepted by two parallel chords of a circle are equa). 
2. State and prove the converse of the preceding. 


3. The perpendiculars from A, B to the opposite sides of the 
triangle ABC meet the circum-circle of the triangle at X and Y. Prove 
that the arcs CX, CY are equal. 


4. The bisector of the angle A of the triangle ABC bisects the arc 
BC of the circum-circle of the triangle. 


5. C is any point on the arc AB of a circle and BC is produced to 
D. Prove that the bisector of the angle ACD bisects the arc AB 


6. Given the base AB and the magnitude of the angle C of a 
triangle ABC, show that the bisectors of the interior and exterior 
angles at О pass each through a fixed point. [Use Exx. 4, 5.] 


T. PAQ, PBQ, PCQ are three equal angles on the same side of PQ, 
and the bisectors of the angles PAQ, PBQ meet in В. Prove that CR 
bisects the angle PCQ. - 


8. Two circles intersect in A, B and any straight line through A 
meets the circumferences in P, Q. Show that the angles of the 
triangle PBQ are constant. 


9. ABCD is a quadrilateral inscribed in a circle whose centre is О; 
if the angles BAD and BOD are together equal to two right angles, 
show that the arc BAD is double the arc BCD. 


10. ABCD is a trapezium inscribed in a circle ; show that the non- 
parallel sides are equal. 


1l. OA, OB are perpendicular radii of a circle and AX, BY are 
parallel chords; show that BX, AY are at right angles. [Prove 
ABOX= AAOY and .. LOBX=ZLOAY.] 


12. AP, AQ are any two chords of a circle; the arcs AP, AQ are 
bisected at M, N ; show that MN makes equal angles with AP, AQ. 


13. AB, CD are arcs of the same circle. If the arc AB is twice the 
arc CD, show that the chord AB is less than twice the chord CD. 


14. AB is an arc of a circle bisected in О. Construct a chord AD 
y E half the chord AB, and show that the arc AD is less than the 
arc 


15. Two equal circles intersect in A, B ; any straight line through A 
meets the circumferences in P, Q; show that BP=BQ. 
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16. Two equal circles intersect in A, B and any straight line through 
A meets the circles again in P, Q. Find the locus of the middle point 
of PQ. [Use the preceding example.] 


17. If, in two circles, equal chords subtend equal or supplementary 
angles at points on the circumferences, the circles are equal. 


‚18, ABC is a triangle, and D any point in AC. Show that, if the 
circles round BAD and BCD are equal, the triangle is isosceles. 


19. From the ends of a diameter BC of a circle, parallel chords BE, 
CF are drawn, meeting the circle again in E and F ; prove „that EF 
passes through the centre of the circle. 


20. ACB, ADB are two arcs of circles. If C is any point in the arc 
ACB and АС, BC cut the arc ADB in D and E, prove that the chord DE 
is of constant length. 


21. A chord PQ of a given circle subtends a constant angle at 
a point A on the circumference. Show that PQ touches a fixed circle. 


22. A straight line of given length subtends given equal angles at 
two fixed points ; prove that the straight line always touches a fixed 


circle. 

23. A, B are two fixed points on a circle and О, D the extremities of 
a chord of constant length ; prove that the intersections of AD, BC 
and of AC, BD lie on fixed circles. 


24. Three equal circles pass through the point P and meet one 
another, two and two, at A, B, C. Prove that P is the orthocentre 
of the triangle ABC. [Let AP, BP, CP cut BO, CA, AB at L, M, N. 
Prove LPAB=ZPCB, 2РАС=2РВС, _РСА=2 РВА. Hence show 
that Аз ALB, BMC, CNA are right-angled triangles.] 
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XXVIL ANGLES IN SEGMENTS (continued). 


THEOREM 65, (Euclid III. 32.) 


If a straight line touches a circle and, from the point of 
contact, a chord is drawn, the angles which the chord makes 
with the tangent are equal to the angles in the alternate 
segments of the circle. 


A с B 


Let the straight line AB touch a circle at C, and let CD be 
a chord making an acute angle with CA. Let CD divide the circle 
into the segments CED, CFD, the points E and A being on opposite 
sides of CD. 
(i) It is required to prove that 
LADD =the angle in the alternate segment CED. 


Construction. Draw the diameter CE. Join DE. 


Proof. Because ACB is a tangent and CE a diameter, 

°. LACE is a right angle. 
Again, the angles of the triangle CDE are together equal to two 

right angles. 

But the angle CDE is the angle in a semi-circle ; 

°. LODE is a right angle ; 

^. £DCE+2CED =a right angle; 

^. LACE = LDCE + 2СЕР. 

From each of these equals take the angle DCE; 
.. 4ACD=<CED, 
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(ii) Itis required to prove that 
BCD = the angle in the alternate segment CFD. 


Construction. Join CF, FD. 


Proof. Because СЕРЕ is a quadrilateral inscribed in a circle, 
*. LCFD =the supplement of LCED. 
Also, because ACB is a straight line, 
`. LBCD =the supplement of ZACD. 
But LACD = 2 СЕР (proved) ; 
.. ABCD =ZACFD. 


Note. The converse of Theorem 65 is as follows :— 

If through an extremity of a chord of a circle a straight line is 
drawn, making with the chord an angle equal to the angle in the 
alternate segment, the straight line touches the circle. 


Let CD be the chord and CA a straight line 
through C, making АСО equal to 2 СХР in the 


alternate segment. 
It is required to prove that CA touches the A 


ircle. 
circle, = y 


Proof. Suppose CT to be the tangent at C, T and A being on the 


same side of CD. 
Then, because CT is a tangert and CD a chord, 


+. LTCD=ZCXD, in the alternate segment. 
But LACD=ZOXD (given) ; 
* LACD-ZTCD ; 
. СА coincides with CT, which is the tangent at О; 
„. CA touches the circle. 
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Exercise XLVIII. (Theorem 65.) 


1. A tangent to a circle is drawn parallel to a chord ; show that 
the point of contact bisects the arc cut off by the chord. 


2. Drawa tangent at a given point on a circular arc of large radius 
without finding the centre, showing your construction. 


3. AB is an arc of a circle and AT is the tangent at A. Prove that 
the bisector of the angle BAT bisects the arc AB. 


4. If AB, AC are tangents at B, C to a circle, and if D is the middle 
oint of the arc BC, prove that D is the centre of the circle inscribed 
in the triangle ABC. 


5. In the side AB of a triangle ABC a point D is taken so that the 
angle CDB is equal to the angle C. Show that CB touches the circle 
ACD. 


6. P is any point on an arc AB of a circle, and the tangent at 
P meets the chord AB produced, at C. Prove that the angle PCA is 
equal to the difference between the angles PAB and PBA. 


7. In a right-angled triangle ABC, of which C is the right angle, 
CD is drawn perpendicular to AB, meeting it in D ; prove that CB 
touches the circle circumscribing the triangle CDA. 


8. Three points A, B, C are taken on a circle, and a straight line 
parallel to the tangent at A intersects AB, AC in D, E ; prove that a 
circle can be described through the four points B, C, D, E. 


9. Two circles touch at A and PAQ, XAY are straight lines through 
A, cutting the circles at P, Q, X, Y. Show that PX, QY are parallel. 
[Draw the common tangent at A.] 


10. If two circles touch, any straight line through the point of 
contact cuts off similar segments. 


11. ABCD is a parallelogram whose diagonals meet in O ; prove 
that the circles described about the triangles AOB, COD touch each 
other. 


12. AB is a chord, and CAD a tangent to a circle; take P and Q, 
two points on the circumference, such that PAand QA bisect the angles 
CAB, DAB. Show that PQ is the diameter perpendicular to AB. 


13. Two circles cut at A, B and a straight line PAQ cuts the circles 
at P, Q. If the tangents at P, Q meet in T, prove that the points 
P, B, Q, T are concyclic. [Join AB.] 


14. Two circles intersect at A and PAQ, XAY are straight lines 
through A, cutting the circles at P, Q, X, Y. Show that PX, QY are 
inclined to each other at the same angle as the tangents at A. 
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15. From a fixed point A straight lines ABC, AEF are drawn to meet 
two fixed lines in B, C and E, F. Prove that the circles ABE, ACF cut 
at a constant angle. 


16. A straight line touches a circle at the point P and QR is a chord 
of a second circle, parallel to this tangent. PQ, PR cut the first circle 
in S, T and the second circle in U, V ; prove that ST and UV are 
parallel to each other. 


17. The bisector of the angle C of the triangle ABC meets AB at D 
and the perpendicular bisector of CD meets AB produced at E. Prove 
that CE touches the circum-circle of the triangle. 


18. In the triangle ABC, the angles B, C are each double the angle 
A ; prove that a circle, drawn through A to touch BC at B, intersects 
AC in a point D such that AD, BD, BC are all equal. 


19. ABCDE is a regular pentagon, O the centre of the circum- 
scribing circle, G the point of intersection of AC and BE ; prove that 
the circle AOG touches AB. 


90. Two circles touch internally at X and a straight line cuts them 
at A, B, C, D (in order from left to right). Prove that AB, CD subtend 
equal angles at X. [Draw the common tangent at x] 


91. Two circles touch externally at X and a straight line cuts them 
in A, В, С, D (in order from left to right). Prove that AD, BC subtend 
supplementary angles at X. [Draw the common tangent at X] 


22, АВ 15 the hypotenuse of a right-angled triangle ABC ; the lines 
bisecting the internal and external angles at C cut AB and AB produced 
in D and E ; if M is the middle point of AB, show that MC touches the 


circle that passes through C, D, E. 


23, The tangent at A to the circumscribing circle of the triangle 
ABC meets BC produced in D, and the internal and external bisectors 
of the angle BAC meet BC in E and F respectively ; show that EF is 
bisected in D. [Prove AED —ZEAD.] 


24. A triangle circumscribes a circle and from each point of 
contact a straight line is drawn perpendicular to the line joining the 
other two; prove that the straight lines joining the feet of these 
perpendiculars are parallel to the sides of the original triangle. 
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Construction 23. 


Cut off from a given circle a segment containing an angle 
equal to a given angle. 


С, Е 


А 
B 


Let BCE be the given circle and A the given angle. 

It is required to cut off from the circle BCE a segment con- 
taining an angle equal to A, 

Construction. Take any point B on the circumference, 

Draw BD, the tangent at B, 

Draw the chord BC, making the angle DBC equal to A. 

Then the alternate segment BEC is the one required. 


Proof. Because BD is a tangent and BC is a chord of the circle, 
-. DBC =the angle in the alternate segment BEC. 
But 2DBC=zA > 
». the segment BEC contains an angle equal to the angle A. 
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Construction 24. 


On a given straight line draw a segment of a circle containing 
an angle equal to a given angle. 


Let AB be the given straight line and C the given angle. 

It is required to draw on AB a segment of a circle, containing 
an angle equal to the angle C. 

Construction. At A, make an angle BAD equal to the angle C. 

Draw AE perpendicular to AD. 

Draw the perpendicular bisector of AB, meeting AE at F. 

With centre F and radius FA, draw a circle. 

'Then the segment of this circle alternate to the angle BAD 
is the one required. 

Proof, Let AB cut its perpendicular bisector at G. Join BF. 

In the triangles AGF, BGF, 

AG = BG (construction), 
| ОЕ 18 соттоп, 
LAGF = LBGF (construction) Ч 
“АЕ = ВЕ; 
*. the circle passes through В. 
But, by construction, AD is perpendicular to the radius АР; 
*. AD is the tangent at A; 
„. LBAD =the angle in the alternate segment AHB ; 
-. AHB is the required segment. : 
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Exercise XLIX. a. (Constructions 23, 24.) 


1, Draw a chord of a circle dividing it into two segments, one of 
which contains an angle equal to twice that contained by the other. 


2, Construct a triangle, having given the base, vertical angle and 
altitude. 


3. Construct a triangle on the same base BC and of the same area 
as a given triangle АВО, and having a vertical angle equal to a given 
angle D. 


4. A, B are given points and CD їз а given straightline. Finda 
point X in CD such that the angle AXB may be equal to a given 
angle E. 


5. Give a construction to draw the tangent to the circum-circle of 
the triangle ABC at A, without actually drawing the circle. 


6. In a given circle inscribe a triangle ABC so that A is a given 
angle, and the sides AB, AC pass each through a given point. 


T. Show how to construct the triangle ABC, given the base BC, the 
vertical angle A and the point D where the bisector of the angle A 
meets BC. 


8. Construct a square with two adjacent sides passing through two 
given points, and the intersection of the diagonals at a third given 
point. Show that there are generally two solutions. 


9. A and B are the extremities of a given arc of a circle ; show 
how to find the position of a point C on the arc such that the chords 
AC and BC may be together equal to a given straight line. [If © is 
the required point and AC is produced to X so that CX —CB, prove 
that LAXB—3ZACB ; find the centre of the arc AXB.] 


10. Explain how to construct a triangle, given the base, the sum of 
the sides and the radius of the circum-circle. 


11. Explain how to find a point C on a given arc AB of a circle such 
that AC may exceed BC by a given length. [If C is the required 
point and along CA a length CX is cut off equal to CB, prove that 
LAXB —90" --4C ; find the centre of the arc AXB] 


12. Explain how to constructa triangle, given the base, the difference 
of the sides and the radius of the circum-circle. 


18. Draw a triangle ABC and, along BC produced both ways, cut 
off BX equal to BA and CY equal to CA. Join AX, AY, and prove that 
LXAY —90* --1A. Р 3 

Hence deduce a construction for a triangle, having given its peri- 
meter, altitude and vertical angle. 
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14. Draw a triangle ABC. On BC and СА draw segments of circles 
containing angles equal to the supplements of the angles C and A 
respectively. Let the arcs meet at a point O inside the triangle. 

Prove that LOBC=LOCA=zOAB. 

15. Lf О zs a point within the triangle АВО such that 

ZLOBC=LOCA=ZOAB, 
prove that the angles BOC, COA, AOB are the supplements of the 
angles C, A, B respectively. 

16. Given three straight lines OA, OB, OC, drawn from a point O. 
Draw a straight line to cut OA, OB, OC at X, Y, Z respectively such 
that XY and YZ may be each of, given length. Р 

[Draw a straight line X'YZ' such that X'Y', Y'Z' are of the given 
lengths. Find a point O’ such that / Х'О'”Ү'=/ АОВ, ZY'O'Z —2 BOC, 
etc.] 


Exercise XLIX. b. 
Numerical. 

1. Draw a circle of radius 1-5 in. From it cut off a segment 
containing an angle of 50°. Measure the chord of the segment. 

2. Draw a circle of radius 1 in. From it cut off a segment 
containing an angle of 150°. Measure the chord of the segment. 

3. Draw a square ABCD in which AB—2 in. Find points X, Y in 
CD produced such that LAXB=LAYB= 30°. Measure XY. 

4. Draw an equilateral triangle ABC in which AB=3 in. Bisect 
ABatD. Find polite in BC or BC produced at which AD subtends an 
angle of 25°. Measure the distance between the points. 

5. Draw a triangle ABC in which the base BC=3 in, altitude = 3:2 
in, LA=50°. Measure the greater of the constructed sides. i 

6. Draw a triangle ABC of area equal to 3 square inches, in which 
BC=2 in. апа A=30°. 


In the following examples, R denotes the radius of the 
circum-circle of the triangle. ; 
7. Construct the triangle ABO, with the following data, and in each 
case measure the constructed sides :— A A 
(i) 2+с=42 in, a=14 m., R-r5in. 
Gi) c—à-2in, a=25 Ins R=16 in. 
(iii) a=2in, R=1:33 10, бето an 
i 1 ABCD in which AB=1-3 in., BC—1 in, 
AD 2 2 eds 45% ч ы. Explain why a circle can be described 
about ABCD - draw this circle and measure the radius. 
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XXVIIL INSCRIBED AND CIRCUMSCRIBED 
FIGURES. 


Construction 25. (Euclid IV. 2.) 


In a given circle, inscribe a triangle equiangular to a given 
triangle. 


D F 


Let ABC be the given circle and DEF the given triangle. 


It is required to inscribe in the circle ABC a triangle equiangular 
to the triangle DEF. 


Construction. Take any point A on the circle. 

At A draw the tangent GAH. 

Draw chords AB, AC, making the angles HAB, GAC equal to the 
angles F, E respectively. Join B, C. 

Then ABC is the required triangle. 


Proof. Because HAG is a tangent and AC a chord of the circle 
"^. LGAC = B in the alternate segment. 
But LGAC= LE (construction) ; 
'. LB=ZE, 
Similarly, £C =2Е; 
.. the remaining 2А = ће remaining 20. 
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Construction 26. (Euclid IV. 3.) 


About a given circle to describe a triangle equiangular to 
& given triangle. 


E E 


Let GHK be the given circle and DEF the given triangle. 
It is required to describe a triangle about the circle GHK, 
equiangular to the triangle DEF. 


Construction. Let O be the centre of the circle. 

Take any point G on the circumference. 

Join OG, and draw radii OH, OK, making the angles GOH, GOK 
equal to the supplements of the angles DEF, DFE respectively. 

Draw the tangents BGC, CKA, AHB at G, K, H. 

Then ABC is the required triangle. 


Proof, Because GB is a tangent and OG a radius, 
*, LOGB is a right angle. 
Similarly, LOHB is a right angle. 
Hence, the quadrilateral OGBH is cyclic ; 
`. LGOH =the supplement of 4B. 
But LGOH =the supplement of DEF (construction) ; 
*. LB=LDEF. 
Similarly, £C =LDFE ; 
J the remaining 2А = the remaining L0 
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Exercise L. 
Inscribed and Circumscribed Figures. 
l. Draw a circle of radius 1 in., and inscribe an equilateral triangle 
in it, Measure a side of the triangle. 


2, Draw a circle of radius 1 in. and, about it, describe an equi- 
lateral triangle. Measure a side of the triangle. 


3. An equilateral triangle is inscribed in a circle and another 
equilateral triangle is described about it. Prove that a side of the 
first triangle is equal to half a side of the second, 


4. Draw a circle of 1-5 in. radius. Inscribe in it and describe 
about it triangles whose angles are 50°, бо”, 70°. Measure the greatest 
side of each triangle. 


5. Draw a circle of radius 1 in. Inscribe in it and describe about 
it triangles equiangular to a triangle whose sides are 1:3 in., 1-4 iny 
1:5 іп. Measure the greatest side of each. 


6. Explain how to construct a triangle, given two angles (B, C) 
and the radius (R) of the circum-circle. 

Construct the triangle when R-r$ in, В=бо°, C—40*. Measure 
the longest side. 


7. Explain how to construct a triangle, given two angles (B, C) 
and the radius (7) of the inscribed circle. 

Construct the triangle when +=0-7 in, B=60°, C=40°. Measure 
the longest side, 


Explain how to effect the constructions in Exx. 8-12. 
8. Inscribe a circle in a given Square. (See Fig. a.) 
9. Circumscribe a circle about а given square. (Fig. a.) 


CN 
NY, 


(a) (b) 


10. Inscribe a square in a given circle. (Fig. 2.) 
ll. Circumscribe a square about a given circle. (Fig. 4.) 
12, Inscribe a circle in a given rhombus ABCD. 


13, Draw a quadrilateral ABCD in which AB=2 in, BO=1-7 in, 
CD=1 in, DA=1-3 in, AC=2 in. Explain why a circle can be in- 
Scribed in ABCD ; draw the circle and measure its radius. 
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Мотк. The beginner is advised to learn the facts stated in 
the enunciations of Theorems 66-68, and to omit the proofs. 


THEOREM 66. 


If the circumference of a circle is divided into any number of 
equal parts, the points of division are the vertices of a regular 


polygon. 
D 


A B 


Let the circumference of a circle be divided into any number 


of equal parts, fve for example, at A, B, О, D, E 
Join AB, BC, CD, DE, EA. 
It is required to prove that ABCDE is а regular polygon. 
Proof. Because the arcs AB, BC, CD, DE, EA are equal (given), 
*. the chords AB, BC, CD, DE, EA are equal ; 
*. the figure ABCDE is equilateral. 
Again, the arc BC=the arc EA (given). 


To each add the arc CDE ; 
+. the arc BODE =the arc CDEA ; 


`. angles at the circumference, standing on these arcs, are equal; 
`. LBAE = ZCBA. 
Similarly, any two consecutive angles of ABCDE are equal ; 
*. the figure ABCDE is equiangular ; 
and it has been proved to be equilateral ; 
<. ABCDE is a regular polygon. 
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THEOREM 67. 

If the circumference of a circle is divided into any number of 
equal parts, the tangents at the points of division are the sides 
of а regular polygon. 

Let the circumference of a circle be 8 
divided into any number of equal parts, 
five for example, at A, B, C, D, Е. 

Let the tangents PAQ, QBR, RCS, SDT, 
TEP be drawn. 

It is required to prove that PQRST is 
a regular polygon. 

Construction. Join the centre O to ES 
P, A, Q, B. 

Proof. Because PA, PE are tangents, 

^ PE-PA ZPOE-ZPOA, LEPO=LAPO; 
`. LEOA=2/POA and LEPA=2LAPO, 

Similarly ^ ^A0B—27/Q0A and LAQB = 24 А80. 

Now the arc ЕА = the arc AB (given); > 

^ LEOA=LAOB; .. ZPOA = LQOA; 
and, because PAQ is the tangent at A, 
^ 4s PAO, QAO are right zs. 

Hence, in the triangles POA, QOA, 

&POA=2Q0A, /РАО= QAO, OA is common; 
^ the triangles are congruent 5 
- PA=QA and /АРО=/АОО. 

Hence, from the above, / ЕРА = LAQB. 

Similarly, it may be shown that any two consecutive angles of 
PQRST are equal ; that is, PQRST is equiangular. 

Again, because PA—QA, |... PQ=2PA, 

Similarly, TP— 2PE. 
But PE-PA; .. TP=PQ. 

Similarly, it may be shown that any two consecutive sides ol 

PQRST are equal; that is, PQRST is equilateral ; 
and it has been proved to be equiangular ; 


.. ABODE is a regular polygon. 
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THEOREM 68. 


(i) The bisectors of the angles of a regular polygon meet in à 
point. (ii) This point is the centre of the circle circumscribing 
the polygon. (iii) It is also the centre of the circle inscribed in 
the polygon. 

Take a regular polygon with any D 
number of sides, jive for example. 

Call it ABCDE. 
(i) It is required to prove that the Ҹ 


bisectors of the angles A, B, C, D, E 
meet in a point. 
Construction. Bisect the angles EAB, 
B 


ABC by straight lines meeting at O. A 
Join OC, OD, OE. 
Proof. In the triangles EAO, BAO, 
EA — BA, being sides of a regular polygon, 
AO is common, 
LEAO = £ BAO (construction) ; 
„. the triangles are congruent ; 
*. LAEO = 2 ABO. 
Now BO bisects 2 АВС (construction) ; 
* LABO=4ZABC; .. LAEO=4Z2 ABC. 
But LABC- 2 АЕР, being angles of a regular polygon ; 
* LAEO=42AED; .. ЕО bisects ZAED. 
Similarly, DO, CO bisect 4s CDE, BCD; 
*. the bisectors of 25 A, B, C, D, E meet at O. 


(ii) It is required to prove that O is the centre of the circle 


circumscribing the polygon. 
Because OA, OB bisect the equal angles EAB, ABC, 
7. LOAB= LOBA; 
2. OA=OB. 
Similarly, OB = OC = OD = OE; 
* the circle with centre O and radius OA 


B, C, D, E, and therefore circumscribes the polygon. 


passes through 
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(iii) It is required to prove that O is 
the centre of the circle inscribed in the 
polygon. 

Construction. Draw OF, OG, OH, 
OK, OL perpendicular to AB, BC, CD, 
DE, EA. 

roof. In the triangles ALO, AFO, 

| LLAO — FAO, 


LALO =/ АЕО, 
OA is common ; 


^ the triangles are congruent 3 
.. OL=OF. 
Similarly, OF = OG = OH = OK; 


^ the circle with centre O and radius OF passes through 
F, G,'H, К, L. 


Also, because the angles at F, G, Н, К, L are right angles, 


^. the circle touches the sides of the polygon and is the circle 
Ínscribed in it. 


CONSTRUCTION 27. 
Inscribe a regular hexagon in a given circle. 


Let O be the centre of the circle in which it is required to 
inscribe a regular hexagon. 

Construction. Take any point A on the circumference. 

In the circle place five chords AB, BC, CD, DE, EF, each equal 
to the radius. Join AF. 


Then ABCDEF is a regular hexagon. 


CONSTRUCTIONS WITH THE PROTRACTOR 24r 


Proof Join O to A, B, C, D, E, F. 
Because OA = OB — AB (construction), 
7. OAB is an equilateral triangle ; 
Г. LAOB = 6o. 
Similarly, 25 BOC, COD, DOE, EOF each —6o*. 
But the sum of the angles at O is 360°; 
°. LAOF = 60". 
Now, the angles of the triangle OAF are together equal to 180°; 
„'. LOAF + LOFA — 120*. 
But OA =0F ; 
7. LOAF = LOFA =60° ; 
„°. the triangle OAF is equilateral f 
7. AF =the radius ОА; 
„. the figure ABCDEF is equilateral, 
and, since each of its angles is 120°, it is also equiangular ; 
„'. ABCDEF is a regular hexagon. 


Constructions with the Protractor. 


explain how to inscribe, in a given 
say with five 


D, 


Ex. т. Using the protractor, 
circle, a regular polygon with a given number of sides, 


sides. 
Let O be the centre of the circle. Draw 


two radii OA, OB, making 2АОВ = ; of 360°. p 


Join AB. In the circle, place chords BC, 
CD, DE, each equal to AB. Join EA. Then 
ABCDE is the required polygon. 

Supply proof by Theorem 66. 

Ex. 2. Using the protractor, explain how to describe about a given 
circle a regular polygon with a given number of sides. 4 

By Ех. 1, find the vertices A, B, C, etc., of an inscribed polygon, 
with the given number of sides. Draw tangents at A, B, C, etc. 
These are the sides of the required polygon. 
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Ex. 3. Using the protractor, explain how to describe, on a given 
straight line AB, a regular polygon with any number of sides, say one 
with seven sides, 

With centre B, and radius BA, draw a 
semicircle ADC. Using the protractor, 


make an angle CBD* equal to 2 of 2 right 
angles, 7 

Let BD cut the arc of the semicircle 
in D. 

Then BD is a side of the required hep- 
tagon, and if a circle is drawn through A, 
B, D, the heptagon can be completed by 
placing in it chords equal to AB. 


Proof. The angle CBD-7 of 2 right angles 


=; of 4 right angles 


=exterior angle of a regular heptagon ; 5 
+ BD is a side of the heptagon, and ABD the circumscribing circle, ~ 


Exercise LI. 
Regular Figures. 


1, Draw a circle of radius 1 in. Describe about it a regular 
hexagon. Measure a side. 


2. Describe a regular hexagon on a given straight line AB. 


3. An equilateral triangle and a regular hexagon are described 
about a circle. Prove that a side of the triangle is equal to three 
times a side of the hexagon. 


4. Inscribe a regular octagon in a given circle. [Draw two 
diameters AOB, COD, at right angles ; bisect the arcs AC, CB, etc.] 


5. Complete and prove the following construction for drawing а 
regular octagon on a given straight line AB :— 

raw OX, bisecting AB at right angles. Along CX mark off 
CD=CA, DO=DA. Then O is the centre of the circle circumscribing 
the octagon, etc. 


the circle on AC as diameter,’ and out’ the arc CD round е. 


*It is advisable to check, and if Necessary, to correct, the angle ‘ by completing 
е : 
nce. 
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6. Draw a circle of radius 1 in. Use the protractor to inscribe in 
the circle a regular pentagon. Measure a side. 


7. Draw a straight line AB of length r in. Use the protractor to 
describe on AB a regular pentagon. Measure the radius of the circle 
circumscribing the pentagon. 


8. Draw a straight line AB of length r in. On AB describe a 
regular hexagon ABCDEF. Make a triangle DXY equal in area to the 
hexagon, the points X, Y being in AB produced both ways. Measure 
XY and verify your result by geometrical reasoning. 

9. Draw a straight line AB of length 1 in. On AB describe a 
regular heptagon ABCDEFG. Make a triangle EXY equal in area to 
the heptagon, X and Y being in AB produced. By suitable measure- 
ments, find the area of the triangle. 

10. If a is a side of a regular polygon, R the radius of the circle 
circumscribing the polygon, and v the radius of the circle inscribed in 
it, prove that ne 

I 


I 180° I 
R=-acosec— and r=-acot—— 
2 п 2 п 


[= or, in the figure of Theorem 67, 6 
AQ=1a, OQ-R, ОА=» .04ر‎ | 


1 11. Referring to Ex. то, if a=2, calculate the values of R and 7; for 
(i)a regular pentagon ; (ii) a regular heptagon. 
12. If a is a side of a regular z-sided polygon, A the area of the 
polygon, and > the radius of the inscribed circle, prove that 
A=}nar. [See figure of Theorem 67.] 
13. If A is the area of a regular z-sided polygon inscribed in а 
circle of radius R, prove that 
=! aR? sin жр; 
A d у В 0 
14. If Ais the area of a regular z-sided polygon circumscribing a 
circle of radius 7, prove that A 
A= ır tan =. 


15. Use the above formulae to calculate the area of j 
(i) A regular pentagon inscribed in a circle of radius 2 in. 
(ii) A regular hexagon described about a circle of radius 2 in. 
(iii) A regular heptagon of which a side is 2 in. 
16. Prove that the sum of the perpendiculars drawn to the sides of 
a regular polygon from any point within it is constant. 
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XXIX. TANGENT TO A CURVE.* 


Continuity. Lines which are not straight are called curvea 

In Fig. т, the curve АРВ may be traced 
by а point which moves from A to B 
without leaving the paper. We therefore 
say that the curve is continuous from A 
to B. А 

Let Q, В be two points on the curve 
^PB, as close together as we can possibly 
take them. The idea of continuity leads us to assert that 
however near Q is to R, there are points on the curve between 
Q and R. 

In other words, there is no such thing as two consecutive points on 
2 continuous curve, i d 

A^ 

Tangent to a Curve. The reader will probably agree that 
the straight line T'PT in Fig. г is a fair representation of the 
tangent at P. 

Now, T'PT cuts the curve in a point distinct from P. It is 
therefore clear that there are curves for which the tangent cannot 
be defined in the same way as in the case of the circle. 


Der. Let P be any point on a curve, and let Q be a point 
which is supposed to move along the curve so as to approach P 
from either side. 

It is supposed that the curve is con- Q T 
tinuous near P, so that Q may be as near 
to P as we like. 

If a straight line T'PT exists such that, as 

7 ч Q 
Q approaches P from either side, the angle ar 
which PQ makes with T'PT becomes and (as 
Q continues to approach P) remains less than any angle we may 
EI 


* Omit on first reading. 
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thoose, however small, then T'PT is called the tangent to the 
curve at P. 

This is what is meant by saying that the tangent to a curve 
at P is the limiting position of the chord PQ, as Q tends to 
coincidence with P, 


The reader may consider this definition unnecessarily Jong, but let 
him be assured that there is no other way of putting the matter 
without talking nonsense. 

He is particularly warned against the definitions given in many of 
the text-books, of which the following is typical :—“ A straight line 
which meets a curve in two points which are indefinitely close, and 
which ultimately coincide, is called a tangent.” 

This is sheer nonsense, for so long as the points are distinct, the 
straight line joining them does not touch the curve ; and, when the 
two points coincide, they become one and cease to define a straight 
line, 


Ех. т. Taking the ‘limit? definition of a tangent, prove that the 
tangent to a circle is perpendicular to the diameter through the point of 
contact. 

Let A be any point on the circle 
and AB the diameter through A. e 

Let T'AT be perpendicular to AB. 


It is required to prove that T'AT B A 
is the tangent at A. 
Proof. Choose any angle e (epsi- 
T 


lon), no matter how small. 
On either side of AB, make an - Е A 
angle ABP less than e and let BP meet the circle againat P. Join AP. 


Because APB is a semi-circle, 2 &АРВ is a right angle ; 

^ LBAP is the complément of 2АВР; 
. &РАТ=/АВР<є. 

If the point P is supposed to move along the circumference, зо as to 
approach A, the angle ABP decreases. Hence the angle which AP 
makes with T'AT becomes, and remains, less than the angle e. 

Now, this is true from whichever side P approaches А; 

.. T'AT is a tangent to a circle. 


E.G. 
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MISCELLANEOUS EXERCISES 
Arranged in Sets for Homework or Revision, 


PAPER XIII. (to Section XXII). 


1. О is the orthocentre of the triangle ABO, and the parallelogram 
BOCD is completed ; show that AD is a diameter of the circle circum- 
scribing ABC. 


2. XY is a chord of a circle perpendicular to a diameter AB; YMZ 
is any other chord meeting AB in M. Prove that either XA or XB 
bisects the angle ZXM. [Join AY or BY.] 


3. A, B,C, D are four given points ; P, Q are points on the circles 


ADB, ADC respectively, such that P, A, Q are in one straight line.» ^ 


Find the locus of the intersection of BP, CQ. Consider also the case 
in which B, C, D are in one straightline. [Consider the angles PQ.] ^ 


4. P, Q are the points of intersection of two circles ; a straight line 
cuts one of the circles at A and C, and the other at B and О: prove 
that the angle APB, CQD are equal or supplementary. 


5. ABC is an equilateral triangle, with AB— 3 in. Construct an 
equilateral triangle PQR, with PQ=2:5 in, so that P, Q, R lie on 
Bo, CA, AB respectively. Measure AP. 


height above the roadway to the top of the arch is 18 feet. Calculate 
the diameter of the tube. 


PAPER XIV. (to Section XXII.). 
l. In the circle ABCD, draw two chords AC, BD intersecting at 


right angles in E ; join CD ; draw AF perpendicular to CD ; let AF 
intersect BD, or BD produced, in G. Show that BE = EG. [Join АВ.] 


2. ABCD is a quadrilateral in which the angles B and D are right 


angles. Show that the difference between the an les BAC, DAC is ` 
ual to the difference between the 09 ВСА, ОСА. What is this > 


2S 
= 


difference if the diagonals cut at 60° 
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3. AB is a given chord of a circle whose centre is О; P is any given 
point within the circle. Draw through P a straight line cutting the 
circle in C and D, such that CD is bisected by AB. Show that the 
problem admits of two solutions or no solution, according as the sum 
of the distances of P and O from AB is less or greater than OP. 


4. Through A, one of the points of intersection of two given circles, 
a straight line РАС) is drawn to meet one of the circles again in P and 
the other in О. If X is the middle point of PQ and C is the middle 
рош of the line joining the centres of the circle, prove that CX—CA. 
hat is the locus of the point X? 


5. Construct a rhombus, of which two sides lie along two given 
parallel straight lines, whilst the other two pass each through a given 
fixed point. Of how many solutions does the problem admit? 

[Note that perpendicular distances between the pairs of parallel sides 
of a rhombus are equal.] 


6. Draw a circle, 3 in. in diameter, and take a point О, 2-5 in. from 
the centre of the circle. Draw a straight line through O to meet the 
circle in P and Q so that OQ is bisected in P. Measure PQ. 

If R is any point on the circle construct the locus of the middle 


) 4 point of OR.) 


3 PAPER XV. (to Section XXIII). 


1. Two equal circles cut at right angles. Show that the area 
common to the two circles together with the square on the radius is 
equal to half the area of either circle. 

2. A and B are the points of intersection of two given circles. 
Draw through B a line CBD terminated by the circumferences, such 
that the area of the triangle ACD may be the greatest possible. 

[See Ex. XLII. 26.] 

3. A chord AB of a circle, centre O, is bisected at D by a chord EF, 
and the tangents at E and F meet AB produced in G and H. Prove 
that AG- BH. [Show that the triangles OEG, OFH are congruent.] 


ABP, ABCD are two circles, О being the centre of the former ; 
Р T point on АВР; PA, PB cut the circle ABCD again in C and D. 
Prove that OP is perpendicular to CD. 

. Gi n arc of a circle of very large radius, whose centre is not 
av Eable; P ja a point near the middle point of the arc but not on 
thearc, Draw a circle, with centre P, to touch the given arc. 

[Use Ex. VII. 7 and Theorem бо.] 
ircles of radii 1 in. and 1-5 in., the distance between 
7" бб caver eine 2 in, Find a point P such that the lengths of the 
P to the first and second circles are 2:5 in. and 2 in. 


м fi U 
respectively. Measure the distance of P from the line of centres. 
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PAPER XVI. (to Section XXIV.). 


1. BD, CE are the transverse common tangents to two given circles 
and AF is a direct common tangent. Show that the part of AF, 
intercepted between BD and CE, is equal to BD. 


2. A quadrilateral inscribed in a circle has its diagonals at right 
angles, and from their point of intersection a perpendicular is drawn 
to one of the sides. Show that, when GE ER it bisects the opposite 
side of the quadrilateral. 


3. Two equal circles touch one another at A ; a circle, of double the 
radius, is drawn having internal contact with one of them at B and 
cutting the other at Р and Q. Prove that the straight line joining А, В 
passes through P or Q. 


4. Find the locus of the points of contact of tangents from a given 
point to a system of concentric circles. 


5. Given a straight line MN and two points A, B on the same side 
of it, find a point P on MN such that PA bisects one of the angles 
which PB makes with MN. 


6. Draw a straight line AB=7 cm. Draw a circle with centre, Ё 


and radius з ст. Draw a circle with centre В and radius 2 cm. Draw 
a straight line cutting AB at X, the first circle at P, Q and the second 
circle at R, 8, such that PQ=3 cm. and R8—2 cm. Measure AX. 


PAPER XVII. (to Section XXV.). 


1. A straight line AB is trisected in C, D, and an equilateral triangle 
PCD is described on CD. Show that the circle BCP touches AP. 
[Show that ZAPD is a right angle.] 


2. Two tangents AP, AQ are drawn to a circle from a fixed point A, 
and a variable tangent meets AP, AQ in B,C. Show that the perimeter 
of the triangle ABC is constant, and BC subtends a constant angle at 
the centre of the circle. 


3. H, K are the centres of two of the circles which touch three given 
straight lines. Prove that the circle on HK as diameter passes through 
two of the vertices of the triangle formed by the lines. 


4. The circle inscribed in the triangle ABC touches BC in D. Show 
that the circles inscribed in the triangles BAD, CAD touch one another. 


5. Given the base and the vertical angle of a triangle, find the 
loci of (i) the in-centre, (ii) the e-centres. 


6. The base of a triangle is 3 in., the altitude is 2-24 in., the radius 
of the inscribed circle is o8 in. Construct the triangle and measure, 
the other two sides. [Construct the semi-vertical angle.] 


К 
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PAPER XVIII. (to Section XXVI.). 


1, The centre of the inscribed circle of a triangle is within each of 
the circles on the sides of the triangle as diameters. 


2. Prove that, if the chord of half the arc of a circle is greater than 
the chord of the whole arc, the arc must be greater than two-thirds of 
the whole circumference. 


8. Two circles touch internally at A, and a straight line APQ is 
drawn cutting the inner circle at P and the outer at Q. If the tangent 
at P meets the outer circle at H and K, prove that Q is the middle 
point of the arc HK. 

_4, Two circles intersect in A and B and a variable point P on one 
circle is joined to A and B. PA, PB, produced if necessary, meet the 
second circle in Q and R. Prove that 

(i) QR is of constant length ; 
(ii) the radius of the circle PQR is constant ; 
(iii) the locus of the centre of this circle is a circle. 


5 Through a given point A, draw two straight lines AP, AQ to make 


‘qual angles with a given straight line AB, such that the part PQ 
intercepted on another given straight line may be bisected at a given 
point S on the line. . 

[Suppose the construction effected and describe a circle through 

E 

6. Draw a triangle Sll;, in which Il; —3:4 in., $,—3:2 in., 8l —0-6 in. 
Draw a triangle АВО of which S is the circumcentre, | the in-centre 
and |, ап e-centre. Measure the longest side of ABC. _ 

Prove that the middle point of Il, lies on the circumcircle, and use 
Ex. 3 of Paper XVII.] 


PAPER ХІХ. (to Section XXVII). 


1. The circle described, with centre А, and radius AB, cuts the 
circle circumscribing the rectangle ABCD in E. Show that CE=AD 


and that DE is parallel to AC. 

9. If the angle ACB of the triangle ACB is bisected by CE, cutting 
AB in E, and ties point D is taken in AB produced, such ‘that the 
LECD —ZCED, prove that CD touches the circle ACB. 


3. A circle touches one side BC of a triangle, and the other two 
sides AB, AC produced, the points of contact being D, F,E. Iflis 
the centre of the inscribed circle, prove that 

А1АЕ = AIAF=} A ABC. 
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PaPER XVI. (to Section XXIV.). 


1. BD, CE are the transverse common tangents to two given circles 
and AF is a direct common tangent. Show that the part of AF, 
intercepted between BD and CE, is equal to BD. 


2. A quadrilateral inscribed in a circle has its diagonals at right 
angles, and from their point of intersection a perpendicular is drawn 
to one of the sides. Show that, when produced, it bisects the opposite 
side of the quadrilateral. 


3. Two equal circles touch one another at A; a circle, of double the 
radius, is drawn having internal contact with one of them at B and 
cutting the other at P and Q. Prove that the straight line joining A, B 
passes through P or Q. 


4. Find the locus of the points of contact of tangents from a given 
point to a system of concentric circles. 


5. Given a straight line MN and two points A, B on the same side 
of it, find a point P on MN such that PA bisects one of the angles 
which PB makes with MN. 


6. Draw a straight line AB=7 cm. Draw a circle with centre’ A f 
and radius 3 cm. Draw a circle with centre B and radius 2 cm. Draw 
a straight line cutting AB at X, the first circle at P, @ and the second! 
circle at В, S, such that PQ=3 cm. and RS=2 cm. Measure AX. 


PAPER XVII. (to Section XXV.). 


1. A straight line AB is trisected in C, D, and an equilateral triangle 
PCD is described on CD. Show that the circle BCP touches AP. 
[Show that LAPD is a right angle.] 


2. Two tangents AP, AQ are drawn to a circle from a fixed point A, 
and a variable tangent meets AP, AQ in B, С. Show that the perimeter 
of the triangle ABC is constant, and BC subtends a constant angle at 
the centre of the circle. 


3. H, K are the centres of two of the circles which touch three given 
straight lines. Prove that the circle on HK as diameter passes through 
two of the vertices of the triangle formed by the lines. 


4. The circle inscribed in the triangle ABC touches BC in D. Show 
that the circles inscribed in the triangles BAD, CAD touch one another. 


5. Given the base and the vertical angle of a triangle, find the 
loci of (i) the in-centre, (ii) the e-centres. 


6. The base of a triangle is 3 in., the altitude is 2-24 in., the radius 
of the inscribed circle is o-8 in. Construct the triangle and measure — 
the other two sides. [Construct the semi-vertical angle.] А 
5 
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PAPER XVIII. (to Section XXVI.). 


1. The centre of the inscribed circle of a triangle is within each of 
the circles on the sides of the triangle as diameters. 


9. Prove that, if the chord of half the arc of a circle is greater than 
the chord of the whole arc, the arc must be greater than two-thirds of 
the whole circumference. 


3. Two circles touch internally at A, and a straight line АР@ is 
drawn cutting the inner circle at P and the outer at Q. If the tangent 
at P meets the outer circle at Н and К, prove that Q is the middle 
point of the arc HK. 


„4. Two circles intersect in A and B and a variable point P on one 
circle is joined to A and B. РА, PB, produced if necessary, meet the 
second circle in Q and R. Prove that 

(i) QR is of constant length ; 
(ii) the radius of the circle PQR is constant ; 
(iii) the locus of the centre of this circle is a circle. 

` 5. Through a given point A, draw two straight lines AP, AQ to make 
equal angles with a given straight line AB, such that the part PQ 
intercepted on another given straight line may be bisected at a given 


point S on the line. ў [ і 
[Suppose the construction effected and describe a circle through 


^ P, Q.] 
6. Draw a triangle Sll;, in which Il, —3:4 in., Sh=3-2 in., 81=0‹6 in. 
Draw a triangle ABC of which S is the circumcentre, | the in-centre 


and |, an e-centre. Measure the longest side of ABC. 
[Prove that the middle point of Il; lies on the circumcircle, and use 


Ex. 3 of Paper XVII.] 


PAPER XIX. (to Section XXVII.). 


1. The circle described, with centre A and radius AB, cuts the 
circle circumscribing the rectangle ABCD in E. Show that CE=AD 
and that DE is parallel to AC. 

2. If the angle ACB of the triangle ACB is bisected by CE, cutting 
AB in E, and another point D is taken in AB produced, such that the 
LECD=<CED, prove that CD touches the circle ACB. 


3. A circle touches one side BC of a triangle, and the other two 
sides AB, AC produced, the points of contact being D, F, E. If | is 
the centre of the inscribed circle, prove that 

AIAE=A IAF —3 A ABC. 
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PAPER XVI. (to Section XXIV.). 4 


1. BD, CE are the transverse common tangents to two given circles 
and AF is a direct common tangent. Show that the part of AF, 
intercepted between BD and CE, is equal to BD. 


2. A quadrilateral inscribed in a circle has its diagonals at right 
angles, and from their point of intersection a perpendicular is drawn 
to one of the sides. Show that, when produced, it bisects the opposite 
side of the quadrilateral. 


3. Two equal circles touch one another at A ; a circle, of double the 
radius, is drawn having internal contact with one of them at B and 
cutting the other at P and Q. Prove that the straight line joining A,B , 
passes through P or Q. 


4. Find the locus of the points of contact of tangents from a given 
point to a system of concentric circles. 


5. Given a eain yy line MN and two points A, B on the same side 
of it, find a point P on MN such that PA bisects one of the angles 
which PB makes with MN. A 


6. Draw a straight line AB=7 cm. Draw a circle with centre A, Ў 
and radius 3 cm. Draw a circle with centre B and radius 2 cm. Draw 
a straight line cutting AB at X, the first circle at P, Q and the second 
circle at R, S, such that PQ=3 cm. and R8—2 cm. Measure AX. 


PAPER XVII. (to Section XXV.). 


1. A straight line AB is trisected in C, D, and an equilateral triangle 
PCD is described on CD. Show that the circle BCP touches AP. 
[Show that LAPD is a right angle.] 


2. Two tangents AP, AQ are drawn to a circle from a fixed point A, 
and a variable tangent meets AP, AQ in B, С. Show that the perimeter 
of the triangle ABC is constant, and BC subtends a constant angle at 
the centre of the circle. 


3. H, K are the centres of two of the circles which touch three given 
Straight lines. Prove that the circle on HK as diameter passes through 
two of the vertices of the triangle formed by the lines. 


4. The circle inscribed in the triangle ABC touches BC in D. Show 
that the circles inscribed in the triangles BAD, CAD touch one another. 


5. Given the base and the vertical angle of a triangle, find the 
loci of (i) the in-centre, (ii) the e-centres. 


6. The base of a triangle is 3 in., the altitude is 2-24 in., the radius 
of the inscribed circle is o8 in. Construct the em and measure. 
the other two sides. [Construct the semi-vertical angle.] 
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PAPER XVIII. (to Section XXVI.). 


1. The centre of the inscribed circle of a triangle is within each of 
the circles on the sides of the triangle as diameters. 


9. Prove that, if the chord of half the arc of a circle is greater than 
the chord of the whole arc, the arc must be greater than two-thirds of 
the whole circumference. 


9. Two circles touch internally at A, and a straight line APQ is 
drawn cutting the inner circle at P and the outer at Q. If the tangent 
at P meets the outer circle at Н and К, prove that Q is the middle 
point of the arc HK. 


‚4. Two circles intersect in A and B and a variable point P on one 
circle is joined to A and В. PA, PB, produced if necessary, meet the 
second circle in Q and R. Prove that 


(i) QR is of constant length ; 
(ii) the radius of the circle PQR is constant ; 
(iii) the locus of the centre of this circle is a circle. 


ту. Through a given point A, draw two straight lines AP, AQ to make 


equal angles with a given straight line AB, such that the part PQ 
intercepted on another given straight line may be bisected at a given 


point S on the line. у 1 
[Suppose the construction effected and describe a circle through 


A, P, Q] 

6. Draw a triangle SIl, in which Il, = 3.4 in., Sh=3:2 in., 51=0:6 in. 
Draw a triangle ABC of which S is the circumcentre, | the in-centre 
and |, ап e-centre. Measure the longest side of ABC. 

[Prove that the middle point of Il, lies on the circumcircle, and use 
Ex. 3 of Paper XVII.] 


PAPER XIX. (to Section XXVII.). 


1, The circle described, with centre A and radius AB, cuts the 
circle circumscribing the rectangle ABCD in E. Show that CE=AD 


and that DE is parallel to AC. 

2. If the angle ACB of the triangle ACB is bisected by CE, cutting 
AB in E, and another point D is taken in AB produced, such that the 
LECD=<CED, prove that CD touches the circle ACB. 


3. A circle touches one side BC of a triangle, and the other two 
sides AB, AC produced, the points of contact being D,F,E. Iflis 
the centre of the inscribed circle, prove that 

AIAE = A IAF - A ABC- 
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4, B is a given point on the bisector of the angle between two 
given straight lines AX, AY. A variable circle through A and B cuts 
AX, AY in P, Q respectively. Prove that AP + AQ is constant. 

{if BR, BS are perpendicular to AX, AY, prove РК=98.] 


5. AB, AC are straight lines, inclined at 75°, drawn from the centre of 
a given circle, whose diameter is 3 in. Draw a tangent to the circle, 
so eet the part PQ intercepted between AB and AC is 2:5 in. Measure 
AP, A 


6. OA, OB, OC are three straight lines meeting in a point, so that 
AOB= 105°, BOC= 120°, COA=135°. Construct an equilateral triangle 
PQR, with each side of length 2 in., and with its vertices P, Q, R on OA, 
OB, OC respectively. Measure OP. 


PAYER XX. (to Section XXIX.). 


1, Through the vertex A of a square ABCD, a straight line is drawn 
meeting CB, CD, DB, each being produced at E, F, K respectively. 
Prove that CK touches the circle through ©, E, F. 


2. A rhombus is circumscribed to a given rectangle ABCD. If P is а 


the intersection of the sides passing through A and B respectively, 
prove that P lies on a fixed straight line or on a fixed circle passing 
through A, B, and the intersection of the diagonals of the rectangle. 


8. Points P, Q, R are taken on three circles, BOC, COA, AOB 
respectively, so that PBR, РС@ are straight lines. Show that QAR 
is a straight line, and that the tangents to the circles at P, Q, R form 
a triangle whose angles are constant for all positions of P. 


4, In a given circle a quadrilateral ABCD is inscribed such that its 
angles A and D are each half a right angle. The perpendicular from 
B to AD is produced to meet the circumference in E. Show that CE 
is the diameter of the circle parallel to the tangent at A. 


5. A hexagon is described about a given circle and an equilateral 
triangle is inscribed in the circle. Prove that the area of the hexagon 
is eight-thirds of the area of the triangle. 


6. Construct an equilateral triangle, given its centre and one point 
on each of its sides. 


PART IV. 


|J AREAS OF RECTANGLES. 


PART IV. 


AREAS OF RECTANGLES. 


XXX. RECTANGLES CONTAINED BY SEGMENTS 
OF LINES. 


Der. A rectangle is a parallelogram, of which one angle is а 
right angle. 
Der. A square is a rectangle, of 


which two adjacent sides are equal. A 
Der. If AB, CD are two straight 0 

lines, any rectangle, which has one side 

equal to AB and an adjacent side D 


equal to CD, is called the rectangle B 
contained by AB and CD. 


Observe that all such rectangles are congruent and therefore equal 
in area. “The rectangle contained by AB and CD” is written shortly 


thus,— The rect, AB, CD. 


In working examples the following notation is commonly used,— 
“The rectangle contained by AB and CD" is denoted by AB. CD. 

Here the dot is the multiplication sign of algebra, AB stands for the 
number of units of length in AB and CD has à similar meaning. 


In the bookwork, *the square on AB" is written thus,—the sq. on 
AB : in examples, it is denoted by AB’. в 

Der. If М, N are the feet of { 
the perpendiculars from any two v і 
points A, B on a straight line CD, | 1 
then MN is called the projection а НУ 


of the straight line AB on CD. 
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THEOREM 69. (Euclid II 1.) 


If there are two straight lines, one of which is divided inte 
any number of parts, the rectangle contained by the two 
straight lines is equal to the sum cf the rectangles contained 
by the undivided line and the several parts of the divided line. 


A а, [е] & Di cus 


Let AB, XY be straight lines, and let AB be divided into any 
number of parts, three for example, at О, D. 

It is required to prove that 

rect. AB, XY — rect. AC, XY + rect. CD, XY + rect. DB, XY. 

Construction. Draw AE perpendicular to AB. Along AE cut 
off AF equal to XY. Complete the rectangle ABGF. Draw CH, 
DK parallel to AF, meeting FG in H, K. 

Proof. By construction, the figures AG, AH, CK, DG are rect: 


angles, and AF-CH-DK-XY; 
7. fig. AG=rect. AB, XY, fig. AH = rect. AC, XY, 
fig. CK = rect. CD, XY, fig. DG —rect. DB, XY. 


But fig. AG = fig. AH + fig. CK + fig. DG; 
<. rect. AB, XY = rect. AC, XY + rect. CD, XY + rect. DB, XY. 


NOTE. Let a, û, ¢, 2 stand for the number of units of length in 
AO, OD, DB, XY respectively. 

"Then (a+-4+¢) is the number of units of area in AG. 

Also az, 6x, cx are the numbers of units of area in AH, OK, DG 
respectively. 

Hence tho above geometrical theorem corresponds to the algebraical 
ed (a 0r o) ax ox ex. 
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THEOREM 70. (Euclid II. 2.) 


If а straight line is divided into any two parts, the square on 
the whole line is equal to the sum of the rectangles contained 
by the whole line and each of the parts. 


A s o% B 


a(a*b) |2а+0) 


E Ее 


Let the straight line AB be divided into any two parts at C. 


It is required to prove that 
sq. on AB — rect. AB, AC + rect. AB, CB. 


Construction. Describe the square ABDE. Draw CF parallel 
to AE, meeting DE at F. 
Proof. By construction, the figures AF, CD are rectangles, 
and AE=BD=AB; 
*. the fig. AF — rect. AB, AC, fig. CD — rect. AB, CB. 


But fig. AD — fig. AF + fig. ОР; 
2. sq. on AB — rect. AB, AC 4- rect. AB, CB. 


NOTE. Let a, û stand for the number of units of length in AC, cB 


respectively. 
Then fig. AD contains (a+)? units of are 
alatt) see 
... GAS) eA 


to the algebraical 


identity (2-2 —a(a--9)- e 2. 
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THEOREM 71. (Euclid IL. 3.) 


If a straight line is divided into any two parts, the rectangle 
contained by the whole line and one part is equal to the square 
on that part together with the rectangle contained by the two 
parts. 


5 


D E F 


Let the straight line AB be divided into any two parts at C. 


It is required to prove that 
rect. AB, AC —sq. on AC + rect. АС, CB. 


Construction. Describe the square CADE. 
Draw BF parallel to CE to meet DE produced at F. 


Proof, By construction, the figures AF, CF are rectangles, 
and CE=AD=AC; 
*. the fig. AF — rect. AB, AC, the fig. CF — rect. AC, CB. 
But fig. AF = fig. AE + fig. ОР; 
*. rect. AB, АС = sq. on AC + rect. AC, CB. 


Nore. Let а, stand for the number of units of length in AC, CB 


respectively. 
Then fig. AF contains a(a +b) units of area, 
fig. AE ........... a 
fig. OF .......... ab 
Hence, the above geometrical theorem corresponds to the algebraical 


Lu a(a+6)=a?-+ab. 


SQUARE OF A SUM 257 


THEOREM 72. (Euclid II. 4.) 


If a straight line is divided into any two parts, the square on 
the whole line is equal to the sum of the squares on the two 
parts together with twice the rectangle contained by the parts. 


Let the straight line AB be divided into any two parts at C. 
It is required to prove that 
sq. on AB —sq. on AC + sq. on CB + 2 rect. AC, CB. 
Construction. Describe the square ABDE. Draw СО parallel 
to AE, meeting DE at G. Along BD, cut off BF equal to CB. 
Draw FKH parallel to AB, meeting AE at H and СО at К. 
Proof. By construction, all the quadrilaterals in the figure are 
rectangles, and BF — BC ; 
°. the fig. CF is the sq. on CB. 
Also, because KG = FD —AC = НК; 
*. the fig. HG is the sq. on HK - the sq. on АС; 
and, because FD=AC and KF =CB=CK, 
.. fig. AK — fig. KD — rect. AC, CB. 
Now, fig. AD = fig. HG + fig. CF + fig. AK + fig. КО; 
*. sq. on AB=sq. on AC +59. on CB +2 rect. AC, CB. 


Norr. Let a, stand for the number of units of length in AC, BO 


respectively. : 
Then fig. AD contains a+b)? units of area, 


fig. HG... а? 

fig. CF. p 

figs. AK, KD each contain ad 

Hence, the above geometrical theorem corresponds to the algebraical 


identity (а+2)2=а+ 2ab-- P. 
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THEOREM 73. (Euclid II. 5.) 


If a straight line is divided equally, and also unequally, the 
rectangle contained by the unequal parts, together with the 
square on the line between the points of section, is equal to the 
square on half the line. 


A С D. B 


х 


F E 


Let the straight line AB be divided equally at C and unequally 
at D. 
It is required to prove that 
rect. AD, DB + sq. on CD = sq. on CB. 


Construction. Describe the square CBEF. Draw DG parallel 
to CF, meeting EF at G. Along DG, cut off DH equal to DB. 
Complete the rectangle ADHK. 


Proof. By construction, all the quadrilaterals in the figure are 
rectangles, and DH = DB; 
.. fig. AH — rect. AD, DB. 
Also, because DG = ВЕ =CB; 
°“. DG - DH —CB ~ DB, that is, H@=CD; 
"^. HG=CD=FG; | 
*. the fig. HF is the sq. on FG —the sq. on CD. 
Again, AK = ОН = DB and AC - CB- ВЕ; 

°. the rect. КС = the rect. DE. 

Now, бр. AH + fig. HF = fig. KC + fig. CH + fig. HF 
= fig. DE + fig. CH + fig. HF 
= fig. CE; 

-. rect AD, DB 4- sq. on CD = sq. on СВ 
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NOTE ON THEOREM 73. 


Let AC=0B=4 units of length, 
С0=2 P 
^ AD — (24-2) .... ja 
DB (4-2) Е, 
^. the rect. AH —(a4-2)(a — 2) units of aiea, 
the 59. HF=2? eH «e 
the sq. CE22 н 
Now, fig. AH--fig. HF=fig. CE. 
Hence, Theorem 73 corresponds to the algebraical identity 
(a--2)(a — 2) +P =a’, 


(a4-2)(a- 2) a! - P. 


which is the same as 


Thus, Theorem 73 may also be enunciated as follows,—- 
The rectangle contained by the sum and difference of two straight lines 
is equal to the difference between the squares on the lines. 


Observe that Theorems 72-75 may be deduced from Theorems 69, 
7o and 71, without any construction whatever. 


Ex. Prove Theorem 73 by means of T. heorems 69, 70 and 71. 
Ф [9] р B 

If AB is divided equally at C and unequally at D, 
prove that 


it is required te 


AD. DB + CD? —CB*. 
Because AD is divided into two parts at 
Straight line, |» pB=AC. DB+GD. DB (7%. 69) ; 
nA AD.DB+CD*=AC. DB+CD.DB+CD* 
AC. DB+ CD. OB (7#. 71) 
=CB.DB+CB.CD 
=CB? (74. 70). 


C anc DB is another 
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THEOREM 74. (Euclid II. 6.) 


If a straight line is bisected and produced to any point, the 
rectangle contained by the whole line thus produced and the 
part produced, together with the square on half the given line, 
is equal to the square on the line made up of the half and the 
part produced. 


es 


йя 


Let the straight line AB be bisected at C and produced to D. 

It is required to prove that 

rect. AD, BD +sq. on CB — sq. on CD. 
Construction. Draw the square CDEF. Along DE, cut off DG 
equal to BD. Complete the rectangle РЕНА. Draw BLK paraliel 
to DE, cutting EF at K and GH at L. ; 

Proof. Ву construction, all the quadrilaterals in the figure are | 

rectangles, and DG — BD ; : | 
°. fig. AG — rect. AD, BD. | 
Also DE-DG-OD - BD, that is, GE=CB; 
"^ LK=GE=CB=FK; 
*, the fig. FL is the sq. on FK = the sq. on CB. 

Again, AH=DG=BD=LG and AC=CB=GE; 

`. rect. HC=rect. KG. 

Now, fig. AG + fig. FL= fig. HC + fig. CG + fig. FL 
= fig. KG + fig. CG + fig. FL 
= fig. СЕ; | 

2. rect. AD, BD -- sq. on CB = sq. on CD. | 

NOTE. Theorem 74 (as well as 73) corresponds to the algebraical 


identity (a+ 6)(a = 2) =а2– 2. To show this, let CD=a units of length, gl 
AC=û units of length. $ | 
| 
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THEOREM 75. (Euclid IL. 7.) 


If a straight line is divided into any two parts, the sum of 
| the squares on the whole line and on one of the parts is equal 
to twice the rectangle contained by the whole line and that 
part, together with the square on the other part. 


A c B 
H F 
Е D 


Let the straight line AB be divided into any two parts at C. 
It is required to prove that 
sq. on AB + sq. on CB — 2 rect. AB, CB + sq. on AC. 
Construction. Describe the square ABDE. Draw CG parallel 
to AE, meeting DE at G. Along BD, cut off BF equal to CB. 
Draw FKH parallel to AB, meeting AE at H and CG at K. 


Proof, By construction, all the quadrilaterals in the figure are 


rectangles, and BF =CB; 
| 2. the fig. CF is the sq. on CB. 
| Also, because AB=BD and BF=CB, 
i 7. fig. AF — fig. CD — rect. AB, OB. 
Again, KG — FD 2 AC - HK; 
2. the fig. HG is the sq. on HK — the sq. on AC. 
Now, fig. AD = fig. KD + fig. AF +fig. НО; 
to each add the fig. CF ; 

<. fig. AD+fig. CF =fig. OF + fig. KD + fig. AF + fig. HG 

= fig. CD + fig. AF + fig. HG 

=2 fig. AF + fig. HG; 
sq. on CB=2 rect. AB, CB + sq. on AC. 


4. sq. on AB+ 
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NOTE ON THEOREM 75. 


Let AB=a units of length, 
CB=6 
5 AC=(a—é) 3 » 
^. the so. оп AB=a? units of area, 

the sq. on CB=22 

the rect. AB, CB=aé 
the sq. on АС= (а – д)? 

Now, it has been shown that 

sq. on AB +sq. on CB=2 rect. AB, CB4- sq. on AC. 


» » 


Hence, Theorem 75 corresponds to the algebraical identity 


a+b? = 22b + (a — 5), 
which is the same as 


(a — 5 a? — 280 4- 2, 


Ex. Ifa straight line AB is bisected at C, and P is any point in AB, or 
їп AB produced, then 


PA'--PB!—2PC'--2AC? (Euclid II. 9, 10.) 


A P D P A 0 B 
Fig.(a) Fig.(b) 


Because in Fig. (2), AC is divided at P, and in Fig. (4), PC is divided 
atA, .. in both cases 
PA? = PC? + AC! — 2PC . AC (Th. 75). 
Also, because in both figures PB is divided at C, 
^ PB'—PC*--CB!--2PC. CB (Th. 72); 
^ PB?= PO?+AC?+2PC.AC; 
whence, by addition, 
РА? + PB?=2PC?+ 2AQ1, 
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Exercise LII. (Theorems 69-75.) 


1. Prove Theorems 72, 74, 75 by means of Theorems 69, 7o and 
71, employing methods similar to that of the example on p. 259. 


2. Show that Theorem 74 corresponds to the identity 
(a4-2)(a- 2) 2 a? - 2. 
Draw figures to illustrate the identities in Exx. 3-7. In 
each case give an explanation. 
3. (2а)2=да?. 
a(b — e) - ab — ac. 
(a+b +c at - Pp C 2a 2ac 20. 
(a-- 0) (xy) c ax ay + bx Dy. 
(a—2)(x y) ax —ay — bx 4- by. 


soo р 


Explain how the accompanying figure illustrates the identity 
(a45)? - (a-b) —4aP. 
b 


State the corresponding geometrical theorem. (Euclid II. 8). 


9, If A, B, C, D are four points, in order, in а straight line, prove 
ag AC. BD=BC.AD-+AB. CD. 
л AD—a- 5e, еіс.) 


[Let AB=a, BC=4, CD=c; 
r along a straight line, 


10. IfA, B, C, D are four points taken in orde 
show that AC? BD? —AB?-- CD?--2AD . BC. 


11. Four points A, B, C; D are taken in this order on a line ; show 
ША! дрэ BO?=AC?+BD?+2AB . CD. 
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12. A straight line is divided equally and also unequally, and the 
rectangle contained by the unequal partsis eight times the square on 
the line between the points of section. Compare the lengths of the 
unequal parts. 


13. Divide a Straight line into two parts such that the square on one 
part may be four times the Square on the other part, 


14. Divide a straight line into two parts such that the rectangle 
contained by the whole line and one part may be equal to twelve times 


the square on the other part. [Let the length of the line be a units, and _ 
let the length of one part be (æ — x) units ; 


5 a(a—2)— 1222, еіс] 
15. Produce a given straight line AB to a point C such that 
AC. BC — 12AB?, 


16. O zs the middle Zoint of a straight line AB and D is any point 
in AB or in AB produced. 2; AD>BD, prove that 


АЮ? — BD?=2CD. AB. 


17. D is the middle point of the side AB of the triangle ABC, and CN 
the perpendicular from C to AB. 7fAC>BC, prove that 


AC? — BC?=2AB. DN. 


18. In the triangle ABC, 
produced, prove that 


es 


if AB=AC, and D is any point in BC 
AD?=AB?+BD. CD. 
19. AB is a straight line divided into two parts at the point C. 
ABDE is the square on AB, and the straight line drawn through O 
parallel to BD meets the diagonal BE in Е; prove that 


EB.BF=2AB.BC. (Use Theorem 74-] 


REN 


+ 
NSCALCUTTAA #74 | 
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XXXI. CONSTRUCTION OF A SQUARE EQUAL 
TO A POLYGON. 


Construction 28. (Euclid IL. 14.) 
Describe a square equal to a given rectangle. 


G 


Let ABCD be the given rectangle. It is required to describe a 


square equal to ABCD. 
' Construction. Produce AB to E, making BE equal to BC. 
: Bisect AE at F. 
With centre F and radius FA, describe a circle. 
Produce CB to cut the circle at G. 
Then BG is a side of the required square. 
Proof. Join FG. 
Because AE is divided equally at F and unequally at B, 
*. rect. AB, BE +sq. on FB —sq. on FE. 
Also, because FE = FG and FBG is a right angle, 
*, sq. on FE=sq. on FG = sq. on BG + sq. on FB; 
*. rect. AB, ВЕ + sq. on FB = sq. on BG + sq. on FB; 
*. rect. AB, BE —sq. on BG. 
Now, BE=BC; .. rect. AB, ВЕ = rect. АС; 
°. rect. AC —sq. on BG. 


NOTE. To draw a square equal to а given rectilineal figure, the steps 


are as follows : 
(i) Make a triangl 
(п) Make a rectang 
(ш) Make a square equa 


e equal to the figure (Constructions 14, 13). 
le equal to the triangle (Construction 15). 
1 to the rectangle. 
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Exercise LIII. а. 


1. A chord AB of a circle is bisected at М by the diameter CD. 
Prove that CN. ND—AN?, 


2. Zf AD zs the T NE T ON A to the hypotenuse BO of a 
right-angled triangle ABC, prove that 
(1) AD?=BD.DC; (ii) BA2=BD. BC. 
[Draw the circle on BC as diameter.] 


3. Divide a given straight line AB 
at X, so that the rect. AX, XB may be 
equal to a given square. 

When is the construction impossible? 

For what position of X has AX.XB 
tts greatest value ? 


[In the figure, CE is equal to a side 
of the given square, ] 


> 
Oo 
* 
w 


4. Prove that of all rectangles which d 
have a given perimeter, the one of greatest area is a square. 


5. Construct two straight lines, given their sum and that the 
rectangle contained by them is equal to a given square. 


6. Prove that, if the sum of two straight lines is given, the 
rectangle contained by them is greatest when they are equal. 


T. АВ іга given straight line, Explain how to find a point Y in AB 
Produced, such that the rect. AY, BY may be equal to a given square 
whose side ts c. 

Analysis. Let Y be a point in AB 
produced, such that AY , BY =c, 

Bisect AB at C. 

Then, because AB is bisected at C 

and produced to Y, 
^ rect. AY, BY--CB!— OY? (77. 74). 
2 4+0В%=сү?, 

„Непсе the following construction,— 
Bisect AB at C. Draw BD erp. to AB, ы 
equal to c. With centre È and radius OD, draw a circle cutting AB 
produced at V. Then Y is the required point Supply proof 
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8. Explain how to draw two strai i 1 ir di 
А ght lines, given their d 
and that the rectangle contained by them is res toa po ane 


9. Find a point X in a given straight li ў 
ight line AB, or in AB produced, 
such that the sum of the squares on ÀX, XB $ ї 
square, whose side 7. б \ nay мер аа 
Analysis. “Let X be a point in AB (or in 
АЗ produced), such that Bixee i 
Draw XY perp. to AB and equal to XB. 
Join AY, BY ; 
л LXBY=45°, 
and АҮ?=АХ?+ХҮ?=АХ?+ХВ?=/‹; 
.. АҮ=с. 
The construction should now be evident. 
Supply construction and proof, showing that 
there are two solutions. 


10. If X is any point within a given straight line AB, prove that 
AX?+ BX? is least when X bisects AB. 


11. Given the sum or the difference of two straight lines, and the 
sum of their squares, construct them. 


19. Find a point X in a given straight line NB, or in AB produced, 
such that АХ? ВХ? may be equal to a given square (c). 


Analysis, Let X be the required point, such Y 
that AX?-BX2=c, Draw XY perpendicular 


to AX, and let Y be any point in this line. 
Prove that AY? ВҮ2= с, and deduce the 
following construction :— 
Draw any APQR having LQ-90' and 
PQ=c. Then circles with centres A, B, and 
radii PR, QR, respectively, meet in a point ys Á B 
such that YX is perpendicular to AX. 


13. Given the sum or the difference of two straight lines, and the 
difference of their squares, construct them. 


a given straight line AB, or in AB produced, f 


j int X i 
Ды тари Hence deduce alterna- 


such that AB. AX is equal to a given square. 
tive constructions for Exx. 12, 13 above. 


15. Find the radius of the circle inscribed in a rhombus whose 
diagonals are 22 and 26. 


268 ELEMENTS OF GEOMETRY 


16. If û and c are the sides of a right-angled triangle containing 
the right angle and Z the perpendicular from the vertex to the 
hypotenuse, prove the relation 


Exercise LIII. b. 
Numerical Examples. 


Construct squares equal in area to the figures named in 
Exx. 1-8. In each case measure a side of the square. 


1. A rectangle, length 2 in., breadth 1 in. 

2. An equilateral triangle, side 2 in. 

3. The triangle ABC in which LA=90°, AB=AC=2 in. 
4. A triangle whose sides are 2:1 in., 1-7 in, 1 in. 

5. A triangle whose sides are 1-3 in., 1-4 in., 1-5 in. 


6. A quadrilateral ABCD in which AC is perpendicular to BD, 
AC=2 in., BD=3 in. 


7. A quadrilateral ABCD in which AB=2 in., BC=1-3 in, CD=1 in, 
DA=1-7 in, AC=2:1 in. 


8. A regular hexagon, side 1 in. 


9. Draw a straight line 3 in. long. Divide it so that the rectangle 
contained by its segments may be equal to a square whose side is 1 in. 
Measure the greater segment. Verify by calculation. 


10. Draw a straight line AB, т in. long. Find a point Y, in AB 
produced through B, so that the rect. AY, YB may be equal to a square 
whose side is 2in. Measure BY. Verify by solving a quadratic 
equation. 


11. Construct two straight lines with the following data, and in 
each case measure the greater line :— 


‚ (a) Sum of lines 1-8 in., sum of Squares on lines=square whose 
side is 1-29 in. 
(6) Difference of lines=o-62 in., sum of squares on lines=square 
whose side is 2-60 in. 
(c) Difference of lines=1-14 in. difference of squares on lines 
= square whose side is 2-07 in. 


(а) Sum of lines=3-71 іп., difference of Squares on lines=square 
whose side is 2-40 in. 


ааа аа аа аьаа‏ تڪ 
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XXXII. SQUARES ON THE SIDES OF A TRIANGLE. 


THEOREM 76. (Euclid II. 12.) 


In an obtuse-angled triangle, the square on the side opposite 
the obtuse angle is greater than the sum of the squares on 
the sides containing the obtuse angle, by twice the rectangle 
contained by either of these sides and the projection on this 
side produced of the other side adjacent to the obtuse angle. 


Cc A 
Let ABC be a triangle in which the angle A is an obtuse angle, 
and let BD be the perpendicular from B to CA produced. 


It is required to prove that 
sq. on BC =sq. on CA 4- sq. on AB + 2 rect. CA, AD. 


Proof, Because CD is divided at A, 
*, sq. on CD = sq. on CA -- sq. on AD + 2 rect. CA, AD. 
To each add the sq. on ОВ; 
`. sq. on CD +59. on DB 
= sq. on CA + sq. on AD +s 


But, since 200В is a right angle, 
*. sq. on CD + sq. on DB = sq. on BC, 


and sq. on AD +59. on DB —sq. on AB; 
on BC =sq. on CA+ sq. on AB + 2 rect. CA, AD. 


q. on DB + 2 rect. CA, AD. 


ee sq. 


ИУ: гу, LE | 
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THEOREM 77. (Euclid II. 13.) 


In any triangle, the square on the side opposite an acute 
angle is less than the sum of the squares on the sides containing 
the acute angle, by twice the rectangle contained by either of 
these sides and the projection on it of the other side adjacent to 


the acute angle. 
B B 


Oe = € 


о с 


D A 
Fig.(a) Fig.(b) 


Let ABC be a triangle in which 2A is an acute angle, and 
let BD be the perpendicular from B to AC, or to AC produced. 
It is required to prove that 
Sq. on BC —sq. оп СА + sq. on АВ — 2 rect. CA, DA. 


Proof. Because in Fig. (a), CA is divided at D, and in Fig. (2), 
DA is divided at C, in both cases 
Sq. on CD — sq. on CA 4- sq. on DA — 2 rect. CA, DA. 
To each add the sq. on DB ; 
"^. sq. on CD + sq. on DB 
=sq. on CA 4- sq. on DA + sq. on DB — 2 rect. CA, DA 
But, since 45 CDB, ADB are right angles, 
`. Sq. on CD +sq. on DB — sq. on BC, 
and sq. on DA 4- sq. on DB = sq. on АВ; 
+. Sq. on BC —sq. on CA «-sq. on AB — 2 rect. СА, DA. 


a8 Di NM 
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Ex. 1. Zn the triangle ABC, AB=20 in., BC=11 in, СА=13 ff. 
Prove that LO is obtuse. Also, if AD is the perpendicular from А to BC 
produced, calculate the lengths of OD, AD, and find the area of the 
triangle ABC. 

[As the lengths have to be calculated, the figure need not be drawn 
to scale.] 

(1) We have AB!—20*— 400, A 

BC? CA? — 121 + 169—290 ; 
2 AB! BOH-ON, 
*. LC is obtuse. 


(ii) By Theorem 76, since 26 is obtuse, 770 
AB?=BC?+CA?+2BC. CD. 
Hence, if CD = in., we have 
2012 111-132. 11.25 
4 II02225, ^ X—5. 
(ш) Let AD=y in. Then, because CDA is a right angle, 
д CARS CD? AD? ; 
nogag 5455; 
2 14g=7, 7 у=12, 
(iv) Area of AABC=3BC. AD=}. 11.12. 
- area=66 sq. in. 


Ex. 2. Find the area of a triangle whose sides are 13 ith 14 if, 15 ff 
Let ABC be the triangle, in which 1 
AB=13in., BC=14 in, СА=15 m. 
Since AB is the least side, 26 is acute. 
Let AD be perpendicular to BC and * А 
let DC=x in, AD=y in. © 
Then, because LC is acute, 
<. AB: BC?--CA?- 2BC. DC (Th. 77); a y 
norg =14? +152 -2.1445 c 
A 2522285, > 20 
ADC is a right angle, 
= AC?=AD?+D0?; ~ 15 ayo; 14 ay, Yale 
;. area of AABC=3. 14.12 sq. in. 5 
2. area —84 sq. In 


Again, because + 


$? 
A 
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Ex. 3. In the triangle of Ex. 2, find the length of the perpendtci... 
from B to AC. 


Let the perpendicular from B to AC—z in. 
i "^ area of AABC=}. 15.2 sq. in. 
But the area=84 sq. in. 
^A d.15.2284, 1. zMfB-112; 
^. required perpendicular = 11-2 in. 


Ex. д. A piece of ground is in the form of a trapezium, the lengtus 
of the parallel sides are 12 and 26 yards, the lengths of the other sides 
are 15 and 13 yards ; find the area. 


Let ABCD be the trapezium, with sides B 12 ^A 
as shown in the figure. 

Complete the 77" ABCE, and let the 18 15 
perpendicular from A to CD —y yards. 

The sides of AAED are 13, 14, 15, and, р 
as іп Ex. 2, y=12, C 26 D 


'. area of AAED —84 sq. yd., 
and area of 7" ABCE —12.12—144 Sq. yd. ; 
^ area of trapezium = 144 -84 = 228 sq. yd. 


Ех. 5. Find the radius of the circle inscribed in a triangle whose 
Sides are 13 in., 14 in, 15 in. 
If r is the radius, we have 


raz 
where A is the area and 2s the perimeter of the triangle. 
Now, 25213--14--15—42, .. $—21; 
A=84 (by Ex. 2), 
~ r=84/21=4. 


TRIGONOMETRICAL FORMULA. | 


Tn any triangle ABC, if A and B are acute angles, 
2 2. 32 2 2. 
BE cos p. +® b? 


Lc a Sha? MC Ue 


| 
| 
| 
| 
| 
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In A ABC, let ZA be acute. Draw 
BD perpendicular to CA or CA produced. B 
Then, by Theorem 77, 
2 = CA? -- BA? — 20A. DA. 
Now, PA cos A ~ DA=ccos A; 
no а= 0+0 – 2bc cos A; 
2-а с Dm 


^ созА= em 


We are not concerned here with the case in which А is obtuse. 


The angles opposite the two smaller sides of a triangle must be 
acute. We can use the above formulae, with a table of cosines, to find 
these acute angles. The third angle can be found from the formula, 


А+В+С= 180°. 


Ex. Find the least angle of the triangle ABC (to the nearest degree), 
given AB=4, BC=5, CA=6. 
The least angle is C, 
аъ 52662-42 


апа cosC-—75 25506 =0-75. 


Hence, from the tables, C=41° nearly. 


Exercise LIV. (Theorems 76, 77.) 
These examples are intended to be done by calculation. 


1. Discover by calculation whether the following are right-angled, 
acute-angled or obtuse-angled triangles : 
(i) A triangle whose sides are 2, 3, 4» 
(ii) A triangle whose sides are 5, 6, 7- 


is the perpendicular from A to BC. 


. In the triangle ABC, AD n 0 
КҮҮ, К "АО, and also the area of the triangle in the 


Find the lengths of CD and AD, 
following cases : 
(i) BC=4, CA=13, АВ=15; 
3. Find the areas of the triangles whose sides are 
(i) 15,159; (ii) 55 45 15. 


(ii) ВС=21, CA=13, AB=20, 


o У 
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4. Find the radii of the circles inscribed in triangles whose 
sides are 


(i) 10, 17,21; (ii) 25, 17, 12. 


5, Find the radius of that escribed circle, which touches the two 
smaller sides produced, of triangles whose sides are 


(i) 25, 29, 36 ; (i) зо, 25, 11. 


6. If Ais an acute angle of the triangle ABC, and R is the radius of 
the circum-circle, prove that 


Вас 
2sinA 4A 
Hence find the radii of the circum-circles of triangles whose sides are 
(i) 50, 41, 21; (ii) 25, 29, 6. 
T. Find the lengths of the three erpendiculars from the vertices 
to the opposite sides of the triangle 5 нд sides are 35, 44, 75. 


8. By using a trigonometrical formula, find, to the nearest degree, 
the angles of the triangles whose sides are 


(02,34; (i) 8,9 1o. 


9. Find an expression for the area of a triangle, in terms of the 
lengths of the sides. 


Let ABC be the triangle, and B one of its acute angles. Draw AN 
perpendicular to BC. Let AN =p, BN=x. 


Then =a? +c? — ах, and gi-8-3 


5 poa (а) antá- (а. a- му 
да 


да? 
(2ac-+a* & — 02) (22c — a? — 24-02) 
WITTE? ones 


_(@+с+)(а tc- 5) a- с)(8$-а+с) 
4a* 


Ue oro $=), where 2=a+b+e, 
Therefore, if A is the area of the triangle ABC, A=}a/; 
T A= s-a) C-C- A. 
10. By using the formula of Ex. 9, find the areas of triangles whose 
sides are à $ 
(i) 35, 29,85 (й) 55, 51, 26. 


11. Calculate the area of a trapezium whose parallel sides are 30 
and 13, the other sides being 26 and 25. 
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Exercise LV. (Theorems 76, 77.) 
Theoretical. 


‚ 1. АОВ is a straight line, and on AC is drawn an e ilateral 
triangle ACD ; show that DB?=AC?+CB?+AC . CB. paco 

2, If one of the angles of a triangle is half a right angle, show that 
the squares on the sides containing that angle are to ether greater 
than the square on the side opposite to that angle by four times 
the area of the triangle. 

3. If ABC be a triangle with C an obtuse angle, D and E the feet 
of the perpendiculars from A and B to the opposite sides, prove 
that АВ=ВС. BD--AC.AE. [Write down two equations for АВ? by 
Theorem 76, and add. 

4, In the quadrilateral ABCD, AC=CD, Ар=ВС, and the angle 
ACB is supplementary to the angle ADC ; show that the square on 
AB —the sum of the squares on BC, CD, DA. [Apply Theorems 76, 77 
to the triangles ABC, ACD to find AB? AC? respectively.] 

5. If squares ABDE, ACFG are described externally on the sides 
AB, AC of a triangle ABC, show that the sum of the squares on EG 
and BC is twice the sum of the squares on AB and AC. (Apply 
Theorems 76, 77 to the triangles ABC, AEG to find EG*, BO*] 

6. The diagonal AC of a square ABCD is produced to E so that 
CE=BC. Prove that BE?—AC.AE. 
ribed externally on the sides of a triangle and 
their adjacent corners joined. Prove that the sum of the squares 
on the joining lines is three times the sum of the squares'on the sides 
ofthe triangle. [Use Ex. 5.] 

8. ABCD zs a quadrilateral and BM, DN are the perpendiculars 
from B, D to AC. Prove that 

(AB?+ CD?) ~(AD?+ BO?)=2AC. MN. 
[Let AC, BD meet at O, and let LAOB be acute. 
BOC, COD, DOA, we have 
AB?=OA?-++OB?-20A. OM, etc.] 
ird sides of a quadrilateral 
nd fourth, the diagonals 


7. Squares are desc 


From As AOB, 


9. If the squares on the first and th 
are together equal to those on the second a 
intersect at right angles. [Use Ex. 8.] 

10. On each of the sides of an acute-angled triangle а square 15 
described external to the triangle; from the angular points of Фа 
triangle perpendiculars are drawn to the opposite sides, and po 
so as to divide each of the squares into two parts. Show that eac 
s equal to the sum of the adjacent parts of the other two 


square i з 
[Proceed as in Theorem 43-1 


squares. 
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THEOREM 78. 


In any triangle, the sum of the squares on two sides is equal 
to twice the square on half the base, together with twice е 
square on the median which bisects the base. 


B D c B D E c 


Let ABC be a triangle, and let AD be the median which bisects 
BC. 
It is required to prove that | 
Sq. on АВ + sq. on AC —2 sq. on BD + 2 sq. on AD. | 
ay 


First Case. If LADB is a right angle, 
then ¿ADC is also a right angle ; 
". Sq. on АВ —sq. on BD + sq. on AD, 
апа sq. on AC —sq. on DC + sq. on AD. 
But BD=DC; 
°". Sq. on АВ ++ sq. on АС = 2 sq. on BD + 2 sq. on AD. 


Second Case. Let LADB be obtuse. 
Draw AE perpendicular to BC. 
Then, because LADB of the triangle ADB is obtuse, 

`. 59. on AB=sq. on BD +sq. on AD +2 rect. BD, DE: 

and, because ADC of the triangle ADC is acute, 
`. Sq. on AC=sq. on DC +sq. on AD ~ 2 rect. DC, DE. 
But BD=DC. 
Hence, by addition, 
Sq. on AB + sq. on AC —2 sq. on BD + 2 sq. on AD. 
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4 
Ex. 1. Jn the trian: =18 2 =8 i 7 
X is the middle point 57 Дет Pree а unii d 
We have CA? 4-CB! - 2AX? + 20X?. 
Hence, if ОХ=хїп., 
14°+8%=2.9%+24°; 
$soxi—-49; А х=ў; ^ CX-7in. 


Exercise LVI. (Theorem 78.) 
Numerical and. Theoretical. 
i. IfD is the middle point of the side BC of the triangle АВС, find 
the length of AD for triangles in which - у 
(i) АВ=7, BC-8, CA=9. 
) (ii) AB=13, BC=16, CA=II. 
2. Two adjacent sides of a parallelogram are 13 and 19, and one 
diagonal is 24. Find the length of the other diagonal. 
3. G is the centroid of a triangle ABO, in which AB=6, BC— 11, 
CA=7. Find the length of GA. 
4, Find the sum of the squares on the medians of a triangle whose 
sides are 5, 6, 7. 
5. Prove that the sum of the squares оп 
parallelogram is equal to the sum of the squares 


6. A, B are given points and C is the middle point of AB. Show 


that the locus of a point P, which moves so that PA? 4- PB? is constant, 


is a circle with C as centre. 
7, Let A and B be two fixed points, and CD a given straight line. 
Find the point P on CD, such that the sum of the squares on PA, P! 


has its least possible value. 4 
[Bisect AB at X. Draw XP perpendicular to CD; then P is the 


required point. Supply proof.] 


8. The sum of the squares on t 


equal to the sum of the squares on 


the square on the line joining the middle points of 


the diagonals of a 
on the sides. 


he four sides of a quadrilateral is 
the two diagonals with four times 
the diagonals. 


Е.С. E 
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9. Prove that, if the sum of the squares on the sides of a quadri- 
lateral is equal to the sum of the squares on the diagonals, the 
quadrilateral is a parallelogram. 


10. Zf D zs a point in the base BC of a triangle ABO, such that 
m.BD=2.DC, where m and n are any numbers, then 
m .AB +n. AC?=m. BD? +2. CD? 4- (7+ 22) AB’ 
[Proceed as in the second case of Th. 78. Multiply each side of 
the first equation by г and each side of the second by 7 and add.] 
11. АВС zs a triangle, and а point D zs taken in BC produced, such 
that m . BD=n. CD, where т and n are any numbers, show that 
m. AB! — л. AC? =m. BD? – n . CD?+ (mm — 2) AD?. 
[Draw AE perpendicular to BC. Write down expressions for AB? and 
AC? from As ABD, ACD. Multiply by # and 2] 


12. If A and B are fixed points, the locus of a point P which moves, 
so that 2PA?+ 3PB? is constant, is a circle. 


13. Show that three times the sum of the squares on the sides of a 
triangle is equal to four times the sum of the squares on the medians 
of the triangle. 


14. If G is the centroid of the triangle АВС, show that 
GA’ + GB?+ GC? — 3 (42+ + 2). 
15. If G is the centroid of a triangle ABC, show that 
AB?+ AC? — GB? 4- GC?-- 4GA?, 
16. 1G is the centroid of the triangle ABC and Р any point, then 
PA?+ PB? + PC? — 3PG?+ GA?+ GB? + GO? 
17. Find a point within a triangle, such that the sum of the squares 


of its distances from the angular points of the triangle may have its 
least possible value. 


18. ABCD is any quadrilateral, and О the point of intersection of the 
straight lines joining the middle points of pairs of opposite sides. If P. 
is any point, then 

PA? + PB? + PC?-- PD? — OA? + OB + 002+ OD?+ 4OP%, 


19. Find a point within a quadrilateral, such that the sum of the 
squares of its distances from the angular points of the quadrilateral 
may have its least possible value. 


20. ABOD is a quadrilateral and O is the point of intersection of the 
straight lines joining the middle points of pairs of opposite sides. 
If a, Û, c, d, x, y are the lengths of the sides and diagonals of ABCD, 
show that OA + OB? + OC? -- OD* — 1 (a?-- 2 - 2+ 2 4- x y), 

[Use Ex. 18 ; let P coincide with A, B, C, D in turn.] 
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XXXIIL RECTANGLES CONTAINED BY SEGMENTS 
OF A CHORD. 


THEOREM 79. (Euclid III. 35.) 


If two chords of a circle meet at a point inside the circle, the 
rectangle contained by the segments of the one is equal to that 
contained by the segments of the other.* 


Let AB, CD be two chords of a circle, meeting at a point O. 
inside the circle. 
It is required to prove that 
rect. OA, OB = rect. ОС, OD. 
Construction. Let E be the centre. Draw EM perpendicular 
to AB. Join EO, EA. 
Proof. Because EM is the perpendicular from the centre E to 
the chord AB, therefore AM — MB. 
Hence, since AB is divided equally at M and unequally at O, 
`. rect. OA, OB + sq. on MO —sq. on AM. 
To each add the sq. on ЕМ; 
*. rect. OA, OB + sq. on MO + sq. on ЕМ = sq. on AM + sq. on EM 
Now the angles at M are right angles ; 
*, sq. on MO * sq. on ЕМ = sq. оп OE 
and sq. on AM+sq. on EM =sq. on АЕ; 
*. rect. ОА, OB -- sq. on OE = д. оп AE. 
Similarly, it can be shown that 
rect. OC, OD + sq. on OE =sq. on CE —sq. on АЕ; 
*. rect. OA, OB — rect. OC, OD. 


* The proof here given is Euclid's. For an easier proof see p. 281. 
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THEOREM 80. . (Euclid III. 36.) 


If, from a point outside a circle, a secant and a tangent are 
drawn, the rectangle contained by the whole secant and the 
part of it outside the circle is equal to the square on the 
tangent.* 


Let O be the point from which a straight line is drawn to cut 
the circle at A, B, and let OT be a tangent from O to the circle. 
It is required to prove that rect. OA, OB=sq. on OT. 
Construction. Let E be the centre. Draw EM perpendicular 
to AB. Join ЕО, EA, ET. 
Proof. Because EM is the perpendicular from the centre E to 
the chord AB, therefore AM — MB. 
Hence, since BA is bisected at M and produced to O, 
`. rect. ОВ, ОА + sq. on AM = sq. on OM. 
To each add the sq. on EM; 
*, rect. OA, OB + sq. on AM + sq. on EM 
= sq. on OM +sq. on EM. 
Now, the angle EMA is a right angle ; 
`. sq. on АМ +sq. on EM = sq. on AE 
and sq. оп ОМ +sq. on ЕМ = sq. on ОЕ; 
`. rect. OA, OB+sq. on AE=sq. on OE. 
Again, OT is a tangent and ET a radius ; 
`. the angle OTE is a right angle ; 
"^. Sq. on OT +sq. оп TE=sq. on OE; 
.'. Sq. on OT +54. on TE=rect. OA, OB 4-sq. on АЕ. 
But TE-AE; 
. rect. OA, ОВ — sq. on OT. 


* The proof here given is Euclid's. For an easier proof see p. 281. 
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Cor. If from a point О, ontside a circle, two straight lines are 
drawn, cutting the circle at A, B and C, D respectively, then 


rect. OA, OB — rect. OC, OD. 


Second Proof of Theorem 79. 


Proof, In the adjoining figure. The 
angles ADC, ABC are in the same segment ; 


.. LADC=ZABC. 
Similarly, 4 BAD = 4 BCD; ا‎ [| 
-. the triangles OBC, ODA are equi- A B 
angular; Nr 


. the corresponding sides of these © 
triangles are proportional (see 7. 157). 


uen еке ТОА OB = OO 0D, 


that is, the rect. OA, ОВ = the rect. OC, OD. 


Гһе student should work out a similar proof for the corollary 
of Theorem 8o, where the straight lines intersect outside the 
circle. 

Second Proof of Theorem 8o. 

Proof, In the adjoining figure, since 
TO is a tangent and TA a chord of the 
circle, therefore 

LOTA=ZABT in the alternate segment. 

Hence, in the triangles OTA, OBT, 

4.OTA — LOBT, 0 A 
10 is соттоп; 
*. the triangles are equiangular ; 
2. their corresponding sides are proportional ; 
2 ФА _0Т; OA OB OT; 
OT OB 
that is, the rect. OA, OB =the sq. on OT. 
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THEOREM 81. 


If two finite straight lines intersect, or both being produced 
intersect, so that the rectangle contained by the segments of 
the one is equal to that contained by the segments of the other, 
the extremities of the lines are сопсус1іс. 


ЫЗ 


———— 


Let the finite straight lines AB, CD, produced if necessary, 
intersect at O, and let rect. OA, OB — rect. CO, OD. 
It is required to prove that A, B, C, D are concyclic. 


Proof. Acircle can be drawn through the three points A, C, D. 
If this circle does not pass through B, let it cut AB, or AB 
produced, at E. 

Then, because the chords AE, CD meet at О, 

`. rect. OA, OE — rect. OC, OD. 

But rect. OA, OB — rect. OC, OD (given) ; 
*. rect. OA, ОЕ =rect, OA, ОВ; 
'. OE- OB; 
°. E coincides with В; 
.'. the circle through A, C, D also passes through B 
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THEOREM 82. [Euclid III. 37.] 


1f, from а point outside a circle, а secant is drawn, and also 
another straight line to meet the circle, and if the rectangle 
contained by the whole secant and the part of it outside the 
circle is equal to the square on the other line, then this line 
touches the circle. 


B 


о T U 


Let O be the point from which one straight line is drawn to cut 
the circle at A, B and another straight line to meet the circle at T, 


such that rect. ОА, ОВ = sq. on OT. 
It is required to prove that OT touches the circle. 


Proof. If OT does not touch the circle, it will meet the circle 
at a second point, if produced. 

If possible, let OT be produced to meet the circle again at U. 
Then, because the chords AB, TU meet at O, when produced, 

*. rect. OA, ОВ = rect. OT, OU. 

But rect. OA, OB= sq. on OT (given); 
*. rect. OT, OU=sq. on ОТ; 
.. OU=OT; 
*. U coincides with Т; 

7. OT, when produced, does not meet the circle at a second 


point ; *. OT touches the circle. 
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Exercise LVII. (Theorems 79-82.) 


1. A point O is at a distance d from the centre of a circle of radius 
7. Any straight line is drawn through O to cut the circle at A, B. 
Prove that OA. OB=7*—d? or OA. OB=a?— 7?, according as O is inside 
or outside the circle. 


2. AB is the common chord of two intersecting circles, and P is 
any point in AB produced. Prove that the tangents from P to the 
circles are equal. 


3. AB is the common chord of two intersecting circles and P isa 
point such that the tangents from it to the two circles are equal. 
Prove that P lies on AB produced. 

[Let PA produced cut the circles again at X, Y. Prove that X, Y 
coincide.] 


4. A, B, C are three points in order in a straight line ; a circle is 
drawn through B and C, and a line AP is drawn to touch the circle at 
Р; find the locus of P for all circles drawn through B and C. 


5. AB is diameter of a circle and AP is any chord through A. A 
straight line perpendicular to AB meets AB at C and AP at Q. Prove 
that AP. AQ—AB. AC. 


6. Ais a fixed point and P is any point in a fixed straight line LM. 
р AP, or in AP produced, a point Q is taken, such that AP. AQ is 
onstant. Prove that the locus of Q is a circle. 
[Draw AC perpendicular to LM. Draw QB perpendicular to AQ to 
meet AC or AC produced at B. The locus is the circle on AB as 
diameter.] 


T. PQ is a chord of a circle whose centre is C and O is any point 


on PQ. Through O, draw OA perpendicular to OC to meet the circle 
at A. Prove that OP. OQ— OA? 


8. Through a given point within a circle draw a chord so that the 
rectangle contained by the whole and one part may be equal to a 
given square. [Use Ex. 7, and solve by analysis. ] 


9. ABC, DBC are two intersecting circles, P is a point in the 
common chord produced, and PA, PD are tangents to the circles ; show 


that the straight line AD cuts off similar segments from the two circles. 
[Use Ex. 2.] 


10. Given two circles, find a point P on one of them, such that, if 
the tangent at P meets the other circle at Q, R, the rectangle PQ, PR 
may be equal to a given square. 


ll. Find a point D in the base ВО of a triangle АВО, such that 
AD?—BD.DC. What is the condition that a solution is possible ? 
[Use Ex. XLII. 16 or Ex. XXI. a, 11.] 1 


12. AB isa chord of a circle whose centre is C and the tangents at 
A, B meet in T. Join CT, cutting AB at N. Prove that CN. NT —AN* 
and CN.CT—CA [Prove that CATB isa cyclic quad.] 
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13. AB is a chord of a circle whose centre is C and the tangents at 
A,B meet in T. Join CT cutting AB at N. Through N draw any 
chord PNQ. Prove that the points C, P, T, Q are concyclic. [Use 


Ex. 12.] 


14. Given four points A, В, О, D in the same straight line, it 
is required to find a point О in the same straight line, such that 
OA. OB—OC. OD. 

Prove the following construction,— Draw any circle through A, B and 
any circle through О, D, cutting the first circle at P, О. Join PQ and 
produce PQ fo cut AD at О. Then О is the required point. 


15. AB is a diameter of a circle, and ACD, BCE two chords meeting 
inside the circle. Show that the sum of the rectangles AC. AD and 
BC.BE is equal to the square on the diameter. [Use Ex. 1 and Th. 78.] 


16. AB, CD are parallel chords of a circle and LM is another chord 
meeting AB at X and CD at Y. If AX. XB—OY . YD, show that the 
middle point of LM is mid-way between AB and CD. [Use Ex. 1.] 


l7. Pisany point in a circle of which AB is a diameter. XPY isa 
chord parallel to AB, meeting the tangents at A, В іп M,N. Prove that 
PM.PN-PX.PY--AMZ [Draw PT perpendicular to AB, and use Ex. 1.] 


18. Pisa point in the diameter AB of a circle and PM is the perpen- 
dicular from P to the tangent at any point Q on the circle ; show that 
PM.AB=AP. PB+PQ?. 

[Draw the tangent parallel to that at Q, and use Ex. 17.] 


19. Cis the centre of a given circle and PQ is any chord through a 
fixed point O. The tangents at P, Q meet at T. Prove that T lies on 
a fixed straight line perpendicular to CO. 

[Draw TN perpendicular to CO. Join CT cutting PQ at M. Prove 
that CO. CN - CM. CT = CP] 


20. AB and CD are two chords of a circle intersecting at E, and AC 
and BD meet in F. If circles are described about the triangles AEC 
and BED, show that their common chord passes through F, and that 
the angle between their tangents at E is equal to AFB. 

[Let EF cut the circle AEC at G and the circle BED at H. Prove 
that G, H coincide.] 


91. If three circles are such that each intersects the other two, the 
three common chords meet at a point, or are parallel. 

Let AB, CD, EF be the common chords. Let AB, CD meet at O. 
Join EO. Let EO (produced) cut the circles which pass through F at 
X, Y. Prove that X, Y coincide with each other and therefore with F.] 


22. Any circle is drawn through two given points A, B, to cut 
a given circle at P,Q. Prove that PQ meets AB at a fixed point. 

Draw some fixed circle through A, B to cut the given circle at C, D, 
and use Ex. 21.] 


286 ELEMENTS OF GEOMETRY 


XXXIV. CONSTRUCTION OF SCALES—PRACTICAL. 


Representative Fraction. If a plan of a field is drawn to scale, 
and a length of 6 inches on the plan represents an actual length 
of тоо yards, we have expressed this shortly by writing 

6 in. — roo yd. 

The relative sizes of plan and object can also be indicated very 
conveniently by stating what fraction any length on the plan is 
Of the actual length represented. 

Thus, in the above case, where 6 in. = тоо yd., 

6 I 
Тео жак боо: 

This is called the Representative Fraction (R.F.). 

Suppose that the actual distance between two points marked on 
a map is known to be $ of a mile and that the corresponding 
distance on the map is 1-36 in., and that it is required to find the 
R.F. The work is as follows : 


te pes е Ie 
SE те 1760 X 3x 12 


this fraction = 


bht: 
17471 


The R.F. is always expressed as a fraction whose 
numerator is unity. 


(nearly), 


In drawing a plan of an object, instead of calculating the 
lengths of the various lines on the plan, we begin by drawing a 
suitable scale. 

The length of any line on the plan can then be found from the 
scale by measurement. 

In a plan of a field, а distance of roo yards is represented 
by a length of 8 inches on the plan. It is required to draw a 
scale for the plan showing single yards up to 5o. 
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‘The work is as follows: 
тоо yd. is represented by 8 in. ; 
^ бо yd. » » 4 in. 

Draw a straight line 4 in. long and divide it into 5 equal parts, 
Each division thus obtained represents a length of 10 yards, 
and is called a Primary Division. Divide the left-hand primary 
division into то equal parts. Each of these sub-divisions represents 
1 yard, and is called a Secondary Division. 

The scale should be completed and figured as below; the К.Е. 
should be calculated and written above the scale. 


Scale of 50 yd. К.Е. = 


dd 
450 


RE LT. 
тоох 36 450 


А scale like that in the above figure, in which only one primary 
division is subdivided, is called a Plain Scale. 

The distance between the crosses on the scale represents 
32 yards. 

In the preceding work observe the following points : 

(i) Distances are set off by making marks with the points oi 
the dividers. It is not necessary to make holes in the paper. 

(ii) In dividing the line 4 in. long into 5 equal parts, it will 
be found most convenient to set off along the line used in the 
construction lengths approximately equal to 4 of 4 in., or o8 in. 
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(iti) In dividing the primary division into то equal parts, set 
off along the line used in the construction lengths about equal 
to, or a little greater than, 4'; of the primary division, say about 
Or in. 

(iv) In dividing a line into a number of equal parts, it is not 
necessary to draw the parallels completely as in the given figure. 
The beginning and end of each should be marked. 

(v) In constructing а scale, all necessary calculations should 
be given in full. 


Exercise LVIII. 
Drawing to Scale. 


1, What is the К.Е. of the scale in the following cases : 


(i) 1 in.—1 foot ; (ii) rin.—r yard; 
(iii) 1 in.21 chain ; (iv) rin.—1 mile; 
(v) 6 in.— 1 mile; (vi) 25 in.— 1 mile? 


i 


2. What is the distance between two points on a map, scale 
4in.=1 mile, whose actual distance apart is 2000 yards ? 


3. Draw a st. line to represent the length of a flag-pole 35 feet 
high, scale ğ іп. = yard. What is the length of your line? What is 
the R.F.? 


4. If the R.F.= 9), what is the length of a scale which shows 
distances up to 40 feet? 


5. If the R.F.—,3s, what number of metres is represented by 
a length of 5:3 centimetres on the scale? 


6. Find the R.F. of a scale on which 13 miles is represented by 
1:82 in. 


7. In constructing the scale on p. 287 you were instructed to set 
off a length of 4 in. and divide it into 5 equal parts. It would have 
been easier to have set off along a line 5 lengths each equal to 
o8 іп. Explain why this method would lead to a less accurate result. 


8. Using the scale constructed in the preceding work, make a 
plan of a four-sided field ABCD, given the following measurements : 
^B —43 yd., BC=25 yd., OD— 16 yd., DA=32 yd., diagonal AC — 38 yd, 
And measure the diagonal BD. 


ЦР. re MEUM Lr a E RE 
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9. Draw a straight line 4 in. long. This represents five feet: 
divide it to show feet and inches, and complete and figure the scale. 


10. Draw a plain scale of yards, К.Е. —51;, to show roo yards. 


11. Draw a scale of miles and furlongs, R.F—3;]as, showing 
5 miles. 


12. A distance of 100 yards is represented by үү in. Draw a scale 
of furlongs and chains, showing 3 furlongs. 


13. Draw a scale to show yards, feet and inches diagonally. 
К.Е =. Show 5 yards. 

[To construct this scale, on a line 2:5 in. long, mark a plain scale 
of yards and feet, showing 5 yards. Draw twelve parallels at equal 
distances apart and perpendiculars to them through the primary 
divisions. Join the point 12 in the figure to the secondary division 
marked 2, and draw parallels to this line through the other secondary 
divisions. Complete and figure as below. State why you start with 
a line 23 in. long.] 


14, Read off the distances in yards, feet and inches between the 
pairs of crosses on the three horizontal lines in the figure above. 


15. Draw a straight line 5 inches long to represent 4 yards. Con- 
struct a diagonal scale upon this line to show feet and inches. 
Complete and figure the scale. 


16. Draw a scale for which the R.F.=3}5; showing yards and feet 
diagonally. Show 40 yards. 


17. Draw a scale for which the R.F.—751go, showing miles and 
furlongs diagonally. Show by two crosses on the scale a distance of 


3 miles 5 furlongs. 
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18. On a Russian map, a distance of 11 versts is represented by 
r42 inches. Draw a scale of English miles for the map, showing 
30 miles. [1 verst—o-661 mile.] 


The work is as follows : 
I verst —o-661 mile ; 


к I 
. I mile= versts 


0-661 
=1-513 versts (nearly) ; 

.. 30 rniles — 45:39 versts (nearly). 

Again, 11 versts is represented by 1-42 in. ; 


OLS Н RS ешо 
II 
SY SO MIES .. 45:39 X E 
—4:126 X 1-42 in. 
= 5.858... in. 


= 5.86 in. (nearly). 

Draw a straight line 5-86 in. long, and divide it into 3 equal parts, 
Each of these primary divisions represents 10 miles. Divide the left- 
hand primary division into ro equal parts. Each of these secondary 
divisions represents 1 mile. 


19. Given that 1 kilometre=o-621 mile, construct a scale of kilo- 
metres for an English map, 10 miles to an inch, Show 50 kilometres. 
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MISCELLANEOUS EXERCISES 


Arranged in Sets for Homework or Revision. 


PAPER XXI. (to Section XXX.). 


1. O is the centre of the circle circumscribing a triangle ABC; 
D is any point in BO, and the circles circumscribing the triangles 
ODO, ODB meet AC, AB in E, F respectively. Prove that these 
circles are equal, and that the triangles ABC, DEF are equiangular. 


2. A line XYZ is drawn intersecting the sides BC, CA, AB of a 
triangle in X, Y, Z respectively. Tangents AT, BT are drawn to the 
circle AYZ, BZX. Prove that the quadrilateral BCAT is cyclic, and 
that TC touches the circle CXY. [Use Theorem 65.] 

3. ABC is a triangle, right-angled at A. AD is perpendicular to BC. 
Prove that 

(i) AD2=BD. DC; (ii) AB?=BD. BC ; (iii) AC!à—CD. CB. 

[Use Theorems 43, 72.] 

4, Use Ex. 3 to obtain two different constructions for making a 
square equal in area to a given rectangle. 

5. XY is a given straight line. Z is any point on XY. From 2, 
ZP is drawn perpendicular to XY, such that ZP*=XZ. ZY. Find the 
locus of P. 


6. State, and prove, a geometrical theorem corresponding to the 
algebraical identity (c yy у) 2 (24:2). 


PAPER XXII. (to Section XXXI.). 


1. ABCD is a parallelogram ; K is a point on the diagonal AC. Ti 
2AK — KC, prove that the sum of the complements BK, KD is equal in 
area to the parallelogram KC. 


2. With three given points, not in the same straight line, as centres 
describe three circles, each of which touches the other two externally. 
State the lengths of their radii in terms of the lengths of the sides ot 


the triangle whose vertices are the three given points. 

8. From the point T, external to the circle QPR, whose centre is O, 
straight lines TP, TQR are drawn touching the circle in P and cutting 
it in Q and В respectively, and QR is bisected in S. Prove that 

(i) the angles PST, POT are equal ; 4 

(ii) if PS produced meets the circle again in U and if UV, drawn 
parallel to QR, meets the circle again in V, then TV touches the circle. 

[Prove that TPSO is cyclic.] 


bes 
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4. Prove that the rectangle contained by two parallel chords AB, 
DC of a circle ABCD is equal to the difference of the squares on AC 
and BC. 


5. P, ©, В are three points in a straight line. O is the middle point 
of QR. A right-angled triangle ABC is drawn with its hypotenuse AC 
equal to OP and AB equal to OQ. Prove that BC?=PQ. PR. 

[PO -$(PQ-- PR), Q0 —3(PR- PQ).] 


6. Draw a rectangle, given that the difference between its adjacent 
sides is 1:5 in., and that its area is 6 sq. in. Measure the sides, and 
verify your result algebraically. 


PAPER XXIII. (to Section XXXII.). 


1. ABO is a triangle, and PBC, QCA, RAB are equilateral triangles 
described externally to the triangle. Prove that PA, QR, RC meet in 
a point. [Let AP, BQ meet at О. Prove AOCQ, BOOP cyclic.] 


2, А is the centre and BC a diameter of a given circle. CD is a 
tangent at C and equal toCA. Join BD, and draw AE at right angles 
to BD. Join CE, and produce it to meet the circumference in F 
Toin BF. Prove that BF=EF. 


3. Two tangents are drawn at the extremities of a diameter AB ox 
a circle, and a third tangent meets them in P and Q. Prove that the 
rectangle AP, BQ is equal to the square on the radius of the circle. 
[Show that PQ subtends a right angle at the centre.] 


4. CD is a chord of a circle; P is any point on a diameter parallel 
to CD, and Q is one of the extremities of a diameter perpendicular to 
CD. Prove that PC?+ PD? —2PQ?. 


5. Prove that the locus of the middle point X of a chord PQ of a circle 
which subtends a right angle at a fixed point O is a circle. 


eu d v ш PE and > the radius of the given circle, prove that 
+0X2= 73, 


6, The angle ABC of the triangle ABC is 120^ ; prove that 
AC? = AB?+ BC?+ AB. BC. 


Hence calculate the length of AC when AB=3 in. and BC— 5 in. 


can, if AB is produced to D, so that CD=GA, calculate the length 
of BD. 


PAPER XXIV. (to Section XXXIII.). 


1, ABC is a triangle having an acute angle at ©. Draw BD at right 
angles to AC; in DA, or DA produced, take DP equal to DC; also in 
BA, or BA produced, take BQ equal to BC; join PQ. Prove that the 
angle PQA is equal to C+4B. 
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2. A and B are two points on a circle ADB, whose centre is C. An 
arc of a circle is described through A, C, B, and any straight line APQ 
is ee cutting this arc in P and the circle ADB in Q. Prove that 
PB-P 

[Note that arc AC=arc CB.] 


‚8. If two chords of a circle intersect at right angles within the 
circle, prove that the sum of the squares on the four segments is equal 
to the square on the diameter. 


4, AB is a diameter of a circle whose centre is C; on AC as a 
diameter a second circle is drawn; through P, any point on the 
circumference of the second circle, a chord QPR of the first circle is 
drawn. Show that QP. PR— AP? 


Б. АВ їз the diameter of a circle, and CDC' is a chord perpendicular 
to AB, cutting AB at О. A circle is inscribed in the figure bounded by 
AD, DC and the arc АО, touching AD in E. Prove that BE=BC; 
hence give a construction for drawing the circle. 

[If the circle touches the arc AC at б, and ОО at Р, prove that 
B, F, G are in a straight line.] 


6. OAB, OPQ are two straight lines including an angle of 60°. OA 
is r5 in, ОВ=3:5 in. Through A and B describe a circle cutting 
OPQ in P and Q, so that PQ is 1-5 in. in length. Measure the 
radius. 

[А geometrical construction is demanded, Ze. OP must not be cal- 
culated. Use Ex. 5 of Paper XXII. to prove the following construction : 
Describe a semicircle on OB as diameter, draw AC perpendicular to 
AB to meet the semicircle in C ; join CB, and along it set off CD equal 
to half of PQ: then OD=}(0Q+OP).] 


PAPER XXV. (to Section XXXIV.) 


1. Given two points A and B, draw a circle with centre A, such that 
its diameter is equal to the tangent to it from B. 

[Draw AC, perpendicular to AB, and equal to ЗАВ. Let BO cut the 
semicircle on AB as diameter in P. Use the hint given by the con- 
struction in Ex. 2 of Paper XXIII.] 

2. AB is a chord of a circle whose centre is C and P is any point 
on the circle. The perpendicular throu h C to AB meets PA at Q and 
PB at В. Prove that CQ. CR-CA* [Prove LCPQ-LPRO; hence 
show that CQ. ОВ=ОР?.] 

3. AB, CD are two chords of a circle which intersect at right angles 
at the point x If P, Q are the middle points of AC, BD and O is the 
centre and 7 the radius of the circle, prove that 

PQ?=27?- ОХ?. 


Py 


A" 
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4. AC is a diameter of a given circle; another circle is drawn to 
touch AC at D and the given circle internally at B. Draw EDF a 
chord of the given circle, through D, at right angles to AC. Prove 
that the square on EF is double the rectangle contained by the 
diameters of the two circles. 


5. POQ is a chord of a circle passing through a fixed point C, and 
CR is drawn at right angles to PQ to meet the circle on PQ as 
diameter in R. Find the locus of R, 


6. The plan of an estate is roughly in the form of a quadrilateral 
ABCD. The bearings and distances of B, C, D from Aare N. by 21°E,, 
E. by 42° М№., E. by 37^ S., and 1'3, 37, 2:5 miles respectively. Draw 
a plan of the estate, on a scale of I in. to the mile; find the area of 
the plan, by reducing the quadrilateral to an equivalent triangle or 
otherwise, and deduce the area of the estate in acres, 


TEST PAPERS 
(ON PARTS I.-IV.) 


15 


produced to G, so that EG =AE : prove that BEGF is a parallelo- 


2. ABCD isa tetrahedron in which BC —CA =AB — 12 feet, and 
DA=DB=DC =8 feet; DP is the perpendicular from D on the 
plane ABC. Show that AP —44/ 3 feet, and deduce that DP — 4 feet. 


3. Prove that the angles in the same segment of a circle are 
equal. 

OA, OB, OC are three unequal lines parallel to the sides of an 
equilateral triangle, and О, A, B,Clieonacircle. Prove that ABC 
is an equilateral triangle. 


4. Show that if two circles touch each other, the straight line 
joining their centres must pass through the point of contact. 

Draw a circle of 8 cm. radius, and take a point P in its plane 
distant 5 cm. from the centre. Then show how to draw a circle 
of noe 6 cm. to touch the first circle and to pass through the 
point P. 
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5. Two heavy balls each 1:4 inches in diameter lie in a hemi- 
spherical bowl of 2 inches internalradius. They touch each other 
at a point in the vertical radius of the bowl. Enough water is 
poured in just to cover both balls. Find the depth of the water 
above the lowest point of the bowl. 


6. ABC is a triangle, right-angled at B, with the side AB double 
of the side BC. CB is produced to D, so that CD —CA. From BA, 
BE is cut off equal to BD. Show that the rectangle contained by 
AB, AE is equal to the square on BE. 


II. 


1. PQRS is a quadrilateral such that the diagonal QS bisects 
the angles at Q and S. Prove that the diagonals PR and QS are 
at right angles. 

2. Show that the median of a right-angled triangle which 
bisects the hypotenuse is equal to half the hypotenuse. : 

ABC is а right-angled triangle, С being the right angle; AC is 
produced through C to F, and BC through C to G, so that CF =CB 
and CG СА. IX is the middle point of FG, prove that XC is at 
right angles to AB. 


. 3. Prove that the opposite angles of any quadrilateral inscribed 
in a circle are together equal to two right angles. 

ABCD is a quadrilateral inscribed in a circle; AB, DC produced 
cut at |, and BC, AD produced cut at J ; the bisector of the angle 
BIC cuts BC, AD at P, Q. Show that JP —JQ. 

4. A wooden cone, whose slant height is 5 inches, is fixed by 
its circular base to a flat board. A point in the board which is 
8 inches from the nearest point of the base is 12 inches from the 
vertex ; calculate the radius of the base of the cone. 

5. Aisa point outside a circle. ABC is a straight line through 
A which cuts the circle at B and C ; AD is a tangent to the circle. 
Prove that the rectangle AB . AC is equal to the square on AD. 

Show also that, if AD is perpendicular to ABC, then 

AB? -- AC? +2AD? 
is four times the square on the radius of the circle. 

6. From the vertices, B, C, of a triangle ABC, perpendiculars 
are drawn to the bisector of the angle A, meeting it in D and E 
respectively. If F is the middle point of BC, prove that the 
triangle DEF is isosceles. 


ш. 


1. АОВ is an isosceles triangle. and PL, РМ are the perpendi- 
culars drawn to the equal sides OA, OB from a point P in the base. 
Prove that LM is less than the perpendicular drawn from A to OB. 


^- 


* 
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2. Show that the diagonals of a parallelogram bisect each 
other. 

OA, OB are two given straight lines, P any point in their plane. 
Show how to draw through P a straight line meeting OA, OB in Q 
and R so that QR is bisected at P. 


3. A point X is taken in the base BC of.an isosceles triangle 
ABC. Prove that AX? =AB? - BX . XC. 


4. In a triangle ACB the angle C is a right angle, and AHKC, 
CLMB, ABPQ are the squares described on the sides. Prove that 


PM? + ОН? = 5KL?, 


5. In the quadrilateral ABCD the sum of the angles A, C is 
чө tworightangles. Prove that the points A, В, C, D lie on 
a circle. 

From P, a point within the triangle ABC, perpendiculars PL, 
PM, PN are drawn to ВС, CA, АВ. Express the magnitude of the 
angle LNM in terms of the magnitudes of the angles APB, ACB. 


6. AO, CO are two radii of a circle at right angles to each other, 
and from A a line is drawn, cutting CO in X and the circle again 
in Y ; show that the triangle formed by XC produced, XY, and the 
tangent at Y is isosceles. 


LV. 


1. ABC is an equilateral triangle ; BC, CA, AB are produced for 
equal lengths to A’, B’, C' respectively. Show that the triangle 
A'B'C is also equilateral. 


2. Show that parallelograms on the same base and between 
the same parallels are equal in area. : 

ABCD, ABEF are two parallelograms in the same plane, with a 
common side AB. If CE, DF be joined, show that the figure CDFE 
is a parallelogram, and that its area is either the sum or the dif- 
ference of the areas of the two given parallelograms. 


3. ABC is a triangle with a right angle at A; on the sides of 
AB, AC remote from BC, squares ABDE, ACFG are described. Show 
that DF? —2BC*? + 4AB . AC. 


4. Illustrate and explain by means of a figure the geometrical 
theorem corresponding to the algebraical identity 
а? – 02 = (a +b) (a — b). 
In a triangle ABC, AB is greater than AC. D is the foot of the 


* краш to BC from A, and E is the middle point of BC. 
уе that АВ? =АС? +4ВЕ. ED. 
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5. Prove that angles in the same segment of a circle are equal. 

AB, АС are equal chords of the circle ABC. Parallel straight 
lines AP, BQ are drawn, cutting the circle again at P and Q. 
Prove that AQ is parallel to CP. 


6. ACB is a semi-circle on AB as diameter, and CD is drawn per- 
pendicular to AB to meet it at D. A circle touches AD at P, 
DC at Q, and the arc AC at В. Prove that RQ passes through B, 
and that BP =BC. 


У. 


1. If the angles of a parallelogram are not all equal, prove 
that the diagonal which joins the acute angles is longer than the 
other. 


2. Show that two triangles on the same base and between the 
same parallels are equal in area. o PA 

P is a point in the side AB of a triangle ABC. PC is joined, and 
BK, parallel to PC, meets AC produced in K. AK is bisected at Q, 
and PQ joined. Show that the area of the triangle APQ is half 
that of the triangle ABC. 


3. Prove that the section of a sphere by a plane is a circle. 

A spherical ball of radius 5-2 in. rests upon three spikes whose 
points lie in a horizontal plane and are distant 4:2 in. from one 
another, Find the height of the centre of the ball above the 
plane. 


4. Prove the following construction for finding the direction of 
the inaccessible point of intersection of two straight lines AB, CD. 

“ Draw any straight line to cut AB in E and CD in F. Bisect 
the angles AEF, CFE by lines meeting in G; and bisect the angles 
BEF, DFE by lines meeting in H. Then GH is the line required. 


.5. ABC is a triangle and points D, E are taken in AB, AC respec- 
tively, such that AD =4AC, AE=3AB ; prove that the angles ABE, 
ACD are equal. 

6. The sides AB, AC of the triangle ABC are equal, and the 
angle A is 90°. P is a point in AC such that the circles inscribed 
in the triangles ABP, PBC touch each other at a point in BP. 
Find the length of AP in terms of BC. 
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MISCELLANEOUS RIDERS 


It is hoped that these riders, mostly taken from vecent Certificate and 
Matriculation papers, and rendered slightly more difficult by 
the omission of the theorems on which they depend, and of 
intermediate steps which give hints, may be of service for final 
revision. 


1. ABCD, AECF are two parallelograms having the same 
diagonal AC, and B, E, D, F are not collinear. Show that BEDF 
is a parallelogram. 


2. ABC is a triangle right-angled at A ; AD is the perpendicular 
to ВС; the bisector of the angle B cuts AD, AC in E, F respectively. 
Prove that AEF is isosceles. 


3. ABC is a triangle in which the angle C is obtuse; the 
internal and external bisectors of the angle A meet BC and BC 
produced in D and E respectively. If AD = AE, prove that 

C-B=90°, 


4. M is any point on the base BC of a triangle АВС; the 
perpendicular bisectors of BM, BA, meet in P ; the perpendicular 
bisectors of CM, CA, meet in Q. Prove that PQ, is the perpen- 
dicular bisector of AM. 


5. ABC is a triangle, M the middle point of BC, and MP, MQ 
are perpendiculars from M to AB, AC respectively. If MP=MQ, 
prove that the triangle ABC is isosceles. 


6. Each side of a polygon of N sides is produced to meet the 
side next but one to it, so as to form a star-shaped figure. Prove 
that the sum of the angles at the points of the star is (2N - 8) 
right angles. 


7. E is any point on the side CD of a quadrilateral ABCD ; 
DF, CF are parallel to AE, BE respectively, Prove that the triangle 
ABF is equal in area to the quadrilateral. 


8. ABCD is any parallelogram ; E is any point in BC produced, 
and AE cuts CD in F. Prove that the triangles DFE, BCF are 
equal in area. 


9. ABC is a triangle ; AM is drawn parallel to BC and equal to 
1BC, M and C being on the same side of AB ; Eis the middle point 
of AB, and EM cuts BC in F. Prove that AC = 4AF. 
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10. ABCD is a quadrilateral, and P, Q, R are the middle points 
of the sides AB, BC, and the diagonal BD. PR, QR, when produced, 
meet CD, AD in E, F respectively. Prove that EF passes through 
the middle point of RD. 


11. АВО is a triangle, and D is the middle point of AB; the 
parallel to BC through D cuts the bisector of the angle B in E. 
Prove that AEB is a right angle. 


12. A and B are the points of trisection of a given line PQ; 
ABCD is any parallelogram in which BC=2AB; PC and DQ 
intersect inR. Find the locus of R. 


13. A, B, C, D, E are five points in order on the circumference 
of a circle; BC, CD, DE subtend angles of 30°, 40°, 38° at A, and 
AB subtends 35° at C. Find the angles of the pentagon ABCDE. 


14. ABC is an isosceles triangle in which AB=AC; D is a point 
on AB and E is a point on AC produced, such that BD=CE. If 
DE cuts BC in O, show that O is the middle point of DE. 


15. ABC is a triangle, BQ, OR are the perpendiculars from B, C 
to the opposite sides, and S is the centre of the circumcircle. 
Prove that QR is perpendicular to AS. 


16. AT is the tangent at а fixed point A on a given circle, and 
TP is the other tangent from T. Find the locus of the centre of 
the circle circumscribing the triangle APT. 


17. ABD is a circle whose centre is С; the circle circumscribing 
ABC cuts AD or AD produced, in E. Prove that BDE is isosceles. 


18. ABO is a triangle; the interior bisector of A meets the 
exterior bisector of C in D. Prove that the circumcentre of ACD 
lies on the circumcircle of ABC. 


19. Two circles, intersecting one another at A and B, are such 
that if the tangent at A to one circle cuts the other circle in P, 
and the tangent at A to the latter cuts the former in Q, then PBQ 
isastraightline. Show that APQ is a right-angled triangle. 


20. ABC is an isosceles triangle inscribed in a circle, and AB=AC ; 
the bisector of the angle B cuts the circle again in D, and AD, BC 
meet when produced in E. Prove that CE=CA. 

21. ABC is a triangle, D a point in BC ; a circle through B and C 
cuts AB, AC again in E andF; the circle circumscribing AEF cuts 
AD іп б. Prove that E, G, B, D lie on a circle, and F, C, D, G en 
another circle. 
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22. ABCD is a cyclic quadrilateral whose diagonals meet in O ; 
OP is drawn parallel to BC. Prove that OP touches the circle 
AOD. 


23. ABC is a triangle ; a circle is drawn to touch AB at A, pass 
through the middle point of BC, and cut BC again in E. If the 
circle circumscribing ACE cuts BA produced in F, show that 
BA=AF. 


24. ABC isa triangle inscribed in a circle ; the tangents at B and 
C meet in D ; a parallel through D to the tangent at A cuts AB, AC 
produced in E and F. Prove that EBF and ECF are right angles. 


25. ABCD is a quadrilateral such that the diagonal AC bisects 
the angle BCD; and AD touches the circle circumscribing ABC. 
Prove that AB touches the circle circumscribing ACD. 


26. ABCD is а cyclic quadrilateral; AD, ВС, when produced, 
meet in E; AB, DC, when produced, meet in F. If B, D, E, Е lie 
on a circle, prove that AC is the diameter of the circle ABCD. 


27. ABCD is a cyclic quadrilateral, and E is the middle point of 
the arc ADC. If AD is produced to F, prove that ED bisects the 
angle СОР. 


28. CA,.CB are two tangents to a circle; the diameter which 
passes through C cuts AB in D; EDF is any chord through D. 
Prove that DC bisects the angle ECF. 


29. AT is the tangent at A to a circle whose centre is О. АВ is 
a chord of the circle which cuts OT in C, where TC —TA. Show that 
OB is perpendicular to OT. 


30. AB is a diameter of a circle, and D and E are two points on 
the arc of the same semicircle, such that DE is not parallel to AB ; 
AP, BQ are the perpendiculars from A and B to DE produced both 
ways. Prove that PD?-- DQ? — PE? EQ?. 


31. АОВ is the diameter of a circle perpendicular to a chord PQ; 
T is any point on the circumference of the circle, and PT, QT cut 
АОВ їп В and $. Prove that OR . OS = OP?, 


32. AB, AE are equal chords of a circle; C and D are points on 
the arc BE; BE meets AC, AD in F, б. Prove that the difference 
between the squares on AF and AG is equal to the difference 
between the rectangles BF . FG and FG . GE. 


33. Two sides of a parallelogram ABCD are of lengths 9 and 
7 units, and the diagonal AC is of length 8 units. Prove that the 
diagonal BD is double one of the sides of the parallelogram. 


ЕЕЕ 
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34. Two unequal circles intersect in A and В; T, T' are the 
points of contact of one common tangent. Tf AB is produced to 
meet TT’ in C, show that TT 4 4AC? = 2AT? + 2AT^. 


35. ABC is a triangle; BE, CF are the bisectors of the angles 
B, C ; circles are drawn circumscribing ABE, АСЕ; а parallel to 
BE through F meets the circle АСЕ in Н; a parallel to CF through 
E meets the circle ABE in б. If BE — CF, prove that (i) О, A, H are 
collinear, (ii) the circles are equal, (iii) GE —FH. Hence, using the 
properties of similar triangles, show that ABC is isosceles. 


36. AB is a given straight line produced to D so that AD — 4AB ; 
the circle with A as centre and AB as radius cuts the circle on AD 
as diameter in E and F. Prove that circles with radius equal to 
AB and centres E and F, will intersect in the middle point of AB. 

Hence, given two points A and B, find the point half-way 
between them using the compass alone. 


37. ABC is a triangle, of which S and O are the circumcentre 
and the orthocentre respectively. If AS — AO, prove that the angle 
at A is 60° : and conversely. » 


The following group of exercises require а knowledge of 
Parts V and VI. 


38. ABC, XBY, where each is a circle or а straight line, are 
inverted with respect to any point O ; their inverses are abc, xby. 
Prove that the angle between the former is equal to the angle 
between the latter. 

[See Exx. 1, 2, P- 384: > 
ting ABC, XBY, abc, xby in D, Z, d, 4 respectively, 
LDBZ = Zdbz.] 


draw a straight line through O cut- 
and prove 


39. АВС is a triangle, and О is any point within it; ОА, OB, 
OC, are the perpendiculars from O to BC, CA, AB. This figure is 
inverted with respect to O, SO that ау, by Сі» are the inverses of 
A, B, C,: prove that a, the foot of the perpendicular from O to 
b,c,, is the inverse of A. 

[Show that b,c, is the inverse of 
A, C, ; and then use Ex. 38.) 

40. Deduce that, to any general homogeneous relation between 
the rays (OA, OB, OC) and the perpendiculars (OA;, OB;, OC,) of 
the triangle ABC, there exists a corresponding relation between 
the reciprocals of the perpendiculars and the reciprocals of the 


rays. 


the circle drawn through O, Bi, 
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41. ABC is a triangle and О is any point within it; circles 
BOCP, COAQ, AOBR are drawn, and AO, BO, CO, are produced to 
meet them respectively in P, Q, R. Show that the triangles PBC, 
AQC, ABR, are similar, the angles of the triangles being the supple- 
ments of the angles BOC, COA, AOB. 


42. Enunciate and prove the theorem converse to that of Ex. 41. 
[This is a generalization of Ex. 1, p. 292.] 


43. If the ratios of the sides of the triangles, PBC, AQC, ABR, 
are p : q : r, prove that 


q r 
ОР= = , ОВ + – . ОС, 
? $ 
with similar equations for OQ, OR. 
[Use Ptolemy’s Theorem, Р. 391.] 


44. If D is the diameter of the circle BOCP, and OA, is the per- 
pendicular from O to BC, prove that D . ОА, = OB . OC, and 
I E It 
— Ss ye, 
ОА, p'0C* p ‘OB 
[Note that OP < D, and use Ex. 43.1] 
Employ Ex. 44 to prove that 
E PR M E т И 
OA; ОВ, ОС; ~ [ox “ОВ oc]: 
and deduce that OA + OB + OC > 2 (OA, + OB, + OC,).* 
[Note that g/r+r/q > 2; for the second part use Ex. 40.] 
46. Prove that 
OB . OC + OC . OA + OA . OB > 4 (OB, . OC, + OC, . OA, + OA, . ОВ,) 


with a corresponding relation between the reciprocals ; also prove 
that OA . OB. OC > 80A, . OB, . OC. 


47. With the usual notation for a triangle, prove that 
() s > 3V3, (ii) Д > 3437, (ii) a +b + e > 367, 
and deduce that (iv) OA + OB + OC > 6r. 
[Note that (a +b +c)3 > 27abc; and, for (iv), use Ex. тт, 
р. 449.] 
48. If A-- B-- C = 180°, prove that 8 cos A cos B cos C x т. 
[Take O as the circumcentre of a triangle ABC, and use Ex. 46.] 


* The second inequality was propounded by P. Erdós, and was first 
proved by L. J. Mordell by the use of projection and trigonometry. 


PART V. 
SIMILAR FIGURES. 


XXXV. RATIO AND PROPORTION.* 


NOTE. In this chapter we shall, as a rule, denote concrete magni- 
tudes by capital letters, and numbers by small letters. 

Equality and Inequality of Concrete Magnitudes. In con- 
sidering how a magnitude or a quantity of any kind is to 
be measured, at the outset we must define what is meant by 
saying that “А is equal to B," “A is greater than or less than В,” 
where A and B are quantities of the kind under consideration. 

The exact meaning of these statements depends on the particular 
hind of quantity we are considering. . For instance, let A and B 
denote straight lines; if A can be made to coincide with B, we 
say A=B; if A can be made to coincide with a part of B, we say 
A^ —B and B >A. 


Ratio. We assume that a magnitude B can be divided 
into any number (7) of equal parts. Denoting any one of these 
parts by C, B is said to contain C (exactly) # times, and C is 
called the л" part of B. This is expressed shortly by writing 


B-4C or C =; B. 

If A contains the z/^ part of B exactly m times, we denote this 
by writing А= z B. 
ЖА “practical” introduction similar to the practical sections in Parts 


I.-IV. is given in a pamphlet entitled Ratio, Proportion and Similar 
Figures, by J. M. Child (Macmillan, price 15.). 
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Der. If A and B.are magnitudes of the same kind, and if 
integers m and x exist such that A contains the л" part of B 


exactly m times (that is, if A- B), the magnitudes A and B 


are said to be commensurable, and the ratio of A to B (written 
A : B) is defined as the number mn. 


If no integers m and # exist such that A=” B, the magnitudes 


А and В are said to be incommensurable. — 

For convenience, z is often written in the form m: л, and 
called /Ze ratio of the number m to the number 7. 

If А-2. B and С represents the 2% part of B, we have B—2C 


апа A=mC. If C is taken as the unit of measurement, zz and zz 
are the measures of A and B. Thus zhe ratio of two commen- 
surable magnitudes is equal to the ratio of their measures. 

It can be shown that the ratio of two incommensurable magni- 
fiudes is properly represented by an irrational number. 


In practice the ratio of two incommensurables is repre- 
sented by some suitable approximate value. 


Ders. A and B are called the terms of the ratio A: B. Of 
these A is called the antecedent and B the consequent. 

The ratio A: B is said to be one of greater inequality, one of 
equality, or one of less inequality according as A is greater than, 
equal to, or less than B. 


Proportion. If A, B are magnitudes of the same kind and 
©, D are magnitudes of the same kind (but not necessarily of the 
same kind as A and B), A, B, С, D are said to be proportional if 
the ratio of A to B is equal to the ratio of C to D ; that is, when 

A:B=C:D, 

This is often expressed by saying that A zs 0 B as C zs to D. 

When this is the case, А, B, C, D are called proportionals; A 
and D are called extremes, B and C are called means, and D is 
said to be a fourth proportional to A, B, C. 
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If A, B, C are magnitudes of the same kind such that 
A:B—B:O, 
then A, B, C are called three proportionals, B is called a mean 
proportional to A and C, and C a third proportional to A and B. 
'The ratio of A to C is called the duplicate ratio of A to B. 
If A, B, C, D, ... are magnitudes of the same kind such that 


A: B-B:0-20:D-..., 
then A, B, C, D, ... are said to be in continued proportion. 
If A, B, С,..., X, Y, Z, ... are magnitudes of the same kind 
such that А:Х=В:Ү=О:2=..., 
then А, B, C, ... are said to be proportional to X, Y, 2,..., which 
is sometimes expressed by writing 
A:B:C:etc.=X:Y:Z: ete. 


Theorems on Ratio and Proportion. 
I. If a, b, x are positive, then (a+x):(b+x)Za:b according 
as ba. 
A a*x a b(atx)-a(bvx) (b-a)v 
PA 77. TEES) bta) 


and because x and 2 are positive, it follows that 


AEL z5 according as Za. 


+x û 


This theorem is usually stated as follows : 

A ratio of greater inequality is diminished and one of less 
inequality is increased by adding the same positive quantity to 
each term. 


IL If a:b=c:d, then ad—bc; conversely if ad=be, then 
a:b=e:d, 

For if a/é=c/d, and we multiply each side by 2d, it follows 
that ad = or. 

Conversely if ad — ёс, and we divide each side by dd, it follows 
that а/д = cjd. 
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ПІ. If a:b=b:c, then ac=b?; conversely if ac—b?, then 
a:b=b:c. 

This is a particular case of Theorem II. 

IV. If a:b=b:c, then a:c=a?: b? 

gab. a adaa c 

For if 2*2 it follows that LATI QI" 

Hence a? : 6? is the duplicate ratio of a to å. 

Observe that if A and B denote concrete quantities, А? and B? 
have no meaning, so that the duplicate ratio of A to B cannot be 
defined as A? ; BË, 


V. If a: b—c:d, then b:a—d:c. (Znvertendo.)* 


ГА ауле 
For 2713 (=+ (5-4 


VI. If à:b—c:d, then a:c—b:d. (Alternando.) 


For since =£ BRE P а. D 
b WU bus c d 
VIL If a:b=e:d, then a+b: b—c-4-d :d. (Componendo.) = 
CANA er £51. . ath etd 
For pap з рінді; 5 Genet 
VIII. If a:b=c:d, then a—b:b=c—d:d. (Dividendo.) 
Fade. ow I e es eae ed 
iwi." pate MER 
IX. 1f a:b—c:d, thena+b:a—b=c+d:c—d. (Componendo 
et Dividendo.) 
a € 
For 4*2,2** 4+! шей 
a-b a 5 с-4 
Le 235 


X. If a:b=x:y and b:c—y:z, then a:c—x:z (Ex 
aequali.) 


For 2..2 and Ag. Ss АКСР ш, 
"by cS рису s ir] 
* Theorems V.-X. are commonly referred to by the names in italics. 


ho ox 


К 


THEOREM ON EQUAL RATIOS gor. 


xay ; Р lx+my 
XI. If ay then each of these fractions is equal to FAN 


where 1 and m have any values, positive or negative. 
Proof. Denote either of the given fractions by Ж, so that 


EE 


* ж=Ла and y=hb; 
Ix + ту _lka+ mkb &(ax m). 
С Ta+mb lamb la+m ^C 


imp xy 
lat+mb a b 

Important special cases are (i) when /=т and #= r ; (ii) when 

Z7=1 and m= —1. ‘These cases may be stated as follows: 
Xx CEES A жету. 
If ==, then each fraction = zib-a- 

In the same way it can be shown that 

REM LE 
ion de kas 


Ix + ту+тп2+... 
then each of these fractions = TIT 


Where 7, zz, л, ... are any numbers whatever. 


Geometrical Theorems corresponding to some of the alge- 
braical theorems of the preceding article. 

Jf four straight lines (a, б, с, d) are proportionals, the 
rectangle contained by the extremes (a, d) is equal to the rectangle 
contained by the means (д, 0). 

Conversely, if the rectangle contained by one pair of straight lines 
(а, d) is equal to that contained by another pair (b, с), the four 
straight lines (a, b, с, d) are proportional. (Euclid VI. 16.) 


a 


This corresponds to Theorem II. of the preceding article. 


E.G, L 


gt 


т 
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Jf three straight lines (a, b, ©) are proportionals, the rectangle 

contained by the extremes (a, с) is equal to the square on the mean (b), 

Conversely, if the rectangle contained by two straight lines (a, с) 

Yj is equal to the square on а third straight line (Ù), the three straight 
lines (a, b, с) are proportionais. (Euclid VI. 17.) 


ГА 
This corresponds to Theorem III. of the preceding article. 


Lf three straight lines (a, b, c) are proportionals, the first ts to 
the third as the square on the Jirst is to the square on the second. 
This corresponds to Theorem tv. of the preceding article. 


Definitions. If X is a point in the Straight line AB, such that 
А АХ:ХВ=2:0, 
then X is said to divide AB internally in the ratio РАГА 

If Y is a point in AB produced, such that 

AY : BY —5:9, 

then Y is said to divide AB externally in the ratio 2:9. 

It is very important to observe that there is only one point at 
which a given line (AB) is divided internally in a given ratio. 


‘ey For suppose, if possible, that there are two such points X 
e and X’. 

Ler rT 

A Xx B 


"Then, by hypothesis, 
AX:XB— AX': XB; 
^ AX-EXB:XB — AX'--X'B: XB (componendo) ; 
that is, AB:XB—AB:X'B : 
n^ XB=X’B; 
`. X and X' coincide. 


Similarly, by dividendo, we can show that there is only one point — 
at which a given line is divided externally in a given ratio. jw 
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If two straight lines AB and А'В' 
are divided at C, D and C', D’, so that AC. Dae 
AC: A'C'2CD:C'D'— DB: D'B', 
then AB is said to be divided similarly д О D' B' 
to A'B'. 


Exercise LIX. (On pages 295-303.) 


1. In the sides AB, AC of a triangle, points D, E are taken such 


that AD : DB=AE : EC. 

Prove that AD : AB=AE : AC. 

2. The sides BA, CA of a triangle are produced, through A, to D 

and E, so that BD :AD=CE : AE. 

Prove that AD :AB=AE : АС. 

3. A straight line AB is divided at C, so that 

АС:СВ=2: 0. 
Prove that АС=-2_.АВ and СВ=-—.АВ. 
+g +g 


4. A straight line AB is divided externally at D, so that 
AD:BD=:¢ ($29) 
Prove that AD= „AB and BD= 27 .AB, 
5. A straight line AB is divided internally at C and externally, in 
the same ratio, at D, so that 
AC: CB=AD: BD. 
(i) Prove that CD zs divided internally and externally in the same 
ratio at B and A. 
(ii) Zf O zs the middle point of AB, prove that 
OB?—OC. OD. 
[Use Componendo et Dividendo to show 20B:20C—20D : 20B.] 
к НӨЛ? RIA uL Sore 
(11) Prove that AC AB AB AD ° AB ACT AD 
6. А, C, B, D are points on a straight line and О is the middle point 
of AB. Zf OB?—OC. OD, and C, D are on the same side of O, prove that 
AC: CB=AD: BD. 


7. P is any point on a circle of which AB is a diameter and PN is 
perpendicular to AB. If BA is produced to meet the tangent at P in T, 
prove that BN: NA=BT:AT. [Use Ex. 6.] 


p 
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THEOREM 83. (Euclid VI. т.) 


The ratio of the areas of two triangles of equal altitude is 


XXXVI. TRIANGLES AND PARALLELOGRAMS. 
equal to the ratio of their bases. 


A D х 


/1 
4/4 
B CHE КЕЕ. = | 


Let ABC, DEF be two triangles whose bases BC, EF are come | 
mensurable and whose altitudes are equal. It is required tO _ 


prove that AABC : ADEF = BO : EF. 


Proof, Let the bases BC, EF have a common measure YZ, | 
which is contained 2 times in BC and g times in EF, so that 
BC-5YZ and EF=gYZz. | 
Take any triangle XYZ, of the same altitude as ABC and DEF, 
and place these three triangles so that the bases BC, EF, YZ are in | 
the same straight line and the triangles on the same side of it. 

Then, since the altitudes of the triangles are equal, | 
<. A, D, X are in a straight line parallel to BZ ; 
and because BC=fYZ, .. ЛАВС= рд ХҮ2; 
and because EF=gYZ, .. ADEF=gAXYZ; 

ДАВО 5 BO. 

`* ADEF g EF? 

.. ДАВС: ADEF=BC: EF. 


COR. The ratio of the areas of two parallelograms of equal altitude 
is equal to the ratio of their bases. 
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Alternative Proof of Theorem 60. 


Let ABO, DEF be two triangles of the same altitude /, whose 
bases are BC and EF. 
Then, the triangles contain JBC. 7 and }EF. # units of area 
respectively ; 
. AABC _ 8.2 A BC 


С ADEF }EF.% EF) 
"^. AABC: A DEF = BO: EF. 


Ex. The ratio of the areas of two triangles (ABC, DEF) oz equal 
bases (BC, EF) zs egual to the ratio of their altitudes. 
Let Z, £ be the altitudes of ABC, DEF. 
Then, because BC—EF, we have 
AABC jBC.Z 4, 


ADEF ЗЕЕ.Ё 2° 
^ AABC: ADEF=A: A 


Alternative proof. Since the bases are equal, 
let the As ABO, DBC stand on the same base BC. 
"Through О draw a straight line perpendicular to 
BC ; and through A and D draw AE, DF parallel 
to BC to meet this perpendicular in E and F. 

Then CE, CF are the altitudes of the triangles 
ABO, DBC ; and 


AABO AEBOC. EC (by Theorem 6o). 


Der. The sides of two figures about two of their angles are 
said to be reciprocally proportional when a side of the first is to 
a side of the second as the remaining side of the second is to the 


remaining side of the first. 
Thus the sides of the triangles ABC, DEF E 
about the angles A and D are reciprocally fs 


proportional if AB: DE = DF : AC. 
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THEOREM 84. (Euclid VI. r4, r5.) 


(i) If two parallelograms (or two triangles) have an angle of 
the one equal to an angle of the other, and are equal in area, 
the sides about the equal angles are reciprocally proportional. 

(ii) Conversely, if two parallelograms (or two triangles) have 
an angle of the one equal to an angle of the other, and if 
the sides about the equal angles are reciprocally proportional, 
the figures are equal in area. 


D 
[9 -—-4H 
\ 


Let ABCD, AEFG be two parallelograms in which _BAD = /-бАЕ. 
(i) If the parallelograms are equal in area, it is required to 
prove that AB: AE=AG: AD. 


Proof, Place the parallelograms so that AB, AE are in the 
same straight line. Produce CD, FE to meet at H. 
Then, because _BAD = LEAG (given), 
*, AD, AG are in the same straight line. 
Now, the ratio of two parallelograms of equal altitude is equal 
to the ratio of their bases ; 
n E" AC: 7" AH — AB: AE, 
and c3" AF: (—7" AH — AG : AD. 
But 7" АС = ZO" AF (given); 
"s EC" AC: 7" AH = C77" AF: 77" АН; 
°. AB: AE — AG : AD. 
(ii) If AB:AE=AG:AD, it is required to prove that the 
parallelograms are equal in area. 
As before, co" AC: 7" AH — AB: AE, 
and oO" AF: CO" AH = AG: AD. 
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But it is given that AB:AE=AG:AD; 
"n. £2" AC: LL AH= L7" AF: £—" AH; 
E a AO = АЕ: 


Nore. Since а parallelogram is bisected by a diagonal, the corre- 
sponding theorem for the triangles BAD, EAG is obviously true. 


Exercise LX. (Theorems 83, 84.) 


_ 1. The four triangles into which a quadrilateral is divided by its 
diagonals are proportionals. 
2. If the diagonals of a quadrilateral ABCD meet at E, show that 
AABOC : AADC=BE : ED. 
[Use Theorem 83 and Componendo.] 


‚8. If X is any point in the base BC of a triangle ABC and O is any 
point in AX, prove that 
A^AOB : AAOC=BX : XC. 


. 4. Xisa point in the side BC of the triangle ABC and O is a point 
in AX. 
If BX :XC=2:3 and XO :0A— 3:4, prove that 
(i) AOBC-2AABC. 
(ii) ЛОВХ=?ЛОВС and ЛОВХ=?ЛОАВ. 
(1) AOBC: ^OAB— 15:8. 
(ivy) AOBC: AOCA= 5:4. 
(v) Produce BO, CO to meet CA, AB at Y, Z, and find the values of 
the ratios CY: YA and AZ: ZB. [Use Ex. 3.] 

5. In the triangle ABC straight lines AD, BE, CF are drawn 
through a common point P to meet the sides BC, CA, AB in D, E, F 
respectively ; show that 

PD, PE, PF_ АР ВР, CP_ 
AD TBE OF ! апа AD ВЕ "СЕ 2. 
6. OACB is a parallelogram and P is any point on the diagonal AB. 


Draw MPH parallel to OA to meet OB, AC at M, H. Draw NPK 
parallel to OB to meet OA, BC at N, K. Prove that PM.PN=PH. PK. 


7. In Ex.6, if ОА=а, ОВ=/, МР=2, NP=y, show that 
TUE 
a 1. 
[Use the result of Ex. 6.] 
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XXXVIL RATIO OF THE SEGMENTS OF LINES 
AND ARCS OF CIRCLES. | 


THEOREM 85. (Euclid VI. 2.) 


(i) If a straight line is drawn parallel to one side of а 
triangle, it divides the other two sides proportionally, 

(ii) Conversely, if a straight line divides two sides of a tr — - 
angle proportionally, it is parallel to the third side. | 


"my 
= LS. 


B, 
B с on ee 
Let ABC be a triangle, and let a straight line XY cut the sides 
AB, AC (or these sides produced) at X, Y respectively. 
(i) If XY is parallel to BO, it is required tu prove that 
AX :XB=AY:YC. 
Construction. Join BY, ОХ. 
Proof. The ratio of the areas of two triangles of equal altitude 
is equal to the ratio of their bases ; 
"nV AAXY:ABXY =AX: XB, 
and  AAXY:AOXY — AY : YC. 
Now XY is parallel to BO (given) ; 
`. ABXY 2A OXY ; 
`. AAXY:ABXY = AAXY :AOCXY ; 
`. AX:XB=AY: ҮС. 
(1) Conversely, if AX : XB = AY : ҮС, it is required to prove that 
XY is parallel to BC. 


Proof. As before, A AXY : ABXY — AX : XB, 
and AAXY:4 OCXY — AY: YC. 
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But it is given that AX:XB —AY:YC ; 
"V QAXY:A BXY=AAXY:ACXY; 
*, ABXY-AOXY. 
And the triangles BXY, СХҮ are on the same base ХҮ and on 


the same side of it ; 
*. XY is parallel to BC. 


Cor. 1. Since AX :XB=AY: YO, 
By componendo, or dividendo, it follows that 
AB:AX-AC : AY. 
Hence, the segments of AXB are proportional to the corresponding 
segments of AYC. 


COR. 2. The intercepts made by three parallel straight lines 
(AB, CD, EF) on any two straight lines (PT, P'T') which cut them 
are proportional. 


That is, in the figure, 


QR: RS=Q'R’': R'S, 
QR: QS=QR': Q'S, 
RS: QS=R'S': Q'S’. 
Prove by drawing QHK paraliel to Q'8' to cut CD at H and EF at K. 


Conversely, if the intercepts made on two straight lines by three 
straight lines which cut them are proportional, and two of these lines 
are parallel to one another, the third straight line is parallel to the other 
two, 
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CONSTRUCTION 29. 


Divide a given straight line internally, or externally, in a 
given ratio. 


9 Fig. (а) Fig. (b) 


Let 7, 2 be two straight lines which are in the given ratio, and 
let AB be the given straight line. 

It is required to divide AB internally, or externally, in the 
ratio 2:4. 

Construction. Draw a straight line AC, of any length, making 
any angle with AB. 

From AC cut off AD equal to A. From DC or DA, according as 
it is desired to divide AB internally or externally, cut off DE equal 
to g. Join EB, and draw DF parallel to EB to meet AB or 
AB produced at F. 

Then F is the required point of division. 


Proof, Because FD is parallel to the side BE of the triangle ABE, 
'. AF: FB=AD:DE. 
But AD:DE=/:9; 
4 AF: FB=f:9. 
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Exercise LXI. (On pages 308-310.) 


1. ABCD is a trapezium with AB parallel to CD, and the diagonals 
AC, BD meet at E. Prove that AE: EC=BE: ED. 


2. ABCD is a quadrilateral and P is any point in АВ. Draw PQ 
parallel to BC to meet AC at Q. Draw QR parallel to AD to meet 
CDatR. Prove that DR: RC=AP: PB. 


3. ABCD is a quadrilateral; in AB, CD points P, Q are taken so 
that AP: PB=DQ;: QC ; in AD any point О 15 taken, and PM, QN are 
drawn parallel to AD, meeting BO, CO in M, N respectively ; show that 
MN is parallel to BC. 


4. ABCD is a trapezium, with AB parallel to CD ; AC, BD meet at E, 
and AD, BC are produced to meet at F. Join EF, and prove that 
(i) AADE=ABCE, (ii) ADEF—ACEF, 
(iii) hence show that EF bisects CD and AB. 


_ 5. Given a straight line AB anda straight line CD parallel to AB, 
give a construction for bisecting AB, using the ruler only. [Use Ex. 4] 


6. P is any point ina given straight line and A is a fixed point In 
AP, or in AP produced, take a point Q so that AQ: AP is equal to a 
given ratio. Prove that the locus of Q is a straight line. 


7. Ais a given point ona circle and BC isa given chord. Through 
A draw a straight line AXY to meet BC at X and the circle again at Y, 
such that XY=2AX. [Use Ex. 6.] 


8. ABC is a triangle, and MN is a variable straight line parallel to 
AC, cutting the sides BC, BA in M, N respectively. Find the locus 
of the intersection of AM and CN. [Use Ex. 4.] 


9. ABCD is a parallelogram and E any point in AB; any parallel 
to AB cuts AD, ED, EC, BC in H, F, G, K respectively. Show that the 
parallelogram AHKB is double either of the triangles EDG or ECF. 


10. P is any point in the base BC of a triangle ABC. Draw PL 
parallel to BA to meet CA at L and PM parallel to CA to meet AB at M. 
Prove that the tridngle PLM is a mean proportional to the triangles 
BMP, PLC. 


11. ABCD is a quadrilateral. Through A, B draw parallels to meet 
CD at L, M, such that DL: CM is a given ratio. [Divide AB, CD at 
P, Q, so that AP: PB= DQ : QC= given ratio; draw parallels to PQ 
through A and B.] 


12. Given a straight line AB, divided in any manner at X and Y. 
Divide another given straight line CD similarly іо AB. [Use Ex. 2.] 
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13. Any straight line is drawn on a sheet of exercise paper ruled 
with equidistant parallel straight lines: using a pair of set-squares 
only, divide the given straight line into three segments in the ratio 
253:4. 

14. Construct a triangle of given perimeter, whose sides are in the 
ratio 2:3: 4. 

[Draw HK equal to the given perimeter, and divide it at P and Q in 
the ratio 2:3:4. Construct a triangle with sides equal to HP, PQ, QR.] 


15. Ога qu point and AB, AC two given straight lines, of 
indefinite length. Through O draw a straight line so that the segmenis 
intercepted between O and the given lines may be in the ratio 2: 3. 

Analysis. Let XY be the line required. Draw OD parallel to AB 
tomeetACinD; then AD xo 2 


Hence, supply the construction and proof. 


16. Draw any triangle ABC. Bisect AB at F. Divide BC at D so 
that BD: DC=2:3. Join AD, CF, meeting at Y. Prove that CY = СЕ. 
[Draw FL parallel to AD to meet BC at L.] 


17. Draw any triangle ABC. Bisect AB at F. Divide CA at E so 
that CE: EA—1:2. Join BE, CF, meeting at X. Prove that OX = XF. 
[Draw FM parallel to BE to meet CA at M.] 


18. Drawanytriangle ABC. Divide BC at D so that BD: DC—2: 3. 
Divide CA at E so that CE: EA— 1:2. Join AD, BE, meeting at 2. 
Prove that EZ —ZB. 


[Draw EN parallel to AD to meet BC at N.] ` 


19. Draw any triangle ABC. Divide AB at Е so that ВЕ: FA=2:1. 
Bisect AC at E. Join FE and produce it to meet BC produced in D. 
Prove that BO=CD. 


[Draw CH parallel to EF to meet AB in H.] 


20. Draw any triangle АВС. Divide AC at E so that AE : EC-3:2. 
Divide BC at D so that BD: DC—1:2. Join ED and produce it to 
meet AB produced in F. Prove that AB—2BF. 


[Draw BH parallel to DE to meet AC in Н.) 
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Ceva's Theorem.* 
Uf the straight lines which join the vertices of a triangle ABO to 


any point O cut the opposite sides, or these sides produced, at X,Y, Z 
respectively, then 


BX CY AZ. 7 
XC YA’ ZB A 
BX AAOB Y 
[By Ex. LX. 3,  %=2 р ^. | 
with similar values for CY : YA and AZ : ZB.] В 


Menelaus' Theorem.* 

Jf a straight line cuts the sides BC, CA, AB o) 
a triangle ABC, or the sides produced, at X, Y, 
respectively, then 

BX OY AZ, 
OX YA ZB "' 

[Draw CH parallel to YZ to meet AB or AB 
produced in H. Prove BX:CX=BZ:HZ and P c x 
OY : YA-HZ : ZA] ғ 


Exercise LXII. 


1. Points X, Y are taken in the sides BC, CA of a triangle, such 
that BX—2BC and СҮ= СА. If AX, BY meet at O and CO is 
produced to meet AB at Z, prove that AZ—2ZB. [Use Ceva's Theorem.] 


2. Points Y, Z are taken in the sides CA, AB of a triangle ABC, 
such that AY=}AC, AZ=}AB. If YZ, BC are produced to meet at X, 
show that CX—2BC. [Use Menelaus’ Theorem.] 


3, In Ex. 16 of the preceding exercise, apply Menelaus’ Theorem 
to the triangle BCF, to prove СҮ= СЕ. 


4. Obtain similar proofs for Exx. 17-20. 
5. Use Ceva's Theorem, to prove that the medians of a triangle 
meet in a point. 


6. The inscribed circle of a triangle ABC touches the sides BC, CA, 
AB in D, E, F respectively ; prove that AD, BE, CF meet in a point. 


7. The straight lines which join the vertices of a triangle ABC to 
any point O cut the opposite sides, or these sides produced at X, Y, Z 
respectively, such that BX:XC=m:n, CY: YA=f:9, AZ:ZB=r:s. 


Prove that AO: ох=^+: 1; and obtain similar expressions for 
the ratios BO: OY, CO: OZ. 


* Pronounced Ka’-va and Mé-né-la’-us. 
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THEOREM 86. (Euclid VI. 3 and A.) 


(i) If the vertical angle of a triangle is bisected, internally or 
externally, by a straight line which cuts the base, or the base 
produced, it divides the base, internally or externally, in the 
ratio of the other sides of the triangle. 

(ii) Conversely, if a straight line through the vertex of a 
triangle divides the base, internally or externally, in the ratio 


of the other sides, it bisects the vertical angle, internally or 
externally. 


AE 
Al E 
25 ! Pid 
A^ у AS 
1 

E l 
I E 
1 

р Cra с р 
Fig. (а) Fig. (b) 


(i) Let AD bisect the angle A of the triangle ABC, either inter- 
nally as in Fig. (а), or externally as in Fig. (д), and cut BC or 
BC produced at D. 

It is required to prove that 

BD: DC —BA:AC. 

Construction. In Fig. (a), let F be any point in BA, and in 
Fig. (6), let F be any point in. BA produced. Draw CE parallel to 
DA tc cut BA or BA produced at E. 

Proof. Because AD is parallel to CE, 

^ LDAC-ZLACE and ZFAD-ZAEC; 
and AFAD = 2рАС (given); 
". LACE=ZAEC; 
"^. АЕ = АС. 
Again, because AD is parallel to EC, а side of the triangle BEC, 

"^. BD: ОС = ВА: АЕ. 
But АЕ =АС (proved) ; 

.. BD: ОС = ВА :АС. 
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(i) Let D be the point in BC, or in BC produced, such that 
вр: ОС = ВА :АС. 
It is required to prove that AD bisects the angle A, internally 
or externally. 
Construction. The same as before. 
Proof. Because AD is parallel to EC, a side of the triangle BEC, 
". BD: DC—BA:AE. 
But BD:DC=BA:AC (given) ; 
'. BA: AE=BA:AC; 
°. AE=AC; 
'. LAEC = 2 ACE. 
‘But, because AD is parallel to EC, 
°". LAEC=LFAD and ZACE--DAC; 
". LFAD=~DAC; 
Г. AD bisects the angle A, internally or externally, 


Ex. т. Given the base of a triangle and the ratio of its sides, prove 
that the vertex lies on a fixed circle. 


Let ABC be a triangle on a given 
base BC, and let AB:AC=p:9, 
where 2 : g is the given ratio. 

It is required to prove that A lies 
on a fixed circle. 

Construction. Produce BA to F. 
Bisect the angles BAO, CAF by 
straight lines meeting BO, or BC 
produced, at X and Y. NW Y 

Proof. Because AX, AY are the bisectors of the interior and exterior 
angles at A of the triangle АВС 
x x BX :XC BA: AG, and BY:YC-BA:AC. 

But ВА:АС=2:73 E 

^ X, Y are the points at which BC is divided internally and 

externally in the ratio Ż : ; Ў 
^. X and Y are fixed points. 

Also, because AX, AY are the bisectors of the an 

`- LXAY is a right angle ; i 
cle on XY as diameter, and this is a fixed circle. 


gles BAC, CAF, 


<. Ais on the cir 
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Ex. 2. Ifa straight line BO ts divided internally at X and externally 
at Y in the ratio p:q, and if A ts any point on the circle on XY as 
diameter, then АВ:АС=2:4. 


Construction. Let О be Ње middle point of ХҮ. Join AX, ОА. 
Proof. Because BX : XO - BY : CY (/7y7-), 
^ ХС:СҮ=ВХ:ВҮ; 


tnat [ч XY is divided internally and externally in the same ratio at 
and B. 


And because O is the middle point of XY, 

^ ОХ?=ОВ.ОО (Ex. LIX. 5 (ii)) ; 

^ OA*—-OB.OC; 

^ the circle ABC touches OA ; 

^ &ОАС=/ АВС in the alternate segment ; 
Now, 2ВАХ=20ХА - 2АВС ; 
"^ LBAX- LOAX -20АС=2 САХ ; 

-. AX bisects 2 ВАС; 
2 АВ:АС=ВХ:ХС=2:4. 


The last two examples prove the following important theorem :— 
The locus of a point which moves so that the ratio of its 
distances from two fixed points is constant is a circle.* 


* This is called the Circle of Apollonius, 
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THEOREM 87. (Euclid VI. 33.) 


In equal circles, angles at the centres have the same ratio as 
the arcs ой which they stand; so also have the sectors. 


Let AB, A'B' be arcs of equal circles of which O, O' are the 


centres. It is required to prove that 
LAOB  arcAB  sectorAOB 


Construction. Let the arcs AB, AB' be commensurable, and 
from them cut off arcs AX, A'X respectively, each equal to a common 
measure of the arcs AB, A'B’, so that 

arc AB=p.arc AX and arc AB'—g.arc AX, 
where ? and g are whole numbers. Join OX, ОХ. 


Proof. Since equal arcs subtend equal angles at the centres, 
* LAOB—f.LAOX and LAOB-g.L.AOX. 
Also, since the sectors which stand on equal arcs are equal, 
*. sector АОВ =}. sector AOX, : 
sector A'O'B' =g . sector A'O'X'. 
Now, LAOX = LA'O'X, and sector AOX = sector АОХ'; 
„АОВ  arcAB _ sector АОВ: 
* [NOB "ar AB sector AO'B^ 


the circumferences have the same 


Cor. In equal circles, angles at n ; 
for each is half the corresponding 


ratio as the arcs on which they stand, 
angle at the centre. 


318 ELEMENTS OF GEOMETRY 


Exercise LXIII. a. (Theorem 86.) 
1. ABC is a triangle with the angle A a right angle ; AX, AY meet 
BC, or BC produced, in X, Y, and are equally inclined to AB. Show 
tat ВХ: BY-XC : CY, 


2. ABC is a triangle, in which AB>AC. The bisector of the angle 
A meets BC in D, and O is the middle point of BC. Show that 


OD : OB=AB AC:AB4-AC. 
3. The angle C of a triangle ABC is bisected by a line which cuts 


AB in F. The angle B is bisected by a line which cuts CF in l. 


оте AF : FI=AC: Cl. 
4. PQRS is a quadrilateral ; show that if the bisectors of the angles 


P and В meet in the diagonal QS, then the bisectors of the angles Q 
and S will meet in PR. 


5. ABC is a triangle, D the middle point of the side BC; the 
straight line DE which bisects the angle ADB meets AB in E, and the 
straight line DF which bisects the angle ADO meets AC in F. Prove 
fhat EF is parallel to BC. [Use Th. 85.] 


6. The bisector of the angle BAC of a triangle ABC meets the side 
BC at D. The circle described about the triangle BAD meets CA again 
at E, and the circle described about the triangle CAD meets BA again 
at F. Show that BF is equal to CE. [Use Th. 8o.] 


T. Aand B are fixed points. Another point, P, moves so that PA 
is always equal to 3PB. Prove that P lies on a circle whose diameter 
is equal to JAB. [See Ex. 1, p. 315.) 


8. A and B are given points and CD a given straight line ; find, 
when possible, a point P in CD such that PA— 3PB. 


9. A, B, C are three given points in the same straight line. Prove 


that the points, at which AB and BC subtend equal angles, lie on a 
fixed circle. 


10. Given four collinear points A, B, C, D, find a point at which AB, 
BC, CD subtend equal angles. 


11. Draw a triangle ABC, in which BC—2 inches, ЗАВ —2AC and 
the area of ABC is 1 square inch. Show that there are two solutions, 
and measure AB in each case. 


12, Draw a straight line 2 inches long, and on it, as base, construct 
the triangle of greatest possible area with its sides in the ratio 3: 4 


Explain the construction, and calculate (without measurement) the area 
of the triangle. 
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13. Construct a parallelogram whose sides are given and whose 
diagonals are in the ratio of 1 :2. Explain the construction. 

14. A and B are the centres of two given circles and CD is any 
straight line parallel to AB, meeting the first circle at C and the second 
atD. If P is the point of intersection of AC, BD, prove that P lies on 
a fixed circle. 


Exercise LXIII. b. 


1. The bisector of the angle A of the triangle ABC meets BC at X. 
If BC=a, СА=2, AB=<c, prove that 
ac _ аб 
BX DA and OX- 52 


2. The bisector of the exterior angle at A of the triangle ABC meets 
BC produced at X’. If AB>AC, prove that 


„ас ,. аф 
BX REC) and CX Rcs 
‚ 8. The bisectors of the interior and exterior angles at A of the 
triangle ABC meet BC at X and X’. If AB>AC, prove that 


‚_ 2abe 
XX—3— m [Use Exx. 1, 2.] 


4. ABC is a triangle in which AB>AC. If L is the middle point of 


BC, AP is perpendicular to BC and the bisectors of the interior and 
exterior angles at A meet BC in X, X’, prove that 
: ac—b X ‚а €kb, qu eA 
(i) X=.) (i) LX ST (ii) ЕР= —7 ү 

(iv) LX. LP is equal to the square on the tangent from L either to 
the inscribed circle or to the escribed circle opposite А. 


(v) LP.LX’ is equal to the square on the tangent from L to either 
of the escribed circles opposite B and C respectively. 


[For (iii) see Ex. LII. 16, and for (iv), Ex. XLVI. a. 9.] 


B. The bisector of the angle A of the triangle ABC meets BO at X. 
Prove that 6. BX=c.CX. Hence show that 


bc(b+c)=b. BX* c. CX? 4- (4+ c) AX. 
[See Ex. LVI. 10.] 
6. The bisector of the angle A of the triangle ABC meets BC at х. 


Prove that gi 
pei - TF +2 ). 


[Use Exx. 1, 5.] 


E 


м; 
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7. The bisector of the exterior angle at A of the triangle ABC meets 
BC produced at X. Prove that 6.BX’=c.CX’. Hence show that, if 


с>, (i) (2—2) =6.ВХ2 — c. CX'2 — (c — 2) AX, 
2 
(ii) AX? д2 و‎ 
[See Ex. LVI. 11.] 


8. Use the values for AX? and AX? found in Exx. 6, 7 to verify 
the value found for XX’ in Ex. 3. 


9. Iflis the centre of the circle inscribed in the triangle ABC and 
А! cuts BC at X, show that 


Al 


2+с rag 
Sapite PX 
[Bl, Cl bisect 45 В, С; ~. Al: IX=AB:BX=AB: CX.) " 
10. If | is the centre of the circle inscribed in the triangle ABO, 
prove that 


5-а 
Al*— jc. йул? 


where 2s=a+4+c. [Use Ex. 6.] 


11. If 1, is the centre of the escribed circle of the triangle ABG 
opposite A, and Al, cuts BC at X, show that 


ótc 
Ali p AX. 


(BI,, Cl, bisect the exterior angles at B, С; 
^ Aly: Xl=AB:BX=AC : CX.] 
12. If |, is the centre of the escribed circle of the triangle ABO 
opposite A, show that à 
А2=2с. Р [Use Ex. 6.] 


EQUIANGULAR TRIANGLES зї 
XXXVIII. SIMILAR TRIANGLES. 


THEOREM 88. (Euclid VI. 4.) 


If two triangles are equiangular, their corresponding sides are 
proportional.* 


8 Gone F 


Let ABC, DEF be two triangles in which the angles А, B, С are 
equal to the angles D, E, F respectively. 


It is required to prove that 
AB:DE-—AC:DF-—BC:EF. 


Construction. Along AB, AC, set off AG, AH, equal to DE, DF 
respectively. Join GH. 


Proof. In the triangles AGH, DEF, 


AG = DE (construction), 
{a= DF (construction), 
LA=LD (given); 
4^. the triangles are congruent ; 
°“. LAGH = Е. 
But LB= LE (given); 
*. LAGH = £B, 
and these are corresponding angles; 
*. GH is parallel to ВС; 
°". AB: AG — AC : AH j 
`". AB;DE=AC:DF. 
Similarly, it can be proved that 
AC: DF=BC: EF. 


* When it is said that the sides a, û, с of one triangle are proportional to 
the sides a’, 2', ¢ of another triangle, the meaning is that 


a:d=b:b eic. 
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Definitions. Two rectilineal figures are said to be equiangular 
when the angles of one, taken in order, are equal to the angles of 
the other, taken in order. 


Two rectilineal figures are said to be similar when they are 
equiangular and the sides about every pair of equal angles are 
proportional. 


In Theorem 88 it has been shown that if, in the triangles ABC, DEF, 
4A=LD, LB=cE, and, consequently, LC=ZF, 
then AB: DE=AC: DF=BC:EF ; 
that is, the sides about every pair of equal angles are proportional. 
Hence, zf two triangles are equiangular, they are also similar, but the 


corresponding statement is not true for figures of more than three 
‘sides. 


The sides of similar triangles which are opposite equal angles 
are called corresponding sides. 


Observe that the two sides (such as AB, DE) which are the terms of 
any of the ratios in the above statement of proportion are corre- 
sponding sides. 

In working with similar triangles, 27 zs important to arrange the 
letters in order. Thus, if ABC, DEF are similar triangles, the order of 
letters should be such that LA—ZD, LB=LE, LC=LF. If this is 
зо, the relations between the sides can be written down without 
looking at the figure. 


It is obvious that two similar triangles can be placed so that 
their corresponding sides are parallel. If this can be done without 
turning one of the triangles over, the triangles are said to be 
directly similar. Otherwise, the triangles are said to be inversely 
similar. 

In the figure of Theorem 89, the triangles ABC, DEF are directly 
similar and the triangles ABC, GEF are inversely similar. 


A triangle which varies in such a way as to be always directly 
similar to a given triangle is said to be of given species. 
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THEOREM 89. (Euclid VI. 5.) 


If the three sides of one triangle are proportional to the three 
sides of another triangle, the two triangles are equiangular. 


B 


Let ABC, DEF be two triangles in which 
AB:DE=AC:DF=BC: ЕЕ; 
It is required to prove that ABC, DEF are equiangular. 


Construction. On the side of EF opposite to D, make LFEG 


equal to B and £ EFG equal to L0. 


Proof, Because L FEG=LB and L ЕЕ@=/^0, 
". the triangles ABC, GEF are equiangular 5 
. AB:GE=BC:EF. 
But AB : DE = BC :EF (given) 3 
. AB:GE=AB: DE; 
*, GE- DE. 
Similarly GF=DF. 
Hence, in the triangles GEF, DEF, 
GE = DE (proved), 
for- pF (proved), 
EF is common ; 
GEF, DEF are congruent ; 
F and LGFE= =LDFE. 
E = LO (construction); 
tly LA=4 EDF. 


*. the triangles 

/. LGEF=LDE 

But 4GEF-LB and 4GF 

^, LB- DEF, 20=20ЕЕ, and consequen 
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Exercise LXIV. (Theorems 88, 89.) 


l. ABCD is a parallelogram. CD is bisected at E and BE meets 
АС at X. Prove that AX=ZAC. [Consider As AXB, CXE.] 


2. ABCD isa parallelogram. АВ is divided at X and CD at Y, so 
that AX : XB=3:2 and CY:YD—4:1. If XY meets AC at Z, prove 
that AZ=3AC. 


3. ABCD is a trapezium with AB parallel to CD, and АВ=200. If 
AC, BD meet at E, prove that АЕ =$АС. Also, if AD, BC are produced 
to meet at F, prove that DF = AD. 


4. OA, OB, OC are three given straight lines and P is any point in 
OC. If PM, PN are perpendicular to OA, OB, show that the ratio 
РМ: PN is constant. (Cohsider the angles of the triangle PMN.] 


5. OX, OY, OZ are three given straight lines; AB, CD are two 
straight lines parallel to one another, cutting OX, OY, OZ in P, Q, R 
and Р, @, R' respectively. Prove that PQ: QR= P'Q':Q'R. 


, 6. AB and CD are the parallel sides of a trapezium ABDC, whose 
diagonals AD, BC cut in E. Through E a straight line LEM is drawn 
parallel to AB to cut AC in Land BD in M. Show that LE= EM. 


7. P is any point on a circle of which C is the centre and AB is a 
diameter. PN is perpendicular to AB and the tangent at P meets BA 
produced at T. Show that the triangles CNP, CPT are equiangular, 


and that CN :CP=CP: CT. 


8. The tangent at P to a circle, whose centre is С, meets two 
parallel tangents in Q, Q' ; show that PQ. Ра ~ CP? 


9. ABC is a triangle, in which AB=AC; AD is the perpendicular 
to BC; R is the radius of the circle ABC. Prove that 2R. AD =AB? 


,10. ABC, DEF are equiangular triangles and AM, DN are the perpen- 
diculars from A, D to the corresponding sides BO, EF. Prove that 
AM: DN —BC: EF. 


ll. ABC, A'B'C' are equiangular triangles and BC, B'C' are corre- 
sponding sides. _If R, R' are the radii of the circumcircles and 7,7 the 
radii of the inscribed circles of the triangles, prove that 

R:R'=BC:B'C' and +:/=BC:BC. 

12. Two circles of radii 7, 7" intersect at AB. Any straight line 
through A meets the circles again at С, D. Prove that BC: BD=r:”. 
[Let О, O' be the centres. Prove As BOC, BO'D equiangular.] 

13. AB, CD are chords of a circle and AD, BC meet at Р. If PM 
PN are the perpendiculars from P to AB, CD, prove that ; 

PM: PN —AB : CD. 
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14. ABCD is a parallelogram and AXY is any straight line through 

A, meeting BC at X and DC produced at Y. Prove that BX. DY 
is constant. 


15. ABCD is a parallelogram and any straight line is drawn through 
A to meet BD at X, BC at Y and DC produced at Z. Prove that 


AX: Х2=АҮ : AZ. 
[Consider As ABX, ZDX and As ABY, ZDA.] 


. 16, Through the vertex A of the triangle ABC, a straight line DAE 
is drawn parallel to BC, such that DA=AE. CD meets AB at P and 
BE meets AC at Q. Prove that PQ is parallel to BC. 


17. In a triangle ABO, BC is bisected at D, AD is bisected at E and 
BE is produced to meet AC at F. Prove that 3AF — AC and 4EF — ВР. 
[Draw DK parallel to BF to meet AC at K, or use Menelaus’ Theorem.] 


18. In a triangle ABO, AB is divided at F, so that AF: FB=2: 3. 
FC is divided at H, so that FH: HO=3: 5. AH is produced to meet 
BC at D. Prove that 

BD:DC=3:2 and AH:HD=5:3- 
; [Draw FL parallel to AD to meet BC at L, or use Menelaus’ Theorem.] 


19. One of the sides containing the right angle of a right-angled 
triangle is double the other, and circles are described on these sides as 
diameters. Show that the common chord of these circles is equal to 
two-fifths of the hypotenuse. 


20. Given four points A, B, C, D in a straight line. It is required to 

find a point O in the same straight line, such that 
OA: OB- OC : OD. 

Prove the following construction, —On AC as base, draw any 
triangle AXC. Draw BY, DY parallel to AX, CX respectively, meeting 
at Y. Join XY, meeting AD, or AD produced, at O. Then O is the 
required point. 

91. Given four points A, B, C, D in a straight line. It is required 
to find a point О in the same straight line, suc that 

OA.OB=0C. OD. 


Prove the following construction,—On AD as base, draw any triangle 
AXD. Pati hist CY parallel to DX, AX respectively, meetin, at Y. 
Join XY, meeting AD at О. Then О is the required point. [Compare . 
Ex. LVII. 14.] 


22. ABCD, AECF are two parallelograms and EF is parallel to AD. 


If AF, DE meet at G and BF, CE meet at H, prove that GH is 


parallel to AB. 


326 ELEMENTS OF GEOMETRY 


THEOREM 90. (Euclid VI. 6.) 


If two triangles have an angle of the one equal to an angle of 
the other, and the sides about these equal angles proportions’ 
the triangles are equiangular. 


A 


B c 


Let АВО, DEF be two triangles, in which L А=/ D 
and AB:DE=AC:DF. 
It is required to prove that the triangles are equiangular. 


Construction. Along AB, AC set off AG, AH equal to DE, DE 
respectively. Join GH. 


Proof. In the triangles AGH, DEF, 
AG = DE (construction), 
| AH —DF (construction) 
and LA=CLD (given); 
°. the triangles are congruent ; 
`. LAGH=ZE, 
Now, by hypothesis, 
AB:DE=AC:DF; 
`. AB:AG=AC:AH; 
`. Ан is parallel to BC; 
^. LAGH =the corresponding £ B. 
But LAGH=ZE (proved); 
" LBeZE; 
also LA=ZLD eben) H 
+» 40=LF, and the triangles ABC, DEF are equiangular, 
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: Ex. т. A common tangent to two circles divides the straight line 
joining the centres, externally or internally, in the ratio of the radit. 


Let TT’ be a common tangent to two circles whose centres are О, C’ 


and radii 7, 7’. Let TT’ meet CC’, or CO’ produced, at 8. 
Because TT’ touches both circles, 
/.s CTS, C'T'S are right angles ; 
^ As CTS, CT'S are equiangular ; 
д5 SC:SC'-CT:OT'27:7". 


ose centre is C, and S isa 


Ex. 2. P із any point on a circle wh 
ternally at P' in а constant 


fixed point. If SP is divided externally or im 
ratio, the locus of P' is a circle. 


s 
Mo el 
$ 7 


Let / : g be the given ratio, so that SP : SP'—2:7. 
Along SC set off SC’, so that SC :8C’=~:g (Construction 25). 
Join CP’. 
In the triangles SCP, SC'P; 
the angle 8 is common, 
and SC :SC'—SP :SP'; 
' ^. the triangles are equiangular ; 
UE OP =SP:SP=/:7; 
г. CP is of constant length, 
and C' is a fixed point ; 
^ the locus of P' isa fixed circle. 
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THEOREM 91. (Euclid VI. 7.) 


If two triangles have an angle of the one equal to an angle of 
the other, and the sides about two other angles proportional, the 
third angles are equal or Supplementary. 


Á D MS ЕТЕР Е 


Let АВО, DEF be two triangles, in which LA — LD, and the sides 
about the angles B and E proportional, so that 
AB:DE=BC:EF, 
It is required to prove that the angles G and F are equal 
or supplementary. 


Proof. If LC is not equal to LF, draw EG, on the same side of 
ED as F, making LDEG equal to LB. Let EG meet DF, or DF 
produced, at G. 

Because £A — LD (given) and LB = DEG (construction), 

+ 26 = 200Е, and the triangles ABC, DEG are equiangular ; 
`. AB:DE=BC:EG, 
But AB:DE=BC:EF (дел); 
7. BC:EG=BC:EF; 
. EG-EF; 
`. LEGF=LEFG; 
"^ LC=LEFG. 
But the angles EFG and EFD are supplementary ; 
*. the angles C and EFD are supplementary, 
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THEOREM 92. (Euclid VI. 8.) 


In a right-angled triangle, if а perpendicular is drawn from 
the right angle to the hypotenuse, the triangles on each side of 
the perpendicular are similar to the whole triangle, and to one 


another. 
А 


B D с 


Let АВС be a triangle, in which ДА is а right angle, and let AD 


be perpendicular to BC. Son 
It is required to prove that the triangles DBA, DAC are similar 


to the triangle ABC, and to one another. 
Proof. In the triangles DBA, ABC, 
Ls BDA, BAC are right angles, 
and LB is common. 
Hence, the triangles DBA, ABC are equiangular, 


similar. 
In the same way it can be shown that the triangles DAC, ABO 


are similar ; 
milar. 


and therefore 


*. also the triangles DBA, DAC are si! 


Cor. DA is a mean proportional to DB and DC. 
„ DB: DA=DA: DC. 


For since the triangles DBA, DAO are similar, . 


BA is a mean proportional to BD and ВС. — 
For since the triangles DBA, ABC are similar, .. DB: AB=AB:CB. 
CAi tional to CD and CB. 

incr ie eae ABO are similar, .. CD: СА= CA: CB. 


For since the triangles DAC, 
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Exercise LXV. (Theorems 90-92.) 


1. ABC, ABC’ are equiangular triangles and BC, BC’ are 
corresponding sides. If X, X' are the middle points of BC, B’C’, prove 
that AX : AX'— BC : B'O’. 

2. ABC, A'B'C' are equiangular triangles, in which /А=/А' and 
LB-LB' If BC, BC’ are divided in the same ratio at X, X’, so that 
BX : XC- B'X' : X'C', prove that the triangles ABX, A'B'X' are similar. 


3. In the triangle ABC take any point P. Find a point Q outside 
the triangle, such that ZCBQ.—ZABP and LBCQ=4BAP. Prove that 
the triangles PBQ, ABO are equiangular. 


4. Two obtuse-angled triangles have an acute angle of the one 
equal to an angle of the other, and the sides about the other acute 
angles proportional ; prove that the triangles are equiangular. 


5. OA, OB are given straight lines ; PM, P'M' are perpendiculars 
from points P, P’ to OA, and PN, P'N' are perpendiculars to ОВ. I 
PM: PN —P'M' : P'N’, prove that О, P, Р are in the same straight line. 

[Use the triangles PMN, P'M'N' to show that  PMN —Z P'M'N', and 
consider the cyclic quadrilaterals OMPN, O'M'P'N'.] 


6. PM, PN are the perpendiculars from a point P to two given 
straight lines OA, OB. If P moves so that PM: PN zs constant, prove 
that the locus of P is a straight line through O. 


7. Draw any triangle ABC, and construct the locus of a point p^ 
which moves so that the ratio of the perpendiculars from Pto AB, AC 
аге in the ratio 2 : 3. 


8. Draw any triangle ABC, and find a point P within it such that 
the perpendiculars from P to BC, CA, AB are in the ratio 2: 3: 4. 


9. ABC is a triangle with the angle A a right angle, and AD is 
perpendicular to BC. Prove that ВО: DC — AB? : AC’. 


10. AB is the diameter of a semi-circle. Through A draw any 
straight lines AP, AQ to meet the circumference again at P, Q. Draw 
PM, QN perpendicular to AB. Prove that AM : AN - AP? : AQ". 


11. From the vertex A of the triangle ABC, perpendiculars AL, AM 
are drawn to the bisectors of the exterior angles of the triangle at B 
and C. Prove that LM is parallel to BC. [Let | be the centre of the 
inscribed circle. Prove that AL: AM = IB : IC, etc.] 


12. A is a fixed point and P is any point on a given circle. From 
AP cut off AQ—$AP. Construct the locus of Q. 


18. Given two circles and a point A, through A draw a straight line - 


APQ ше one of the circles at P and the other at Q, so that 
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14. Three concurrent straight lines OA, OB, OC are cut by two 
transversals at X, Y, Z and X, Y, Z. If XY: YZ -X'Y' : YZ', show that 
the transversals are parallel. 

[If X'Y'Z' is not parallel to XYZ, draw X'MN parallel to XYZ, cutting 


OB, OC at M, N, etc.] 


15. ABC is a triangle, P is the foot of the perpendicular from A to 
BC, X is the point where the bisector of the angle A cuts BC, D the 
point of contact with BC of the inscribed circle, D; the point of con- 
tact with BC of the escribed circle which touches AB, AC produced : 

(i) Prove that DD, is divided internally at X and externally at P in 
the same ratio. [Use Ex. 1, p. 327. 

(ii) Hence, show that, if L is the middle point of BC, 
then LX.LP=LD? and LP.DX=LD.DP. 


16. O zs any point within a triangle ABC and O' is another point 
within the triangle, such that 
ZBAO’=LCAO and ZABO'—-ZCBO. 


Join CO, CO’, and prove that LACO'=BCO. 

[Let 3, g, 7 be the perpendiculars from О and 2, у,” those from 
O' to ВС, CA, AB. Adapt the method of Ex. 5, to prove that 
g:r=r:g' and r:$—f':7. Hence show that 2:g—4 :2, and 
consequently 2АСО’=/ ВСО.] 


Exercise LXVI. 
(Two important Loci.) 

1. Ads a given point and Р is any point on а given straight line 
BC. On AP draw a triangle APQ, directly similar to a given triangle 
DEF. Find the locus of Q. 

[Draw AM perpendicular to BC. On 
AM, draw AAMN directly similar to 
ADEF. Join QN. ‘ ү 

We shall prove that LANQ is а right 
angle. 

For As APQ, AMN are equiangular ; 

л AQ:AN=AP: AM 
and ZQAP-ZNAM; 
2 LQAN —c PAM. | 

Hence As QAN, PAM have the sides 
about the equal angles QAN, PAM pro- 


portional ; А 
~ As QAN, PAM are equiangular ; 

4 LANQ=LAMP=a right angle ; 

* the locus is the straight line through N perpen 


dicular to АМ.) 
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2. A is a given point and X is any point on a given straight line | А 
BC. On АХ draw a square AXYZ. Construct the locus of Y. à 


3. ABC is a given triangle. Draw a square XYZW, with the 
vertex X at a given point in AB, Y on BC and 2 on АС. [Use the last 
example to find the locus of Z if Y is supposed to move along BC.] 


4. ABC is a given triangle. Draw an equilateral triangle XYZ 
with the vertex X at a given point in AB, Y on BC and Z on AC. 


5. Explain how to inscribe, in a triangle ABO, a triangle equi- 
angular to a triangle DEF, with one vertex at a given point in AB. 
Show that, in general, there are two solutions. 


6, Ais a given point and BC is a chord of a given circle. Through 
A draw two straight lines AP, AQ, at right angles, to meet ВО at Р 
and the circle at ©, such that AQ=2AP. Show that, in general, there 
are two solutions or no solution. 


T. Construct an equilateral triangle with its angular points on 
three given parallel straight lines. 
[Take any point on one of the lines as one vertex, and use Ex. 1.] 


8. A zs a given point and P. is any point on a given circle with 
centre С. On AP draw a triangle APQ, directly similar to a given 
triangle XYZ. Find the locus of Q. 


[On AC draw AACD, directly similar 
to XYZ. Then D isa fixed point and DQ 
is of constant length ; hence the locus is 
the circle with centre D and radius DQ. 

Proof. Join PC, QD. 

As in Ex. 1, As AQD, APC can be 
shown to be similar ; 

^ DQ:CP-AQ:AP-XZ:XY ; 
"^. DQ is of constant length.] 


9. Through a given point A draw two straight lines at right 
angles to meet a given circle at P and @ respectively, such that 


AP=2AQ. 
10. A and B are fixed points on the circumference of a given circle 


and P is any other point on the circumference ; if AP is produced to Q, 
so that PQ : PB is a given ratio, find the locus of Q. 


„11. Given three concentric circles, construct a triangle, similar to a 
given triangle, with one vertex on each of the given circles. 
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XXXIX. THIRD, FOURTH, AND MEAN 
PROPORTIONALS. 


CONSTRUCTION 30. 


Find a fourth proportional to three given straight lines. 


x 
» 
& 


А Р Q B 


Let x, y, z be the given straight lines. It is required to find a 
fourth proportional to 2, y, 2. 

Construction. Draw two straight lines AB, AC, making any 
convenient angle. Along AB set off AP and AQ equal to x and y 
respectively. Along AC set off AR equal to z. Join PR. Draw 


QS parallel to PR to meet AC in S. 
Then AS is the required fourth proportional. 


Proof, Because PR is parallel to QS, 
*. LAPR =the corresponding 2 AQS ; 
*. the triangles APR, AQS are equiangular ; 
Г. AP:AQ=AR:AS; 
that is, 4x:y—2:A8; 
<. AS is the fourth proportional to х, y, 2, 


E.G 


* 
E 


W 
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CONSTRUCTION 31. 
Find a third proportional to two given straight lines (x, y). 


x 


9: 


А PEQ 


Construction. Draw two straight lines AB, AC, making any 
convenient angle. Along AB set off AP equal to x. Along AB, 
AC set off AQ, AR, each equal to y. Join PR. Draw QS parallel 
to PR, to meet AC at S. 

Then AS is the required third proportional. 

Proof. As in Construction 30. 


Construction 32. 
Find a mean proportional to two given straight lines, | 
First Method. ] 


س 
XB A GUTY‏ 
\ 


| 

» 
Let x, y be the given straight lines. It is required to find 4 
à mean proportional to x, y. 

Construction. Draw a straight line XAY. Along AX set off AB 
equal to x. Along AY set off AC equal to у. On BC as diameter 
draw a semi-circle. Draw AD perpendicular to BC to meet the — . 

_ circumference at D. 
Then AD is the required mean proportional to x, y. 

Proof. Join BD, CD. 

Because BDC is a semi-circle, — .'. ВОС is a right angle. 


À 


aw 


ЕЈ 
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Because, in the rightangled triangle DBC, DA is drawn per- 
pendicular to the hypotenuse, 
`. the triangles ABD, ADC are similar, 
and AB:AD=AD:AC; 
" €:AD—AD:y; 
that 15, AD is the mean proportional to x and y. 


22 is useful to observe that, in the figure drawn, 
AB AB AD АВ? 
AC AD AC AD! 


Second Method. 


Construction. Draw a straight line AY. Along AY set off AB 
equal to x and AC equal to y. On AB, the greater of these 
lengths, draw a semi-circle. Draw CD perpendicular to AB to 
meet the circumference at D. Join AD. . 

Then AD is the required mean proportional to 2, y. 

Proof. Join DB. 

Because ADB is a semi-circle, .. ADB is a right angle. 

Because, in the right-angled triangle DAB, DC is drawn per- 
pendicular to the hypotenuse, 

*. the triangles DAB, CAD are similar, 
and AB:AD=AD:AC; 
'. w:AD=AD:y; 
that is, AD is the mean proportional to x and y. 
Zt is useful to observe that in the above figure, 


AB AB AD AB' 
AC AD AC AD* 


4 
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Exercise LXVII. 
1. Show graphically that $X3.g. 


2. Find graphically the value of “р 
3. Find graphically the value of 2-7 x 5:9. 


4. Construct a line of length Ie inches. [Find a third propor- 
tional to 1:67, 1.] 1:67 


5. Given a straight line x units long, construct one of length 
a? units. 

[Draw two straight lines AB, AC, making any convenient angle. 
Along AB set off AD of unit length, and along AC set off AE = units 
in length. With centre A and radius AE draw an arc of a circle to cut 
AB in F, Draw FG, parallel to DE, to cut AC in G. Then AG is 2? 
units in length. Complete the construction and supply proof.] 


„ 6. Find graphically, to two places of decimals, the values of 
G) (14)* Gi) (1:32)*. 
7. Find graphically the values of 4/2, 4/3, /5, correct to two places 
of decimals. | 
[Find a mean proportional to 1 and 2, etc., using any suitable unit.] 


8, Find graphically the value of ./31. 
[Finding a mean proportional to 1 and 31 involves the use of too 


long a line. Write 31-3 x 5, and find a mean proportional to 6:2 
and 5.] 5 
9. Find graphically 4/3 and (42)*. 
10. Divide a straight line AB in the ratio 2 : 4/3. 


Draw a straight line AX, making any angle with AB. Р 
Along AX set off AC=2 units, CD=3 units. On AD draw a semi- 
circle. Draw CE perpendicular to AD to meet the circumference 


atE. Along CX set off CF equal to CE. Join ВЕ. Draw CG parallel ' 


to FB to meet AB at G. Then G is the point required. 
AG? AC? AC? АС? АС 2. 
“gee ОВ?” OF” СЕ?” AC. 057 5573 
.. AG: GB A2 : 5. 
pomi a straight line internally at X and externaly at Y, 


AX? :XB! AY? : YB!—2:5 
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XL. AREAS OF SIMILAR TRIANGLES. 


THEOREM 93. (Euclid VI. 19.) 


The ratio of the areas of two similar triangles is equal to the 
ratio of the squares on corresponding sides. 


A 


B 


Let ABC, DEF be two similar triangles, having LB equal to LE 
and 2С equal to LF. It is required to prove that 
AABC : ADEF = BC?: EF’. 


Construction. Along BA, or BA produced, cut off BD'— ED, and 
along BC, or BC produced, cut off BF’ = EF ; join D'F', AF’. 


Proof. In the As D'BF', DEF, 
BD'—ED, BF'- EF and LD'BF'=LDEF; 
*. As are congruent and equal in area ; 
AABC AABC _ AABC AABF' 
© ADEF ДВОЕ ЛАВР” ABDF” 
AABC _ BC BC 
Now, ДАВЕ' BF EF 
ma AASF AB AB BO 
ABDF BD DE EF? 
. AABC BC BC BC? 


° ADEF EF EF EF? 


# 


# 
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Exercise LXVIII (Theorem 93.) 
1. If ABC, DEF are two triangles, in which LA=ZD, prove that 
| ДАВС : ADEF=AB.AC: DE. DF. 
[Draw BH, EK perpendicular to AC, DF.] 


2. If ABCD, EFGH are equiangular parallelograms, prove that 
Æ" ABCD: ZT" EFGH —AB. AD : EF. EH. 


3. If ABC, XYZ are two triangles, in which AB: AC —XY : XZ and 


the angles A and X are supplementary, prove that 
SABC : AXYZ— AB? : XY?, 
4. AT, BT are tangents to a circle at any points A, B, and О is the 
centre. Show that ЛАТВ : AOAB=AT?: АО“, 


5. ABC is a triangle, in which ZA is a right angle. Emquilateral 
triangles BXO, CYA, AZB are drawn on the sides, and AD is per- 
pendicular to BC. Prove that 


ACYA=ACDX and AAZB=ABDX. 


6, From Ex. 5, deduce a construction for an equilateral triangle of 
area equal to the sum of the areas of two given equilateral triangles. 


7. C is the centre of a circle, AB is a diameter and P is any point 
on the circumference. PN is perpendicular to AB, the tangent at P 
meets BA produced at T and the tangents at P and A meet at Q. 
Prove that 

(i) ATAQ: ATPC=TA: TB. 
(ii) APQA : APCA =AN: NB. 
[For (ii) show that As QPC, APB are equiangular.] 

8. Таке any triangle ABC. Draw AD, BE perpendicular to BO, CA. 

Draw EG perpendicular to BC. Join DE. Prove that 
ADEC: AABC=CG: СВ. 
[Show that ADEC : AABC=CE?: CB*] 

9. Take any acute-angled triangle ABC. Draw AD, BE, CF per- 

ndicular to BO, CA, АВ. Draw EG, FH perpendicular to BC. Join 


E, DF. Prove that DE, DF divide the triangle ABC into parts which 
are in the ratio CG: GH : HB. [Use Ex. 8.] 


* 
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Problems connected with Areas 


1. Divide the triangle ABC into three equal parts by straight lines 
parallel to ВО. 


Analysis. Suppose the construction effected, and that XX’, YY’ are 
the lines required. 
Then AAXX’: AAYY': AABC—1:2:3; 
and because these are similar triangles, 1 
nC AAXX A AYY : ЛАВС=АХ? : AY? : AB? ; 
ы. АХ : AY : AB=1 : 4/2 : 43. 

Hence the following construction :— 

Trisect AB in D and E. Draw the semi-circle AFGB. Draw DF 
and EG perpendicular to AB to meet the semi-circle in F, G. With 
centre A and radii AF, AG, draw arcs cutting AB in X, Y, etc. 

Proof, AAXX' : AAYY’ : ЛАВС=АХ? : AY? : AB? 

—AF?: AG? : AB? 

=AD. AB : AE . AB : AB? 
—AD:AE:AB 
m1:2:3 


2. Assuming that the area of a circle varies as the square of the 
radius, show how to effect the following construction :—Draw two 
circles, concentric with a given circle, and dividing it into three parts 
of equal area. 


3. Divide a parallelogram ABCD into three equal parts by 
straight lines parallel to the diagonal AC. 
[Draw a line parallel to AC cutting AB in X and BO in Y so that 
ABXY=%A BAC. Divide the A DAC in a similar manner by the 
line RS. ХҮ and RS are the lines required.] 
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4, Draw an equilateral triangle equal in area toa given triangle 
ABC 


On one side BC of 4 ABC draw an equilateral A DBC. 

Draw AE parallel to CB to meet DB in E. Along BD set off BA, 
a mean proportional to BE, BD. Draw AC’ parallel to DC to meet 
BC in С. 

"Then A'BC' is the required triangle. 

Proof, ANBO BA? BE.BD BE ABEC _ SABC , 

` ADBC BD: BD? ВО ABDC ADBC! 
^ ЛАВС'= ЛАВС; 
also A A'BC' is equilateral. 


By the method of the last example, we can make a triangle 
similar to a given triangle ABC and equal in area to another 
given triangle XYZ. 


5. Construct an equilateral triangle of area equal to 3 square 
inches. 


6. Draw AABO, in which BC=1-6 in, СА=т.2 in, AB=2 їп. 
Construct a triangle equal in area to A ABC and with its sides in 
the ratio 3:4:5. Find the area of this triangle by taking suitable 
measurements, and verify that it is equal to that of ABC. 
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7. Bisect the triangle ABO by a straight line perpendicular to BC. 


Analysis. Suppose that KL is the line 

required, and that H 
^ BKL—-3^ ABC. 

Bisect BC at E: draw EF perpendicular 
to BC to meet BA at F: draw AD perpen- 
dicular to BC. 

Then by hypothesis ^ BKL= A BAE, B ELD cC 
ABAE BE BF, E ABKL BK? 


and ^ BAD BD BA’ 3° ABAD BA” 
BK? sr 
BA? BA’ 


. BK2=BF.BA, and the construction is that indicated in the 
figure. Complete the construction and supply proof. 


8. Give a construction similar to that in Ex. 7 for bisecting a 
triangle by a straight line parallel to any given straight line. 


9. Draw a parallelogram, given the area, one angle, and the ratio 
of adjacent sides. 


Draw a rectangle ABCD, equal to the given area. Draw AABE, 
having 2 ВАЕ equal to the given angle of the parallelogram, and 
AB: AE equal to the given ratio. Let AE cut CD, or OD produced, 
in F. Complete as in the figure. Then AB'O'D' is the required 
parallelogram. Supply proof. 

10. Draw a parallelogram of 3 sq. in. area, with one angle equal 
to 60°, and the ratio of adjacent sides 2:3. , 

Measure the sides, and verify by calculation. 
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XLI TRIGONOMETRICAL FORMULAE. 


1. Zf Vis the centre of the inscribed circle of the triangle ABC a 
V, the centre of the escribed circle which touches AB, AC produced, 
e AI. Al,=AB. AC. 
A 
Proof. For A, 1, |, are in the same 
straight line ; and 
4BAI =}4 BAC-IAC. 


Also, since ВІ and ВІ, are the internal 1 
and external bisectors of / B, ш 


 ҺВА=до°-+++В=18о°—4(А+О)=/ CIA; \ 
^ As BAl,, IAC are equiangular ; \ 
“ ВА : А1, =1А :АС; \ 

Al. Al,=AB. AC. 


2. Jf be the centre of the inscribed circle of the triangle ABC, 1, that 
of the escribed circle, which touches АВ and AC produced, r, r, their ~ 
respective radii, and s the semi-perimeter, then 


7Óy-(s- 5s c) 
Proof. Let these circles touch BC in 
D, D, respectively. 
Then because В! and Bl, are the internal 
and external bisectors of £ B, 


'. L|BD=go°- ВО, = Z BILD, = on 
and Zs at D, D, are rt. 2s; F \ | " 
*. As IBD, Bl,D, are equiangular ; x bug 
10: BD= BD, :1,D,; NEN / 
^. ID. D, - BD. BD; PM 
-omme(s-5(s-o. (See p. 216.) 


m 


Similarly, 7-(s-c)s-a) and 7rg-(s—a)(s— 2). 
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9. If Ais the area of the triangle ABC, then 
А=/{5(5-а)(у—)(- 0) 


where 2s=at+b+e. 


А А 
We have пт and 7 жаз, (See 2. 215.) 


Also 77,=(s—8)(s—c); (Ex. 2.) 
A 
a Peers UE 
.. MN -s(s-as-2(s-o; 
2 A=)/{s(s—a)(s—6)(s—o)}. 
4. For the triangle ABO, find expressions for sin ^ cos, tan A, 
Zn terms of the sides. > Р ` 


In the figure of Ex. 2, let the inscribed circle touch BC, CA, at D, E, 
and let the escribed circle opposite A touch BC at D, and AB produced 
at Fı. 


ig АЁ a ш АК л. 
Тһеп sin > =A AI and PRO EAE TAN 
A mm _(s—6)(s—-c) 
Lt ut s Dict 
SH HRATSAT ёс 
A (s —6)(s—c) 
2 
A 


A AE.AF, (s-a).s 
D d ul ee 
"e (COS ESAE ӘЛЕ" 


Hence, tan А2 Azo a. 


The trigonometrical ratios of 8 апа 5 have similar values. 


These formulae are of extreme importance, and afford a ready 
method of finding the angles of a triangle when the three sides are 
given, as thev are adapted to logarithmic computation. 
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5. Find the sine, cosine and tangent of half the greatest angle of 
the triangles whose sides are as below, giving the results as surds (or 
rational quantities) : 

(i) @=15, b=13, с=4; 
(ii) а=5, 0=29, c=30; 
(iii) 2—65, b=80, с=17. 


6. For the triangle ACB, if R is the radius of the circum-circlt, 
and А and B are the acute angles, then 


(4 abe 
O nA TBT? (ii) R=. 
Draw the diameter BD of the circle ABC. 


Join CD. 
Then ВОР is a semi-circle ; 


-. LBCD is a right angle ; 


Also, because the angles BAC, BDC are in 
the same segment, 


бя е 
б MP АП 
. si A= SEO e 


Similarly, it can be shown that же ан. 
sinB 


(ii) We have (see p. 165) Ae ZcsinA ; 


Ra? 2. 4€ айс 
' " 2sinA 2é&sinA 44A 


1. If ABC is any triangle, da that 


BAN ATEM axe when C is an acute angle ; 


б) 7s с A anA in BHO) when C is an obtuse angle ; 


eii) % 


С AT ^m А” -aig-o when C is a right angle. 
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8. Zn the triangle ABC, if LC LB, prove that 


tan}(C+B) c+ 
tan}(C—B) 2-2 


B F ^C 
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With centre A and radius AC describe a circle, cutting BA and BA 
produced in D and E respectively; join CE and CD, and draw DF 


parallel to EC to meet BC in F. 
Then BD-BA-AD-c-5^, 
and BE=BA+AE=c+é. 
Also, ZECD, an 4 in a semi-circle, is a rt. Le 
+, LODFisart. д; 
and since A is the centre of circle ECD, 
'. LADC=}2EAC 
=}(B+C); 
+. LBCD=L ADC -4 DBC 
=}(B+C)-B 
=3(0-В). 
Again, because As BEC, BDF are equiangular, 


. tan}(C+B)_EC, DF 


* tan$(C-B) CD OD 


This formula is most useful in doing examples on the solution of 


triangles where two sides and the included angle ave given. 
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Exercise LXIX. 
Harder Examples on Similar Triangles. 


1. Jf the straight lines which join the vertices of a triangle ABC to 
any point О cut the opposite sides, or these sides produced, at X, Y, Z 
respectively, then 

$ 9х E Vi Mr. (Ceva's TAeorem.*) 


[Draw B'AO' parallel to ВО to meet BO, CO (produced) at В, С. 
Frove that BX AB' СҮ BC, AZ АС 


X6 AC VA AB’ ZB” BO’ 
2. Ifa straight line cuts the sides BO, CA, AB of a triangle ABC, or 
these sides produced at X, Y, Z respectively, then 


BX CY AZ 


BX BM. СҮ СМ AZ AL 
CX CN’ YA AL? ZB BM 
3. A is a fixed point and P is any point on a given straight line ВО. 
In АР, or in AP produced, a point Q is taken, such that AP . AQ=h*, 
where kis constant. Prove that the locus of Q is a circle. 
[Draw AM perpendicular to BC. Along AM set off AD, such that 


АМ.А0=/° The locus of Q is the circle on AD as diameter. Supply 
proof. | 


4. Sis a fixed point and Р is any point on а given circle. In SP, 
or in SP produced, а point Q ts taken, such that SP.SQ=k*, where k is 
constant. Prove that the locus of Q is a circle except when 8 is on the 
circumference, in which case it is a straight line. 2 

[Let SP cut the given circle again at Р. Draw QO’ parallel to P'O 
to meet SC, or SC produced, at С. Prove that O’ is a fixed point and 
that C'Q is of constant length. For the exceptional case, see Ex. 3.] 


5. The perpendicular bisector of AC, one of the equal sides of an 
isosceles triangle, meets the base AB produced in D. Show that AC is 
а mean proportional to AB, AD. 


[Show that CA touches the circle CBD.] 


6. ABC isa triangle and AD is the perpendicular from A to BC. 
AD is produced to meet the circumcircle of ABC at E, and AF is drawn 
parallel to CE to meet BC at F. Show that AF. BE—AB.AC. [Con- 
sider As AFC, BAE.] 


* See also p. 312, 


j 
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7. The inscribed circle of a triangle ABC touches BC in D, and an 
escribed circle touches BC in E and also touches the other two sides 
produced ; let F be the point of the inscribed circle furthest from BC ; 
show that Е, F, А lie on a straight line. [Show Al: Al —7:7.] 


8. D and E are points on the side BC of the triangle АВС, such 
that BC. BD=BA? and CB. СЕ=СА?. Prove that 
AD*—AE?- BD. EC. 
[Prove L BAD=2C and 2 САЕ =2 B.] 


9. On the sides AB and AC of a triangle ABC points F and E are 
taken, so that CE; EA=AF :FB=2:1. Find the ratio of the areas of 
the triangles ABC and AEF. Also prove that if L and M are the feet 
of the perpendiculars let fall on BC from E and F, then EL: FM=2: 1. 


10. A, B are two points on a circle, and the tangents at A, B meet in 
T. If P is any point on the circle and PL, PM, PN are the perpen- 
diculars from P to AT, BT, AB respectively, show that PL. PM=PN?. 


[Consider As PLN, PNM.] 


11. ABC is a triangle, in which CA=CB. If PL, PM, PN are the 
perpendiculars from a point P to BC, CA, AB respectively, and if 
PL. PM=PN2, show that the locus of P is the circle which touches 
CA, CB at A and B. 

(Show As PLN, PNM equiangular.] 


12, ABCD is a cyclic quadrilateral and P is any point on the 
circumscribing circle. If PL, PM, PN, PR are the perpendiculars to 
AB, BC, CD, DA, prove that PL. PN=PM. PR. 

13. ABC is a triangle, in which the angle A is a right angle and AD 
is the perpendicular from A to BC. If I, J are the centres of the prd 
inscribed in the triangles ABD, ACD, prove that the triangles D11’, А 
are equiangular. 

[Show that ID : lD—AB :AC.] 

i i D, or 

14. ABCD is a quadrilateral ; AF drawn parallel to BC meets BD, 
BD produced, in * and BE drawn агае! to AD meets AC, or AC 
produced, in E ; show that EF is parallel to CD. 

15. ABCD is a trapezium, AC, BD meet in E and 
Show that if EF meets AB, CD in P and Q, then 

EP:EQ-FP:FQ. 


AD, BC meet in F. 


шын 
ОАР, OBE, OCF to meet two parallel, straight lines in A, B, С; 
D, E, B respectively. Let AE, BD meet in X and CE, BF meet in Y. 
Show that XY is parallel to AC or DF. 

17. Given two parallel straight lines AB, 
the ruler only, dk a parallel to AB through X. 
Ex. 16.] 


DE anda point X. Using 
[Make the figure of 


>’ 
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18. ABCD is a parallelogram and LM a straight line. AB, AD, 
produced if necessary, cut LM at P and Q. If PD meets BC at X 
and QB meets CD at Y (the lines being produced if necessary), show 
that XY is parallel to LM. [Produce BC to meet LM at T.] 


19. Given a parallelogram ABCD, a straight line LM and a point P. 
Using the ruler only, draw a parallel to LM through P. [Use Exx. 18, 17.] 


20. ACB is a straight line: circles are described on AC, CB as 
diameters. AP is a chord of the first circle which touches the second 
at T. BQ is a chord of the second circle which touches the first at T’. 


Erova thas AP. BQ=4PT . QT’. 


21. Ifa straight line PQ cuts the equal sides AB, AC of an isosceles 
triangle at P, Q respectively, so that 4BP.CQ —BC?, show that 
AB, AC, PQ always touch a fred circle. [Bisect BC at M.] 


22. A, B, C, D are four points in a plane, and O is the middle point 
of AB. Prove that if OC. OD —OA*, and OC, OD are equally inclined 
to OA and on opposite sides of it, then A, B, C, D are concyclic. 


23. From a point P on a circle the line PRR' is drawn perpendicular 
to a diameter ACA' and AR, A'R' are drawn parallel to the tangent at P. 
Show that, C being the centre, the triangles PCR, PR'C are equiangular. 
(Prove that CR bisects 2 PCA.] 


24. PR, SQ are parallel chords of a circle, such that PQ, RS meet at 
a point X within the circle ; if the tangents at P and S meet at T, prove 
that TX is parallel to PR. [Let PT, QS produced meet at U ; prove 
As UTS, SXP are equiangular.] 


25. OA, OB, OC, OD are four given straight lines. Any straight 
Tine meets them at Р, Q, В, S respectively. Through Q draw а parallel 
to OD, meeting OA at X and OC at Y. ` Prove that 

PQ.RS:QR.SP-QX.QY. 


Hence show that the ratio PQ. RS: QR.SP zs constant for all 
transversals. 


26. ABCD is a quadrilateral; AB and DO are produced to meet 
at E ; BC and AD pid puaa to meet at F. AC and BD are produced 
to meet EF at X and Y. Prove that EF ts divided internally and 
externally in the same ratio at X and Y. 

[Apply Ceva's Theorem to AAEF with the point O, and apply 
Menelaus! Theorem to AAEF with the transversal YOB.] 

27. ABO is any triangle, and points D, E, F are taken in BO, CA, AB 
respectively, such that 3BD—2DO, 2CE = EA, AF —FB. 

f XYZ is the triangle formed by AD, BE, CF, prove that 
AXYZ =; ДАВС. 


e AD meet CF at Y and BE at Z. Use Ex. LXVIII. 1 to find the 
ues of AXYZ : AXFB and AXFB: ACFB. 


$ 
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XLIL SIMILAR POLYGONS. 


In what follows, the word polygon will be used to mean any 
rectilineal figure. 

Der. Two polygons are said to be similar when they are 
equiangular and the sides about every pair of equal angles 
are proportional. 


0 2 X 
D Ù Y 
Шш 
А B X 2 
For example, let ABCD, XYZW be two quadrilaterals, in which the 


angles A, B, C, D are equal to the angles X, Y, Z, W respectively. In 
order that ABCD, XYZW may be similar, we must have 
DA: WX=AB: XY, AB: XY=BC: YZ, 
BC: YZ=CD:ZW, Ср : ZW=DA: WX. 
The vertices A, B, C, D are said to correspond to X, Y, Z, W 
respectively, and the sides AB, BC, etc., are said to correspond to 


the sides XY, YZ, etc. 


If two polygons are similar, since they are equiangular, they 
can be placed so that corresponding sides are parallel. When 
placed in this way, they are said to be similarly situated: they 


are also called homothetic figures. 


Cc 
2 
(| i 
А B X Y 


Thus the figures 4 and 5 are similar and similarly situated, or 


homothetic, figures. 
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If two similar polygons can be placed so that their corresponding 
sides are parallel, 20772047 turning one of them over, the polygons 


are said to be direc 


tly similar, But if, in order to bring them 


into this Position, one of the polygons has to be turned over, they 
are said to be inversely similar, 


с 2 x 
D Y 
Л 
w Y 
A B X 2 


Thus, figures ү and 
inversely similar 


If the Straight lin 


Let ABOD be the : 
ОА, ОВ, OC, OD be divided, all internally or all externally, in the 
Same ratio at A’, B, 0. D' 


2 are directly similar and figures 1 and 3 are 


THEOREM 94, 


es joining a pont to the vertices of a given 
all internally or all externally, in the same 


given polygon and O the given point. Let 
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It is required to prove that the polygon A'B'C'D' is similar to the 
polygon ABCD. 


Proof. Because OA’: A'A= OB':B'B (given), » 
Г. OA :0A = OB': OB. LL 

‘<. the sides of the triangles OAB, OA'B' about the angles at О РТА 
ده‎ 


are proportional, and the angles of the triangles at O are either 
common, or vertically opposite, and are therefore equal. 
`. the triangles ОАВ, OA'B' are similar and 2 OBA =£ ОВА. 
In the same way, it can be shown that the triangles OBC, OB'C' 
are similar and Z OBC = Z OBC’; i \ 
°. LABC - L AB'C'. 
In the same way, it can be shown that the angles at C, D, A of 
ABCD are equal to the angles at C’, D', A’ of A'B'O'D'. 
г. the polygons ABCD, A'B'C'D' are equiangular. 
‚ Again, because the triangles OAB, OA'B' are similar (proved), 
Г. AB:A'B'-0OB:0B'; 
and because the triangles OBC, OB'C' are similar, 
*. BC: BC -OB:OB'; 
^. AB:A'B' S BO:B'O'; 
that is, the sides of ABCD, A'B'C'D' about the equal angles ABO, 
A'B'C' are proportional. i 
In the same way it can be shown that the sides of ABCD, 
N'B'C'D' about any pair of equal angles are proportional. 
But it has been shown that the polygons are equiangular ; 


.. the polygons are similar. 
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THEOREM 95. 


If two similar polygons are similarly placed, the straight lines 
joining corresponding vertices meet in a point. 


Let ABCD, A'B'C'D' be similar polygons, placed so that the sides 
AB, BC, etc., are parallel to the sides А'В’, B'C', etc. 
It is required to prove that the straight lines AA’, BB’, CC’, DD’ 
meet at a point. 
Proof. Let AA’, BB’ meet at О. If CC’ does not pass through 
O, let it cut BB’ at some point O'. 
Then, because AB is parallel to A'B' (given), 
`. LOAB—LOA'B' and L0BA-LOB'A'; 
.. the triangles ОАВ, OA'B' are equiangular, 
OB : OB’ = AB : A'B’. 
Similarly, the triangles O'BC, O'B'C' are equiangular 
and O'B:O'B'—BC:B'C'. 
Now the polygons ABCD, A'B'C/D' are similar (given) ; 
^ AB: A'B'—BO:B'C'; 
°. OB:OB'—0O'B:O'B'. 
Hence the points О, O' divide BB’, both externally or both 
internally, in the same ratio ; 
`. O' coincides with О; 
that is, CC' passes through O. 
Similarly, it can be shown that DD’ passes through O. 
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THEOREM 96. (Euclid VI. 2o (i).) 
if a polygon is divided into triangles by lines joining its 
vertices to a given point, any similar polygon can be divided 
into similar triangles, by lines joining its vertices to a corre- 
sponding point. 


Let the polygon ABCDE be divided into the triangles OAB, OBC, 
etc., by joining its vertices to a given point О, and let A'B'C'D'E' be 
a similar polygon. 

It is required to prove that A'B'C'D'E' can be divided into 
triangles similar to the triangles OAB, OBC, etc., by joining its 
vertices to some point O’. 

Construction. Let AB, A'B/; BO, B'O', etc., be corresponding 
pairs of sides, Make the angles B'A'O', A'B'O' equal to the angles 
BAO, ABO respectively. Join O'C’, O'D’, ОЕ. 

Proof. The triangles OAB, O'A'B' are equiangular (construction) ; 

°. АВ:А'В'=ОВ:О'В'; 
and because the polygons are similar, .. AB :AB' 2 BC:B'C'; 
*. OB:O'B' - BC:B'C 
Again, because the polygons are similar, ~. LABC=LA'BC'. 
But LABO=LAB'O’ (consi); <. LOBC=LO'BC. 

Hence, in the triangles OBC, O'B'C', the angles OBC, O'B'C' are 
equal, and the sides about these angles are proportional ; 

^. the triangles OBC, O'B'€' are similar. 

In the same way, it can be shown that the pairs of triangles 
OCD, O'C'D'; ODE, O'D'E'; ОЕА, O'E'A' are similar. 


"o 
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CONSTRUCTION 33. (Euclid VI. 18.) 


On a given straight line А'В, draw a polygon, similar to a 
given polygon ABCDE, so that A'B' and AB may be corresponding 
sides. 


D р, c 


A B 


Construction. Join AC, AD. Make the angles BAC’, АВО 
equal to BAC, ABC respectively. 

Make the angles C'A'D', A'C'D' equal to CAD, ACD respectively, 
Make the angles D'A'E', A'D'E' equal to DAE, ADE respectively. 

Then A'B'C'D'E' is the required polygon. 

Proof. By construction, the polygons ABCDE, А'В'С'ОЕ' are 
equiangular. 

Also, because the triangles ABC, A'B'C' are equiangular, 

`. AB:A'B'— BC : B'C' 
and BOC:B'O'-CA:O'A'; 
and, because the triangles ACD, A'C'D' are equiangular, 
.. CA:C'A'2 CD :O'D'. 
Hence also BC:B'C'— CD :C'D'. 
Similarly CD:C’D’=DE:D’E’ 
and DE:D'E'—-EA:E'A'. 
Hence also EA: E'A' = AB : A'B’, 

Therefore the sides of the polygons ABCDE, A'B'C'D'E' about 
any pair of equal angles are proportionals, and it has been shown 
that they are equiangular ; 

*. the polygons are similar, 
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Ex Draw a polygon similar to a given polygon ABCDE, so that 
the side corresponding to a given side AB may be of given length. 


D 


А B B 


Take a point B' in AB, or in AB produced, so that AB' is equal to the 
given length. Join AC, AD. Draw B'C', C'D', D'E' parallel to BC, CD, 
DE, to meet AO, AD, AE, or these lines produced, respectively, in 


CDE. Show that AB'C'D'E is the polygon required. 


Ex.2. Given two straight lines AB, CD which would meet, ў 
produced, at some point off the sheet of paper. It is required to draw, 
through a given point X, a straight line which, if produced, would 
pass through the intersection of AB, CD. 


Construction. Take any convenient points E and F, in AB, CD 
respectively. Join EF, EX, FX. Draw any straight line GH parallel 
to EF, to cut AB in Gand CD in H. Draw GY, HY parallel to EX, 
FX respectively. Join XY. 

This is the required line. 


Proof. The As EFX, GHY are similar and similarly placed ; 
л the straight lines joining the corresponding vertices are concurrent ; 
;. XY passes through the intersection of AB and CD. 


P 
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Exercise LXX. 
Similar Polygons. 


l. Draw any Tatoo ABCD. Draw a straight line parallel 
to CD, meeting BC at X and DA at Y. Prove that the quadrilaterals 
ABCD, ABXY are equiangular but are not similar. 


2. If the quadrilaterals ABCD, A'B'C'D' are both similar to the 
quadrilateral XYZW, prove that ABCD is similar to A/B/C/D'. 


3. The parallelograms ABCD, AXYZ have a common angle at A, 
and the point Y is on the diagonal AC. Prove that the parallelograms 
are similar. 


4. If the ры орта ABCD, AXYZ are similar and similarly 
placed, show that A, Y, C are in the same straight line. 


5. ABC, XYZ are triangles, such that BC, CA, AB are respectively 
parallel to YZ, ZX, XY. Prove that the straight lines AX, BY, CZ 
meet at a point. 


, 6. If two polygons are similar, prove that the triangle formed by 
joining any three vertices of one polygon is similar to the triangle 
formed by joining the corresponding vertices of the other. 


T. Explain how to apply Theorem 93 to reduce or enlarge the 
scale of a map. 


, 8. On a given straight line A'C' draw a quadrilateral similar to a 
given quadrilateral ABCD, so that A'C', AC may be corresponding lines. 


,9. Draw a polygon similar to a given polygon ABCDE, so that the 
diagonal corresponding to AC may be of given length. 


10. Draw any quadrilateral ABCD. Join AO, BD, meeting at O. 
Without producing AB, CD, draw the straight line through O which 
would, if produced, pass through the intersection of AB and CD. 


11. Draw a quadrilateral A'B/C'D' similar and similarly placed to 
a given quadrilateral ABCD, so that the sides А'В, B/C’, CD’ pass 
through given points P, Q, R respectively. 


12. AB, А'В' are given straight lines, It is required to find a point 
S, such that the triangles SAB, SAB' are directly similar. Р 

Prove the following construction:—Let AB, NB', produced if 
necessary, meet at O. Draw the circles OAN, OBB', meeting again 
at S. Then S is the required point, 


13, Jn Ex. 12, M and М' are points which divide AB, N'B' in the 
same ratio, so that AM:MB=A'M’: М'В. Prove that 
SM:SM’=SA:SA’ and that LMSM'—LASK. 


On this account, S is called the centre of similitude of the line- 
segments AB, A'B’. 
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14. In Ex. 12, P is any vertex of a polygon described on AB and P' 


ds the corresponding vertex of the directly similar polygon described on 
AB. Prove that SP :SP’=SA: SA' and that L PSP =L ASA’. 

On this account, S is called the centre of similitude of the polygons. 
Jf one of the polygons is rotated about S through the angle ASK, the 
polygons will then be similarly placed, and S will be й e homothetic 


centre. 


15. OA, OB are two given straight lines. It is required to find a 
point S, such that the triangles SAO, SOB are directly similar. Prove 
the following construction :—Draw the circle through A to touch OB 
at О. Draw the circle through B to touch OA at O. Let the circles 
meet again at S. Then S is the required point. 


16. A variable straight line cuts the sides AB, AC of a triangle ABC 
at M, N, so that AM: MB=CN:NA. Prove that MN subtends a 
constant angle at a certain fixed point, and find this point. [Use Ex. 15.] 


17, Given two equilateral triangles ABC, A'B'C', both lettered 
counter-clockwise. Find a point S, such that 
SA: SA'= SB : SB’=SC : SC’ and ZLASA’=L BSB’=LCSC’. 


18, ABC, LMN are triangles, such that BC, CA, AB are respectively 
arallel to MN, NL, LM; O is the point where AL, BM, CN meet 
see Ex. 5]; E, F are the centres, R, R' the radii of the circum-circles 

ofthe triangles ABO, LMN. Prove that 
(i) ОЕ : ОЕ= ОА: OL=AB: LM-R:R. [The As AEB, LFM are 
homothetic.] 

(ii) If aline through O cuts the circles in P, Q and R, S respectively, 
prove that 

EP, EQ are parallel respectively to FR, FS or FS, FR: 
and if EP is parallel to FR, then OP:OR=0Q:O0S=R:R. [Use 
Theorem 91.] 

Nore. O is called a centre of similitude of the circles. 

19. L, M, N are the middle points of the sides BC, CA, AB of a 
triangle ABC ; Sis the circumcentre, O the orthocentre, G the centroid, 
J the centre of the circle through L, M, N. Prove that 

(i) G is a centre of similitude of the circles ABC, LMN. 

(ii) The radius of the circle ABC is twice that of circle LMN. 

(iii) S, G, J, O are ina straight line. 

[S, J are the circumcentres, O, S the orthocentres of the As ABC, LMN; 
Ze. pairs of corresponding points. ] 

(iv) J bisects OS. [SG: GJ-2: 1=0G: GS=0S : JS.] 

(v) O is the other centre of similitude of the circles. [OS : OJ=2:1, 
and $ and J are corresponding points.] 
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XLIIL INSCRIBED AND CIRCUMSCRIBED FIGURES 


Nore. || stands for * parallel to’ or ‘is parallel to.’ 
dE © perpendicular to’ or ‘is perpendicular to.’ 


One rectilineal figure is said to be inscribed in another, when 


as many as possible of the vertices of the first lie on sides of the 
second. 


One rectilineal figure is said to be described (or circumscribed) 
about another, when as many as possible of the sides of the first 
pass through vertices of the second. 


Ex. 1. In a given triangle ABC, inscribe a triangle, similar and 
similarly placed to a given triangle XYZ. 


Draw any straight line MN || YZ, to 
cut AC, AB in M, N respectively. 

Draw ML || YX and NL || ZX. Join 
AL, and let AL, produced if necessary, 
meet BC in X. Draw X’Y’ || XY and 
X'Z' || XZ, to meet AC in Y' and AB in Z'. 

Show that X'Y'Z^ is the triangle 
required. 


A M v Cc 


Ex. 2. In a given triangle АВО, inscribe a quadrilateral X'Y'ZW' 
similar to a given quadrilateral XYZW, so that the side ХҮ", corre- 
sponding to XY, may be in BC, and the vertices Z', W', in AO, AB 
respectively. 

Make LCBD=cX. Set off BD equal 
toXW. Draw DE || BC to meet AB in E. 
Draw EF || DB to meet BC in F. On 
EF draw EFHG congruent with WXYZ. 
Join ВО, and let BG (produced if 
necessary) meet AC in Z. Draw Z'Y', 
Z'W', W'X' || GH, GE, EF to meet BC, AB, 
BC respectively in Y', МУ, X’. 

Show that X'YZ'W' is the required 
quadrilateral. 


Eee чен ыле 
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Ex. 3. In a given triangle ABO, inscribe a square with two of its 
vertices in BC. 

Proceed as indicated in the figure. Explain the construction, and 
give a proof. 


A 
A 
A і 
B с 
Ex.4. Ina given triangle АВО, inscribe a rhombus with one side along 


BO, and an extremity of this side at a given point X in BC. 
Explain the construction indicated in the figure, and give a proof. 


Exercise LXXI. 
Numerical. 


1. Draw a triangle ABC, where BC —2:5 in., СА= 30 in, AB— 3:5 ın. 
Inscribe in it an equilateral triangle, with one of its sides perpendicular 
to AB. Measure a side. 

2. Draw the triangle of Ex. 1 and, in it, inscribe a rectangle XYZW 
with the side XY in BC and XY —2YZ. Measure XY. 


3. Draw the triangle of Ex. 1 and, in it, inscribe a parallelogram 
XYZW with X at the middle point of BC, XY along BC, and XY=$YZ. 
Measure XY. 

4, Draw an equilateral triangle ABC of зіп. side and, in it, inscribe 
a right-angled isosceles triangle with its hypotenuse perpendicular to 
BC. Measure the hypotenuse. 

5. Draw the triangle ABO, given BC—3 in., СА= 2:5 in, AB=2 in. 
Init, inscribea triangle PQR with P, Q, R on BC, CA, AB respectively, and 
PQ, QR, RP respectively perpendicular to BC, CA, AB. Measure PQ. 

6. Draw the triangle ABO, given BC—3 in., CA=2:5 in, AB=2 in, 
and, in it, inscribe a square with one side along BC. Measure a side 
of the square. 

7. Draw an equilateral triangle of 2 in. side and, in it, inscribe a 
rhombus with one angle equal to 70°. Measure a side of the rhombus. 


8. Draw an equilateral triangle of 2 in. side and, in it, inscribe a 


rhombus with one of its sides along a, side of the triangle, and an 
extremity of this side at a point of trisection of the side of the triangle. 


Measure a side of the rhombus. - 
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Ex. 5. Describe a square about a given quadrilateral ABCD. 
Analysis. Suppose EFGH to be the E D H 


square required. Join BD, and draw rcc] 
AK LDB to meet GH in K. P б 
Prove that АК= BD. A А 
Hence the following construction :— 
Join BD, draw AKLDB, making 
AK- DB, then К is a point in the side 
of the square required, which passes 
through C. 
Complete the construction and proof. 
B 


Ex. 6. About a given quadrilateral ABCD desc?ibe a quadrilateral 
similar to a given quadrilateral XYZW. 


EI 
O 


Analysis. Let X'Y'Z'W' be the required quadrilateral. Join XZ, 
XZ, and draw the circle X’AB, cutting XZ' in L. 
Then, since LLAB—-ZLX'B—ZZXY 
and LLBA-ZLX'A—ZZXW, 
"^. the point L on XZ’ can be found. 

A second point М on XZ' can be found in a similar manner. 

Hence the following construction :— 

Draw two lines AL, BL, so that ZABL—ZWXZ and LBAL=LYXZ. 
Find M in a similar manner : describe circles round ABL, CDM, and 
join and produce LM to meet the circumferences again in X' and Z’. 

Complete the construction and "apply proof. 
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Ex. 7. Inscribe a square in a given quadrilateral ABCD. 
E 


Draw any square X'Y'Z/W', and about it describe а quadrilateral 
N'B/C/D' similar to ABCD, so that Х' is in AB; etc. 

Divide AB, BC, etc., in X, Y, etc., in the ratios AX’: X'B', BY’: ҮС, 
etc. 

Then XYZW is the square required. 

Supply proof by showing As BXY, B'X'Y', etc., similar. 


The method employed in the last example is very useful. We first 
make a figure of the required shape (2.2. one similar to the required figure) 
and finally а figure of the proper size. 


Exercise LXXII. 


1. Apply a construction similar to Ex. 5, p. 360, to describe a 
rhombus about a given quadrilateral, one angle of the rhombus being 
equal to 60°. 


2. Describe a square ABCD, given the vertex A and that the sides 
BC, CD pass through fixed points X, Y respectively. 
[Draw AZ.LAX, making AZ—AX ; Z is another point on BC.] 


3, Draw a square, such that three of its sides pass each through a 
given point and its fourth side is parallel to a given straight line. 


4, Draw an equilateral triangle with a side of given length and its 
vertices on three given concurrent lines OA, OB, OC. 
[First use Ex. LXVI. 1 to construct an equilateral triangle having one 
vertex at any chosen point on OA, and the other vertices on B an 
respectively. O is the homothetic centre of this triangle and the 


triangle required.] 
5, Construct an equilateral triangle with its vertices on three 
given concurrent lines OA, OB, OC, so that one of its sides may pass 


through a given point X. 
[Proceed as in Ex. 4.] 


b 
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6. Draw a square with а side of given length, so that three of its 
vertices may be each on one of three given concurrent straight lines. 


T. Inscribe a square in a given parallelogram ABCD. 
[It is best to proceed thus,—Let AC, BD meet at O. Then O is the 
centre of the square. Find points X in AB and Y in ВС, such that 
OX — OY and ZXOY is a right angle. See Ex. LXVI. 1.] 


8. Inscribe a regular pentagon in a square ABCD, so that one vertex 
of the pentagon may be on each side of the square. 

[Draw a regular pentagon BEFGD on BD so that C is within the 
pentagon. Join AE, cutting ВС in E, Draw E'F’, F'G’, G'D', D'B'|| EF, 
FG, GD, DB to meet AF, AG, AD, AB in F’, G, D, В. Join ВЕ. Then 
B'E'F'G'D' is a regular pentagon.] 


_ 9. Draw a regular hexagon, whose sides are each r in. Inscribe 
in it a regular heptagon with one vertex on each side of the hexagon. 
Measure a side of the heptagon. 


10. Znscribe a square in a given regular figure (say а heptagon 
ABCDEFG). 


Analysis. Produce CD, FE to meet in O. Join AO. Then the 
heptagon is symmetrical with regard to AO, and it is clearly possible 
to draw an inscribed square, which will also be symmetrical with 
regard to AO. 

Hence the following construction :—Draw the square DHKE. J oin 
OH, OK, and produce them to cut sides of the Кереп їп Х, 
respectively. Draw the square XYZW. 

This is the square required. Supply proof. 


__11. Inscribe squares in the following regular figures :—(i) a hexagon, 
(ii) a pentagon, (iii) a decagon, the sides of each being т in. Measure 
the side of the square in each case. 
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12. The construction in Ex. 1o fails for a polygon with тоге 
than 12 sides. Modify it for a regular polygon of 15 sides, each 1 in. 
Measure the side of the inscribed square. 


18. Znscribe a regular octagon in an equilateral triangle ABO, so 


that one side of the octagon may be along 5 
а side of the triangle, and two other CAN 
“A 


vertices on sides of. the triangle. 
/ IN 2 
2 А 


Bisect AB at D. Along DA, DB set off 
D K B 


any two equal lengths DA, DK. On HK 
draw a regular octagon, and proceed as 
indicated in the figure. 

Complete the construction and proof, 
noting that L is the vertex, which is first 
found. h Hi 


14. In a regular figure, say an equilateral triangle, inscribe a 
regular figure of double the number of sides. 
Bisect BC in D. Draw CE, A 
the side adjacent to BC, of the 
regular hexagon on BC. Join 
DE, cutting CA in F. Draw 
FG||EC to meet BC in G. 
Then FGis a side of a regular E 
hexagon, which, with that on 
BC, has D as homothetic centre. 
Complete the construction Е 


апа ргооѓ. те * 


15. In a square of 3 in. side, inscribe a regular octagon, and 
measure the length of one side. 
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XLIV. AREAS OF SIMILAR FIGURES. 


THEOREM 97. (Euclid VI. 20 (ii).) 


The ratio of the areas of two similar polygons is equal to the 
ratio of the squares on corresponding sides. 


D c 


, 


A 


Let ABCDE, A'B'C’'D'E’ be similar polygons, and let AB, A'B' be % * 

a pair of corresponding sides. It is required to prove that Н 
fig. ABCDE : fig. A'B'C'D'E' = AB? : A'B?, 

Proof, Let the angles A, B, C, etc., be equal to the angles 
A’, B', C', etc., respectively. 3m 

'Take any point O in ABCDE. 

Then a point О’ can be found in A'B'C'D'E' such that the , 
triangles O'A'B', O'B'C', etc., are similar to the triangles ОАВ, OBC, 
etc., respectively ; 


AOAB _ AB?  AOBC ВО? AOEA EA 
‘° АОАВ AB? AOBC Bo? “UN > AOEA ЕА 
Also, because the polygons are similar, 
a wees s 
` NE" Bo "T ER 
AOAB _ AOBC AOEA . 
" NOWB'AOBO- , ~ BOER’ 


e  AOAB+A0BC +...... + AOEA AOAB _ AB , 
** AO'WB'AO'B'C + ...... XAOEA AONB AB? 
-. fig. ABCDE : fig. A'B'C'D'E' = AB? : A'B 
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THEOREM 98. (Euclid VI. 20, Cor.) 


If three straight lines are proportionals, the first is to the 
third as any rectilineal figure described on the first is to a 
Similar and similarly described rectilineal figure on the second. 


P 


A B (е р Е Е 


Let the straight lines АВ, CD, EF be proportionals, so that 
AB:CD=CD:EF, 
and let ABPQ, CDXY be similar rectilineal figures, for which AB, CD 
are corresponding sides. 
It is required to prove that 
АВ: EF = fig. ABPQ : fig. GDXY. 
Proof. Because AB, CD are corresponding sides of the similar 
figures ABPQ, CDXY, 
Г. fig. ABPQ: fig. CDXY = AB? : CD’. 
Also, because AB: CD —CD : EF, 
Г. AB: EF 2 AB? : CD? ; 
.. AB:EF = fig. ABPQ :fig. CDXY. 
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THEOREM 99. (Euclid VI. 31.) 


In any right-angled triangle, any rectilineal figure described 
on the hypotenuse is equal to the sum of the similar figures 
Similarly described on the sides containing the right angle. 


A 


wv 
a 


Let ABC be a triangle, in which 4A is a right angle. 

Let X be any rectilineal figure described on BC, and Y, Z the. 
similar figures, similarly described on CA, AB respectively. 1t is 
required to prove that 

fig. X = fig. Y + fig. Z. 

Proof. Because Y, X are similar figures, similarly described on 
CA, BC, .'. fig. Y:fig. Х= CA? : BC? 

In the same way, fig. Z:fig. X AB? : BC? ; 

.. fig. Y + fig. Z: fig. X = CA? + AB? : BC? 
But 2 ВАС is a right angle ; 
Г. CA2+AB?=BC?; 
.. fig. Y + fig. Z — fig. X. 


Construction 34. 
Draw a rectilineal figure similar to one given rectilineal figure 
ABCD, and equal in area to another, XYZ. 


Construct squares equal in area to ABCD, XYZ. (This part of 
the construction is not shown.) Along any straight line through 
A, set off lengths AE, AF respectively, equal to sides of these 


in 
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squares. Join EB, AC. Draw FB’, В'С, C'D'|| EB, BC, CD to 
meet AB, AC, AD in B’, C’, D' respectively. 


Then AB'C'D' is the required figure. 
ABCD AE? AB? _ ABCD , 
XYZ AF AB? ABCD’ 
°. AB'C/D' 2 XYZ ; 
and by construction AB'C'D' is similar to ABCD. 


Proof. 


A modified construction can be used with advantage in 
particular cases, as in the following :— 
OS AS 7 
ВУ EEDA 
pentagon. Supply proof as in Ex. 4, 
p. 340. 


Nore. The figure, being drawn half-size linear, gives a pentagon 
whose area. is 1 sq. in., Ze. a quarter of the area required. 


Draw a regular pentagon of 4 square inches area. 

Construct a right-angled A ABC, of 
area } of 4 sq. in., with the right angle 
at С (making BC=2 in, CA=¢ in.) 
On BC describe an isosceles A DBC, 
similar to a triangle formed by joining 
the centre of a regular pentagon to two 
consecutive vertices. Draw AE || CB to 
meet DB in E. Along BD set off BO, 
a mean proportional to BE, BD. Draw 
OC’ || DC to meet BC in С. Then O is 
the centre, and BC’ e side of the required 


N 
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XLV. MEDIAL SECTION AND THE REGULAR 
PENTAGON. 


Construction 35. (Euclid IL. тт.) 
Divide a given straight line into two parts, such that the 
rectangle contained by the whole line and one part may be 
equal to the square on the other part. 


Let AB be the given straight line. It is required to divide AB 
at X, so that the rect. AB, BX may be equal to the sq. on AX. 


Construction. On AB draw the square ABCD. Bisect AD at E. 
Join EB. Along EA produced set off EF equal to EB. On AF 
draw the square AFGX. Then X is the required point of division. 


Proof. Produce ӨХ to meet CD at К. 
Because DA is bisected at E and produced to F, 
`. rect. DF, FA + sq. on EA = sq. on EF. 
But EF=EB (construction) ; 
^. rect. DF, FA+sq. on EA=sq. on EB. 
Now EAB isa right angle; 
*, Sq. on EB —sq. on EA + sq. on AB; 
.'. rect. DF, FA + sq. on ЕА sq. оп ЕА + sq. on AB. 
From each of these equals take the sq. on EA ; 
4. rect. DF, ҒА = sq. on AB. 
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‘Now, by construction, AF =FG; 
.. the rect. DF, FA=the fig. ОРОК; 
*, the fig. ABCD =the fig. DFGK. 
From each take the fig. AXKD ; 
`. the fig. XBCK =the fig. AFGX ; 
that is, the rect. AB, BX —the sq. on AX. 


Der. A straight line is said to be divided in medial section 
when the rectangle contained by the whole line and one part is 
equal to the square on the other part. 

In practice, when we wish to divide a straight line AB in medial 
section, we draw the figure of Construction 35 in the modified form, 
shown below. "We begin by bisecting AB at L and proceed as indicated. 


F 


Ex. 1. Solve algebraically the problem of dividing a given straight 


tine AB at X, so that AB. BX =AX?, 
Let AB=a, AX=2; s BX=a-2%; 

^ a(a-x)—2*; 
n @+ar=a’;.. 


2 ай+ах+(ф%а#=а%+1‹4%; 
E (Hae 8E ; 


n xtha=thl5.a3 2 x-à(k45-1).a. 
The negative value of x is inapplicable ; 
A 4=}(/5-1).a; that is, AX—3(5 - 1). AB. 
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Ex.2. Interpret geometrically the negative root of equation (i) of 
Ex. 1. 


The negative root is —4(/5+1)a. 
Denote this by —y, so that 

X745 +a. 
The value (— y) of x satisfies the equation 

a +фах=а?; 
M (-у#+а(—-у)=а#; - y*—-a(a-y) $ 
Along BA, produced through A, set off AY=y=}(/5+1)a. [This 
length can be constructed geometrically, as in the figure.] 

Then BA=a, AY=y; s BY=a+y. 
But y*=a(a+y) ; ^ AY*—BA. BY. 
Hence, a point Y has been found in BA produced, such that 


ВА.ВҮ=АҮ?, This point Y is said to divide BA externally in medial 
section. 


Ex. 3. The construction most often ^ X 118 
used in Practical Geometry for dividing 
a line in medial section is that shown 
in the figure on the right. we 
Prove geometrically or algebraically 
that the construction is correct. 
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Construction 36, (Euclid IV. 10.) 
Construct an isosceles triangle with each of the angles at the 
base twice the third angle. 


Е 


Construction. Draw any straight line AC. 

Divide AC at B, so that the rect. AC, AB—the sq. on ВС. With 
centre C and radius CA, draw a circle. In the circle place a 
chord AD equal to BC. Join CD. 

Then CAD is an isosceles triangle with each of its angles at 
A and D twice the angle at C. 

Proof. Draw a circle through B, C, D. 

Then, because the rect. АС, AB = ће sq. on BC (construction) ; 

and AD = BC (construction), 
°. rect. AC, AB=sq. on АР; 
*. AD touches the circle BCD ; 
г. ZADB=ZBCD, in the alternate segment, 
To each add LBDC; .. LADC = LBCD + LBDC. 
Now, the side CB of the triangle CBD is produced to A; 
*. the ext. LABD = ZBCD + ZBDC ; 
*, LABD — LADC. 
Again, by construction, CA=CD; ~. 2РАС = LADO; 
*. LABD=ZDAC; that is, 2АВО =LBAD; 
". AD = BD. 
But, by construction, AD=BC; .. BD=BC; 
*, LBDC — LBCD. 
Again, LADB=LBCD (proved); 
2. LADC=22BC0D; .. also ¿DAC = 22В00. 
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The lines which are actually necessary for the 
construction of a triangle CAD with the angles 
А and D each twice the angle C are shown in 
the accompanying figure. 

Since A=D=2C 
and C+A+D=180" ; 
2 02360 and А=0=72°. 


Hence, ¢his figure gives a construction for angles of 36° and 72°. 


Ex. 1. Construct an angle of 18° and find its sine in а surd form. 


With centre C and radius equal to any 
convenient unit, draw a circle. 


Let ECA be a diameter. D 
Divide CA at B, so that 
CA. BA=CB*. 
کے‎ 
In the circle place a chord AD equal £ © BA 


to CB. Join DE. 
Then LAED = 18°. 
Again, since CA=1, .. by Ex. 1, p. 369, CB=4(/5—1): 
2 AD=}(J5-1) and EA-2. 
Now, EDA isa semi-circle; .. ¿EDA is a rt. 45 


у; Sin AED AD yi 


EA" 
CM e N57 I 
^ p= 
sin I 4 
M 
у о 
т 


NOTE. To save the trouble of bisecting CA in the above con- 
struction, we can begin by setting off four equal lengths along à 
straight line OA, and proceed as in the figure above. 
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Exercise LXXIII. 
Medial Section. 


1. In the figure of Construction 35, if AB—a, prove that 

(i) EB=3/5.4, AX=} (N5 -1)a, XB—3(3-A/5).a. 

(ii) Hence show that JAB < XB < AB. 

(iii) Show that the middle point of AX is equidistant from B and G. 

(iv) If CB, FG are produced to meet at L, show that the triangles 
DAX, XGL are equiangular. Hence show that D, X, L are in the same 
straight line. 

2. AB is divided at C, so that AB. CB—AC?*. If BA is produced to 
D, so that AD=AC, show that DA. ОВ=АВ?. [Let AB=a, AC=7, etc.] 

3, Explain how to produce a given straight line AB to C, so that 
AC. BC=AB?. [See Ex. 2.] 

4, AB is divided at C, so that AB.CB=AC%, and from CA a part 
CD is cut off equal to ОВ. Prove that CA. DA=CD*. 

5. If AB is divided at О, so that AB. СВ=АС?, prove that 
i AB? 4- CB?— 3AC?. 

6. AB is divided at C, so that AB. CB—AC*. If BA is produced 
to D, so that BD —3BO, prove that BC?—BA. AD. 

1. If BA is а given straight line, solve algebraically the problem 
of finding a point Y in BA produced, such that BA. BY=AY?. 

8. From the algebraical solution, deduce a geometrical solution ot 
the problem in Ex. 7; and give a geometrical proof, similar to that 
of Construction 35. 

9. In the figure of Construction 36, prove that 

(i) LACD — 36^, LCBD — 108". 

(ii) DAB is an isosceles triangle with the angles at A and B each 
twice the angle at D. 

(iii) BCD is an isosceles triangle with the vertical angle equal to 
three times each of the base angles. 

(iv) AD is a side of a regular decagon inscribed in the circle with 
centre C. 

(v) B2 is a side of a regular pentagon inscribed in the circle BOD. 

(vi) If the two circles meet again at E, show that 

LCDE — 4 CED —Z ABD. 
(vii) Hence show that DE=AD. 
10. In the figure of Construction 36, show that the circumcentre 
of the triangle ABD is the point where the bisector of the angle ACD 


cuts the arc BD. 
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THEOREM 100. 


(i) If the radius of a circle is divided in medial section, the 
greater partis equal to a side of a regular decagon inscribed in 
the circle ; 


(ii) the sum of the squares on the radius and on a side of the 
decagon is equal to the square on the side of а regular pentagon 
inscribed in the circle. 


Let CA be a radius of a circle with centre О, and let CA be 
divided at B, so that AC. AB = BC?. 


(i) It is required to prove that BC is equal to a side of a 
regular decagon inscribed in the circle. 


Construction. Place a chord AD in the circle equal to BC. 
Join AD, CD. 
Proof. Asin the proof of Construction 36, 
L CAD = 4L СОА = 2L АСО; 
«<. the sum of the angles of the triangle CAD = 52 ACD. 
But this sum = 2 right angles ; 
^. LACD =} of 2 right angles = р; of 4 right angles ; 
4. AD is a side of a regular decagon inscribed in the circle, 
and (as in Construction 36) AD = ВС; 
-. BC is equal to a side of a regular inscribed decagon. 
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(ii) It is required to prove that the sum of the squares on CA, 
AD is equal to the square on a side of a regular inscribed pentagon. 
Construction. Draw a chord DF of the circle to cut CA at 
right angles at E. Join BD, CF. 
Proof, Because ОЕ is perpendicular to the base DF of the 
isosceles triangle CDF, 
°". ED=EF and ZECD-ZECF; 
°. LDCF — 22 ACD =} of 4 right angles ; 
*. DF is a side of a regular inscribed pentagon. 
Again, because AC is divided at B, 
2. AC? -- AB? — 2AC . AB+ BC? ; 
and AC.AB- BC? 
^. АО? + АВ? = 3ВО? = 3AD’. 
To each add the square on AD, 
2. АО? + AD? + AB? = 4AD? = 4AE? + 4ED?. 
Now DE is perpendicular to the base AB of the isosceles 


triangle DAB, 
-. AE=EB and AB?=4AE?; 


С. AC? + Ар? = 4ED? = FD? 
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Construction 37. 


Inscribe (i) a regular pentagon, (ii) a regular decagon in a 
given circle. 


Let O be the centre of the given circle. Draw a diameter AOB 
and a radius OC perpendicular to OA. Bisect OA at E. With 
centre E and radius BC, draw an arc cutting OB in D. 

Then OD, CD are respectively equal to sides of the required 
decagon and pentagon, and the figures may be constructed by 
placing chords equal to these lines round the circle. 


Proof. Because OB is divided in medial section at D, 
`. the greater segment is equal to the side of a regular inscribed 
decagon. 

Again, the sum of the squares on the radius and on the side of 
an inscribed decagon is equal to the square on the side of an 
inscribed pentagon. 

~. Sq. on the side of pentagon = sq. on OC + sq. on OD 
=sq. on СО; 
-. side of pentagon = CD. 
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Exercise LXXIV. 


1, In the figure of Construction 36, let the circles meet again at E. 
Prove that AE is a side of a regular pentagon inscribed in the circle 
with centre C. 


‚ 2. In the figure of Construction 36, if DB is produced to meet the 
circle with centre C at F, prove that AF is a side of a regular pentagon 
inscribed in this circle. 

‚8. It is required to draw on a given straight line AB an isosceles 
triangle DAB with the angles A and B each twice the angle D. Prove 
the following construction, —Produce AB to C, so that AB. AC— BO? 
(by Ex. 2, p. 370). With centres A and B and radii each equal to ВО, 
draw arcs cutting at D. Join AD, BD. Then DAB is the required 


triangle. [The proof is obvious from Construction 36.] 
4, From Ex. 3, deduce а construction for drawing a regular 
pentagon on a given straight line AB. 


5. Prove the following construction for drawing a regular pentagon 


on a given straight line AB :— 
Draw CDF bisecting AB at right angles. 
Set off CD=AB. Join BD. Produce BD to E, making DE equal to 


AC. With centre B and radius BE, draw an arc cutting CF in F. 
o AB, draw arcs cutting in 


With centres A, F, B, and radius equal t 
G, H. 
Show that AGFHB is the required pentagon. 

6. Describe a regular decagon on а given line. 

7. In the figure of Theorem 100, show that CE-1(J5-4 1). СА. 
Hence show that cos 36° = (5+ 1). 

8. If ОАВ is ап isosceles triangle, 


AB=a, prove that 
(i) А0=3(/5+1)а; 
(ii) Area of A DAB =} /(5 +2^/$)@. 
prove that 


in which LA=LB=2LD and 


9, If ABCDE isa regular pentagon and АВ=а, 
() AD=}(NS+ D4: 
(ii) If AB, DC are produced to meet at F, prove that BF=AD ; 
(iii) If the perpendicular from B to AB meets CD at H, prove that 
OH=}(3-N 5) 
of the circle inscribed in a regular pentagon 
scribing circle, prove that r=h(J5+0)R- 


gular decagon 


10. If ғ is the radius, 
and R the radius of the circum: 
11, If Ris the radius of the circle described about a re 


of side a, prove that R= (N5 + 7 
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MISCELLANEOUS EXERCISES 


Arranged in Sets for Homework or Revision. 


PAPER XXVI. (to Section XXXVI.). 


1. Two equal circles, having their centres at A and B, touch at O. * 


A. point D, in AB produced, is the centre of a third circle passing 

through C. Draw a common tangent (other than that at C) to the 

circles whose centres are A and D, and let P and Q be the points of 

contact ; draw the line CQ, cutting the circle with centre B in M, and 
roduce it to meet in N the tangent to this circle at the point E, which 

is diametrically opposite to С. Show that EN = PQ and CM=QN. 
[Prove that ^s EMN, PCQ are congruent.] 


2. AB is a diameter of a circle and CD a parallel chord ; if P is any 
point in AB, show that the sum of the squares on PC, PD is equal to 
the sum of the squares on PA, PB. 


3. If P, Q are points in the sides AB, AC of a triangle ABC, prove 
de ДАРД : AABC=AP. AQ: AB. AC. 
4. If ABO, XYZ are triangles in which the angles A and X are either 
equal or supplementary, prove that 
ЛАВС: AXYZ=AB.AC:XY.XZ. [Use Ех. 3.] 


‚5. А, В, С, D are four given points and BA, DC produced meet in O. 
Find a point E on AB produced, such that ОА: ОЕ OA. ОС: OB. OD. 


6. ABC isa triangle; BE and CF are the perpendiculars from B,C 
to the Sp site sides. Find the ratio of the triangle AFE to the tri- 
angle ABC, (i) when A= 30°, (11) A=45°, (iii) A=60°, 


PAPER XXVII. (to Section XXXVII.) 


1, With three given points (not in the same straight line) as 
centres, describe three circles each of which shall touch the other two 
externally. 


2. ABCD, АВ'С'О' are squares with a common vertex A (both lettered 
counter clock-wise). Prove that ВВ, CC’ DD’ meet in a point. 
alon a is the second point of intersection of the circles ABCD; 
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3. ABC is a triangle, E the middle point of AB, D the point of 
trisection of CA nearer to A; BD, CE cut in О. Show that DO is a 
quarter of DB. 

[Draw EF, parallel to BD, to meet AC in F.] 


4. In the side AB of the triangle ABC a point D is taken, and in BO 
produced a point E, such that CE=AD; DE is drawn, cutting AC in Р, 
Prove that DF : FE=BC: AB. 

[Use Menelaus' Theorem.] 


5. Aand B are given points within a circle. Find a point P on the 
circle such that if AM, BN are the perpendiculars from A and B to 
the tangent at P, PM : PN may be equal to a given ratio. 


6. Draw two circles, radii 2-5 in. and 1-5 in., with their centres 3 in. 
apart. Through one point of intersection draw a straight line so that 
the chord intercepted on it by the larger circle is twice the chord inter- 
cepted on it by the smaller circle. Measure the greater chord. 


PAPER XXVIII. (to Section XXXVIII.). 


1. If, in the triangles ABC, XYZ, the angles A and Y are equal, and 
the angles B and Y are supplementary, prove that the sides about the 
angles C and Z are proportional. 

2. A circle is drawn to touch the circumcircle of a triangle ABC 
at the point A, Prove that the tangents drawn to it from the points 
B, C are in the ratio of the sides BA, CA. » 

[Produce BA, CA to meet the circle in B', C', and prove that B'C' is 
parallel to BC.] 

3. P and Q are two points in the sides AB, CD respectively of a 
quadrilateral ABCD, such that АР: PB=CQ: QD. Prove that, if QA, 
QB, РО, PD are drawn, the sum of the triangles QAB, PCD is equal to 
the area of the quadrilateral. 

4. A circle PAR is touched internally by a circle QAS. Тһе tangent 
to the latter at Q cuts the former circle in P, R. Join AP, AR, cutting 
the circle QAS in S and T. Prove that PQ: QR=PS: RT. 

[Prove that AQ bisects 2 SAT and apply Ex. 1 to As QSP, QTR.] 


5. MPN, M'P'N' are two tangents i a given are PAP: AM, BN, 
АМ“ BN’ are the perpendiculars to them respectively from two given 
points A and B. DES that, if MP: PN =MP: P’N’, then either PP’ is 
a diameter of the circle, or A, B lie on a diameter. 

6. ABC is a triangle: BC is 3:5 in., the ratio of АВ : AC is equal to 
the ratio 5 : 2, and its area is 2:45 Sq. mM. Construct the triangle and 


measure AB. h 
[Use the Circle of Apollonius.) 
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PAPER XXIX. (to Section XXXVIII.). 


l. The arc AB of the circle ABCDE is equal to the arc BO, the 
chords AE, ED, DC are drawn, and DC is produced to meet the tangent 
atB in P. Show that the angles AED and DPB are supplementary. 


2. C is the middle point of AB, a chord of a circle whose centre is 
O ; a point P is taken on the circumference, whose distance PD from 
AB is equal to AC; M is the middle point of PD, and CF is drawn 
parallel to OM to meet PD in F ; show that CF —FP. 


3. ABA'B' is a rectangle inscribed in a circle. AC is a chord equal 
to AB, meeting A'B', A'B, produced if necessary, in F, E respectively. 
Prove that AF : АЕ =СЕ : CA. 


4. CD is perpendicular to AB, a diameter of the circle ABC, meeting 
itin D. The tangents at A and B meet the tangent at C in E and F 
respectively. Show that AF and EB intersect at the middle point of CD. 

[Produce BC, AE to meet at К; show AE=EK.] 


5. P is any point in the diameter AB of a given circle. Bisect AP at 
D and BP at E. Describe a circle on DE as diameter. Through P, 
draw any line PQR, cutting this circle in Q and the given circle in В 
Prove that PQ=QR, and that the tangent at Q to the inner circle is 
parallel to the tangent at R to the outer circle. 

[Take QR'—PQ ; prove that LAR'B is a right angle.] 


,9. Draw a circle of 2:5 in. radius. Describe a square, of which onc 
side lies along a tangent to the circle and the opposite side is a chord 
of the circle. Measure the side of the square. 


PAPER XXX. (to Section XL.). 


1. ABC is a triangle and two circles are drawn, one touching AB at 
B and the other AC at С. If the circles intersect at P, ©, prove that 
the difference between the angles BPC, BQC is equal to the angle A. 


2. AB and CD are chords of a circle whose centre is O, intercepted 
on lines at right angles to one another, which meet at a point P outside 
the circle. Prove that AB?--CD?-F 40Р? = 8AO*, 


3. A and B are the centres of two circles which do not intersect, 
and P is the point of intersection of a direct and a transverse common 
tangent to the circles. Prove that, if PN is the perpendicular from P 
to AB, then PN is a mean proportional between AN and NB. 


4. A straight line POQ is drawn through О, one of the common 
pas of two given circles, meeting the circles in P, Q, and R divides 
Q in a given ratio. Find the locus of R. 
If O' is the other point of intersection of the circles, prove that 
APOQ is of fixed species, and that / ORO’ is constant.) 


Geom o л 1 lini tm 
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‚5. ABO is a triangle: points L, M ; P, Q; В, S are taken on the 
sides ВО, CA, AB respectively, so that the middle segment of each side 
is half each of the other two segments of that side. Prove that the 
area of the hexagon LMPQRS is thirteen-twenty-fifths of the area of the 
triangle. 

6. OX, OY are two straight lines inclined at an angle of 40°. OP 
makes an angle of 25° with OX and 65° with OY, and is 2 in. in length. 
From P, draw two equal lines PQ, PR to OX, OY respectively, so that 
the contained angle RPQ is 75°. Measure QR. 


PaPER XXXI. (to Section XE 


1. A, B, C, D are four collinear points; two circles, one through A, B 
and the other through C, D, are drawn to touch one anotherin P. Find 
the locus of P. 

2. On the sides AB, AC of the triangle ABO, squares ABHK, ACGF 
are described externally to the triangle ; if BF, CK meet in X, prove 
that AX passes through the centre of the square on BC. 

[Prove 2ВХК a right angle, and that AX bisects the angle 
BXC.) 

3. A point is taken within a parallelogram, such that the line joining 
it to any vertex subtends equal angles at the two adjacent vertices. 
Prove that the line joining the point to any vertex will subtend equal 
angles at adjacent vertices. 

Draw parallels through 
gram.] 

4, ABCD is a quadrilateral inscribed in a circle and P any point on 
the circle: X, Y, Z, W are the feet of the perpendiculars on AB, BC, 
CD, DA respectively. Prove that PX. PZ=PY. PW. 

[Prove As PYZ, PWX equiangular.] $ 

5. Points D, E, F are taken in the sides BC, CA, AB of a triangle 
ABC, so that BD=CE=AF=~x. Through D, E, F, parallels are drawn 
to the sides CA, AB, BC respectively, to form a triangle PQR. Prove 
that, if the lengths of ВО, CA, AB are а, б, с, 


CINE NEWS 
spar: aase=[2-(£+3+2) ua 
[Through B draw a parallel to PR to meet QR produced, and prove 
PE:c—-a—x:aandc-x- QE :c—2x:4] 


the given point to the sides of the parallelo- 


hee LL‏ لے 
Some of the questions in Papers XXXI.-XXXV. are considerabl harder‏ * 
than those in Papers XXVI.-XXX., and may require further hints from the‏ 


teacher. 
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6. ABCisa triangle, | the centre of the inscribed circle, I' the centre 
of the escribed circle opposite to A. Il, 1] in, AB=2, AC=1} in. 
Draw the triangle and calculate the length of BC. Verify by measure- 
ment. 

(Al. Al, AB. AC=2 and 1l, —Al; Al — 11: hence find Al, Ah. Also 
$—4:5—Al:Al, ; and 6+c=2s—a=3}; hence find a.] 


PAPER XXXII. (to Section XLII.). 


1. ABC is an equilateral triangle, and two circles are described, one 
with A as centre and AC as radius, the other on AB as diameter: P is 
a point in AC, such that a circle can be described with centre P to touch 
both circles, the first internally and the second externally. Prove that 
AP is four-fifths of AC. 

[If M is the middle point of AB, prove that MP?—AP?4- PB — AP. PB, 
and solve algebraically.] 


2. Prove that the side of a regular polygon of twelve sides inscribed 
їп a circle is a mean proportional between the radius of the circle and 
the difference between the diameter of the circle and a side of an 
inscribed equilateral triangle. 


3. AB, the diameter of a circle, is trisected at C, D. PCQ, PDR are 
two chords of the circle and QR, AB, produced, meet in N. . Prove that 
PC?: Рр? NR: NQ. 

" eve PC.CQ=PD. DR, and draw RT parallel to QC to meet AB 
in T. 


4. ABCD, AEFG are two similar and similarly situated parallelo- 
grams, A, E, B being in one Straight line. Prove that BG, ED meet on 
the diagonal AC, ; 

[Let BG, ED cut the diagonal AC in O, 0’; prove AO : OC —A0': O'C.] 


5. From two given points A, B, draw two equal straight lines AP, BQ 
to a given straight line PQ, so that AP, BQ may be inclined to one 
another at a given angle. 

Де the construction effected : complete the parallelogram 
А i then A ВОТ is given in species.] 


6. OA, OB are given straight lines and X isa given point. Draw 
* ir i line perpendicular to OA, cutting OA, OB at P, Q, such that 


Let ZBOA — 4o*, LBOX =6;° den angles measured in the same 
sense) and ОХ =2:5 in. Throug| any point R on OA, draw RS perpen- 
Чїсшаг to OA, cutting OB in S, Let the circle with centre R and 
radius RS cut OX in Y ; draw XP parallel to YR to meet OA in P. 

Prove that P is the point required, Showing that there are two 
solutions. Measure the smaller value o£ PQ. 
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PAPER XXXIII. (to Section XLIIL.). 


1. Pis any point on the circumference of a circumcircle of a triangle 
ABC whose centre is S. PD and PE are the feet of the perpendiculars 
from P to BC and CA respectively. Show that the locus of the centre 
of the circle circumscribing the triangle PDE is the circle on SC as 
diameter, 

2. AB is a chord at right angles to a diameter CD of a given circle, 
and AB is nearer to О than to D. It is required to draw through Са 
chord CQ cutting AB in Р, so that PQ may be of given length. 

Prove the correctness of the following construction :—Along AD 
mark off AX equal $PQ: with centre X and radius XA, draw an arc 
pss CX in Y: with centre C and radius CY, describe a circle cutting 

B in P. 

[Prove that CX2=CP.CQ+AX*] 

3. A, B, C, D are four points along a straight line. On AB and CD 
as bases, equiangular triangles XAB, YCD are constructed. Prove that 
XY meets AD produced in a fixed point. 

4. ABCD is a parallelogram and EF is a straight line parallel to AB, 
cutting AD at E and BC at F. Find a point P in EF such that 
LABP=ZADP. 

[Use Paper XXVI. 2 to obtain ОР: PB.] 

5. OA, OB, OC are three concurrent straight lines and X is a point 
in OA. Through X draw a straight line to cut OB, OC at Y, Z, such 
that ХҮ: YZ=p: g, where 2, g are given numbers. 

6. Draw a parallelogram with one angle 60°, and the adjacent sides 
d to 2-5 in. and з in. In it inscribe a square. Measure à diago! 
of the square. 


PAPER XXXIV. (to Section XLIV.). 


1. C, Dare given points on the same side of a given straight line AB. 
qual to twice 


Find a point P in AB such that the angle APC may be € 


the angle BPD. З 
Ds DN perpendicular to AB, and produce it to E, so that NE=DN. 
With centre E and radius EN, draw a circle. Draw a tangent to this 
circle from C, etc.], 
2. Through a given point A, within a given circle, draw a chord PAQ 
such that PA: AQ may be equal to a given ratio. 

3, ABCD is a quadrilateral inscribed in a circle: AB and DC are 
produced to meet at E: BCand AD are produced to meet at F. Prove 
that the circumcircles of the triangles ACE, DCF meet on EF. E 

Hence show that if 4 Z' are the tangents to the circle ABCD from 
and F, EF2=2+¢. 

Norx,—EF is called the third diagonal of the quadrilateral ABCD. 
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4, EF is a diameter of a circle and 4 /' are the tangents from E and 
F to another circle. If EF?—7?--/?, prove that the circles cut one 
another at right angles. 

Hence show that //e circle on the third diagonal of a cyclic quadri- 
lateral as diameter cuts the circle circumscribing the quadrilateral at 
right angles. 


5. Three circles have two common points О and O’: a variable 
straight line through О cuts them in P, Q, R. Prove that the circum- 
scribing circle of the triangle formed by the tangents at P, Q, R passes 
through О’, 

[Prove that, if the tangents at P, Q meet at S, and the tangents at 
Q, R meet at T, the quadrilaterals O'QSP, O'QRT are cyclic.] 


6. ABCD is a quadrilateral; BH, DK are drawn perpendicular to AC. 
Prove that the rectangle AC, HK is equal to the difference between 
AB?+ CD? and BC? 4- AD? 


PAPER XXXV. (to Section XLV.). 


1. A is a given point on a circle and P is any point on the circum- 
ference. In AP, or im AP produced, a point P' is taken such that 
AP.AP'—Z?*, where k is constant. Prove that the locus of Р is a 
straight line.* 1520 

[Draw the diameter АВ. Draw P'N perpendicular to AB, meeting it 
in N. Show that N is a fixed point.] 


2. Ais a given point, within or without a given circle, and P is any 
point on the circumference. In АР, or in AP produced, а point P' 15 
taken such that AP. AP' — £?, where k is constant. Prove that the locus 
of P is a circle.* z 

[Let C be the centre of the circle and let AP cut the circle again at Q. 
Draw P'C' parallel to QC to meet AC, ог AC produced, at С. Prove 
that C’ is a fixed point and that C'P' is of constant length.] 


3. P is a given point on the diameter AB of a circle of which O is the 
centre ; through P any chord RPS of the circle is drawn; the tangents 
at R, 8 meet the tangent at B in U, V. Prove that the rectangle BU, 
BV is constant. 

[Prove that the triangles ARS, OVU are similar: draw a chord ANT, 
cutting RS at right angles in N, and show that 

BU. ВУ : OB?=RN. NS: АМ = ВР : PA] 


4. If, in the figure of Construction 36, the circle BCD cuts the circle 
with centre С again at E and cuts AE again at H, prove that 


. @) AH.AE-sq. on a side of a regular decagon inscribed in the 
circle with centre C. 


*NoTE. The locus of Р” is called the inverse of the given circle; А is 
called the centre and 4 the constant of inversion. 
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(ii) EH . EA—sq. on a side of a regular inscribed pentagon. 

(iii) Hence give an alternative proof of Theorem roo (ii). 

[For (ii) show that EC touches the circle AHC, and, for (iii), use 
Ex. LXXIII. 9.] 


5. ABCD isa quadrilateral ; BH, DK are the perpendiculars from 
B and D to the diagonal AC. DK is produced to meet a straight line 
through B parallel to AC in L. If the lengths of the sides of the 
quadrilateral and its area are given, prove that the shape of the 
triangle BDL can be determined. 

[Use Ex. 6, Paper XXXIV.] 


6. Construct the quadrilateral ABCD, given AB— 1 in., BC —2:5 
in., CD —2 in., DA= 1:5 in., and that its area is 2:65 sq. in. Measure 
the diagonal AC. 

[Use the preceding exercise: fix B and C, then locus of D is a 
circle, centre C : again, since BLD is of given species, whilst B is 
fixed, and D moves on a circle, therefore L moves оп а circle. Now 
show that, if the parallelogram BRCA is completed, BL. BR — AC . HK; 
hence locus of R is a circle, by Ex. 2. But R lies also on a circle 
whose centre is C, since CR—AB. Hence there are two positions 


of R.] 
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PART VI. 


MISCELLANEOUS PROPOSITIONS. 


XLVI. TRIANGLES AND QUADRILATERALS. 


THEOREM 101. (Euclid VI. B.) 

If the vertical angle of & triangle is bisected by & straight 
line which cuts the base, the rectangle contained by the sides of 
the triangle is equal to the rectangle contained by the segments 
of the base, together with the square on the line which bisects 
the angle. 


Let the bisector of the angle A of the triangle ABC meet BC 


at X. It is required to prove that 
AB.AC —BX. XC + AX’. 
Construction. Draw the circle through A, B, C, and produce AX 
to meet the circle again at D. Join CD. 
Proof, The angles ABX, ADC are in the segment ABDC ; 
2. LABX = LADC. 
But, by hypothesis, LXAB — LCAD ; 
*. the triangles ABX, ADC are equiangular ; 
Г. AB:AD — AX: AC; 
*. AB. AC=AD. AX. 
Also, because AD is divided at X, 
г. AD. AX — AX. XD + AXP. 
Now, AD, BC are chords of the circle meeting at X ; 
2. AX. XD — BX. XC; 
* Ар.АХ=ВХ.ХО+АХ?; 
AB. AC=BX. XC + AXP. 
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THEOREM 102. (Euclid VI. C.) 


If from the vertical angle of a triangle a perpendicular is 
drawn to the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the perpendicular 
and the diameter of the circumcircle. 


A 


Let ABC be a triangle, let AD be the perpendicular from A to 
BC, and let AE be the diameter of the circumcircle through A. 
It is required to prove that 

AB.AC=AD.AE. 

Construction. Join BE. 


Proof. Because ABE is a semi-circle, 
`. LABE is a right angle; 

°. LABE = Z Арс. 

Again, the angles AEB, ACD are in the segment ACEB ; 
`. LAEB=cACD; 

`. the triangles ABE, ADC are equiangular ; 
T.. AB:AD=AE:AC; 

` AB. AC — AD. AE. 


Cor. If R is the radius of the circum-circle and A the area of the 
triangle ABC, then 
R4 
4A: 
For 2R.AD=AB.AC and ВС.АО=2А; 
2R AB.AC 


^. (by division) A 


PTOLEMY'S THEOREM 


THEOREM 103. (Euclid VI. D.) 


391 


The rectangle contained by the diagonals of a cyclic quadri- 
lateral is equal to the sum of the rectangles contained by pairs 


of opposite sides. 
A 


B Cc 


Let ABOD be a quadrilateral inscribed in a circle. 


required to prove that 
AC. BD —BC. AD + AB. CD. 
Construction. Draw AE, cutting BD at E, 
Proof. Because ZLBAE=LCAD (construction), 
and LABE=LACD, being in the segment ABCD, 
“ the triangles ABE, ACD are equiangular ; 
2. AB:AC=BE :CD; 
.. AB.CD=AC. BE. 
7. also, LBA = LEAD, 
and LACB = LADE, being in the segment ADCB; 
. the triangles ABC, AED are equiangular ; 
2. BC: ED - AC :AD ; 
г. BC.AD =AC.ED. 
Now AC. BD=AC.BE+AC.ED; 
Г. AC.BD =AB.CD+BC. AD. 


Again, 2ВАЕ = LCAD ; 


Ex. If о, B are acute angles, prove that 
sin (a+ B)= sin а cos 8+ cos a sin В. 


Draw a circle ABCD with diameter AC of unit length. д 
Draw the diameter 


Make САО =a, 2САВ= Р. 
Then sin (a+ 8)=s 
Also sin a= CD, cos a —AD, sin fj — BO, cos В=АВ, 
Ви Ас.вр=АВ.ОО+ВС.АО; 

+ sin (a+ B)=sin a cos B+cosa sin B. 


22) 
s BED —BD. zi ESL 


It is 


so that LBAE = LCAD. 


Е 
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Exercise LXXV. 


l. By means of Theorem 10o, show that, if the bisector of the angle 
A of the triangle ABC meets BC at X, then 


AXi dci - 2 
(1-а) 

2. If the bisector of the exterior angle at A of the triangle ABC 
meets BC produced at Y, prove that AB. AC - YB. YO — AY?, 

[Produce YA to cut the circle ABO at D. Prove As ABY, ADC 
equiangular.] 


3. By means of Ex. 2, show that if c2, then 
2 
LOS AIC A 
к-т) 
4. If AB, A'B' are chords of two circles which subtend equal angles 


at the circumferences, and if D, D' are the diameters of the circles, 
prove that AB; A'B'—D : D. 


5. If X is any point on the circumcircle of the triangle ABC 
and XM, XN are perpendicular to CA, AB respectively, prove that, 
MN : BC=XA;: D, where D is the diameter of the circle ABC. 

роте 4s ХММ, XBC equiangular, and apply Theorem 102 to 
АХС. 


6. If from any point on the circumference of a circle straight lines 
are drawn to the vertices of an inscribed equilateral triangle, one of 
these lines is equal to the sum of the other two. 


T. If the radius of a circle increases indefinitely, the circumference 
tends to become a straight line. From Ptolemy’s Theorem, we may 
therefore infer that if A, B, C, D are four points, in order, on a straight 
line, then AC. BD=BC.AD+AB.CD. 

Verify this, using theorems on segments of a straight line. 


8. P is any point on an arc AB of a circle. Prove that the sum of 
the chords PA, PB is greatest when PA= PB, 
[Let the perpendicular bisector of AB cut the remaining part of the 
circumference at C. Apply Ptolemy’s Theorem to the quad. APBC.] 


9. Pis any point on an arc AB of a circle. Prove that the rectangle 
contained by the chords PA, PB is greatest when PA— PB. 
[Apply Theorem 102 to the triangle PAB.] 


10. Through two given points P, @ of a circle draw two parallel 
chords PX, QY, so that the rectangle contained by them may be equal 
to a given rectangle. 
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11. If R is the radius of the circumcircle of the triangl 
BD, CD are perpendicular to AB, AC, prove that ише ene. 
AC. BD+AB.CD=2R. BC. 


12. If ABC, A'B'C' are two triangles, in which the angles B, B’ 
also the angles C, C' are complementary, prove that x dier 
а Я Ra = а= (2с +20), 
where a, б, с, а, Ё, с are the sides and В, R' the radii of the circum- 
8, o AB'C. [Draw BD, CD perpendicular to AB, AC, and 
13. Zf ABCD is a quadrilateral which is not cyclic, prove that 
BC.AD+AB.CD>AC. BD. 


[Make ~BAE=LCAD and LABE=ZACD. Join ED. Prove that 
AB.CD=AG. BE, also that As ABC, AED are similar, and 
2 BC.AD=AC.ED 

Next show that B, E, D are not in the same straight line.] 

14. Explain why the following statement is incomplete and complete 
it, —1f A, B, C, D are four points, such that 

AC. BD=BC.AD+AB.CD, 
then A, B, C, D lie on the circumference of a circle. 

15. By applying Ptolemy's Theorem to the quadrilateral whose 
angular points are four consecutive vertices of a regular pentagon 
inscribed in a circle, find the value of sin 18° in a surd form. 

16. If A, B, C, D are four consecutive vertices of a regular 
prove that AD?— AC(AB + AC). 

17. From the vertex A of a triangle ABC, AD and AE are drawn to 
the base, making the angle BAD equal to the angle CAE ; prove that 

BD. BE :CE. CD —AB? : AC". 


[Produce AD, AE to meet the circle ABC at 
BD.BE: АВ?=ОХ.СҮ: АХ.АҮ.] 


heptagon, 


X, Y. Prove thas 
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XLVI. THE ORTHOCENTRE AND THE PEDAL 
TRIANGLE. 
In Theorem 37 it has been shown that 


The perpendiculars from the vertices of a triangle to the 
opposite sides are concurrent. 
The following is a more direct proof of this theorem. 


Let ABC be a triangle, and let AP, BQ be the perpendiculars 
from A, B to BC, CA respectively, meeting at O. Join CO, and 
produce it to meet AB at R. 


We shall prove that CR is perpendicular to AB. 
Construction. Join РО. 
Proof. Because the angles APB, AQB are right angles, 
`. ABPQ is a cyclic quadrilateral ; 
` 2С9Р = 2 ABC. 
Also, because the angles OPC, OQO are right angles, 
`. CPOQ is a cyclic quadrilateral ; 
". LCQP - COP; 
°". LCOP — АВС; 
-. BPOR is a cyclic quadrilateral ; 
4. LORB + LOPB = 2 right cs. 
But /ОРВ is a right angle; 
^. ORB is a right angle ; 
<- CR is perpendicular to AB. 
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Der. The point of concurrence of the perpendiculars from the 
vertices of a triangle to the opposite sides is called the orthocentre 
of the triangle, and the triangle whose vertices are the feet of 
these perpendiculars is called the pedal triangle. 


THEOREM 104. 


If O is the orthocentre of the triangle ABC and AO is produced 
to meet BC at P and the circumcircle of the triangle at A, 


then OP —PA'. 


Construction. Join BA’, BO. Produce BO to meet CA at Q. 
Proof, Because AP, BQ are perpendicular to BC, CA, 
*. the quadrilateral POQC is cyclic ; 
°, LBOP = zACB. 
e angles АСВ, AA'B are in the segment AC. 
°. LACB - ААВ; 
*. LBOP=LBAP. 


Again, th АВ; 


In the triangles ВОР, ВАР, 
BPO = ВРА! (right angles), 


| LBPO = LBAPP (proved), 

and BP is common 5 

+. the triangles are congruent ; 
.. OP= PA’. 
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THEOREM 105. 


If O is the orthocentre and PQR the pedal triangle of the 
triangle ABC, then A, B, C, O are the centres of the four circles 
which can be drawn to touch the sides, or the sides produced, 
o€ the triangle PQR. 

Proof. Because AP, BQ, CR are per- A 
pendicular to BC, CA, AB, 

`. the quadrilaterals OPCQ, BRQC, R 
OPBR are cyclic; 


` LOPQ=ZL ОСО = LOBR = -OPR ; К 
'. AP, BC are the bisectors of the 
interior and exterior angle at P of the pa 


triangle PQR. B В 
Similarly, BQ, CA апа CR, АВ are the bisectors of the angles at, 
Q and R of the triangle РОН; 
Г. A, B, C, О are the centres of the circles touching the sides. 


THEOREM 106. 
If S is the centre and R the radius of the circumcircle of the 


triangle ABC, and | the centre and > the radius of the circle 
inscribed in the triangle, then 


S? —R?- 2Rr. 
Construction. Join AI, Bl. X 
Draw IE perpendicular to CA. 
Produce Al to meet the circumcircle ^ 
at X. Draw the diameter XSX. Join 


BX, BX’. 
Proof, From the triangle AIB, 
the ext. 2ВІХ = LIAB + LIBA; В ec © 
but /1АВ=/ ХАС = 2 ХВС, 
and LIBA=cIBC; x 


„'. LBIX=ZLXBC + LIBC = LIBX ; 
4OXI ХВ. 


y 
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Now, because XIA is a chord of the circumcircle, 
7. В? - 812= XI. IA—- XB. IA. 
Also, the angles XX'B, ХАВ are in the segment ХАХ'В; 
Г. LXX'B = LXAB = 2 IAE, 
and the angles ХВХ', IEA are right angles ; 
*. the triangles XBX’, IEA are equiangular ; 
"^ XB:IE-XX':1A; 
1. XB.IA- XX LIE = 2Rz; 
*. RE 812 = 287, or 812 = В – 2Rr. 


Exercise LXXVI. 
Orthocentre and Pedal Triangle. 


1, IfO is the orthocentre of the triangle ABC, show that the four 
ints A, B, C, O are such that anyone of them is the orthocentre of 


_ the triangle of which the remaining three points are the vertices. 


2, If O is the orthocentre of the triangle ABC, show that the 
circumcircles of the triangles OBC, OCA, OAB, ABC are equal, 
3. If О is the orthocentre and S the circumcentre of the triangle 


ABC, and if A’, B', C' are the circumcentres of the triangles OBC, OCA, 
OAB, show that O is the circumcentre and S the orthocentre of the 


triangle A, В, С. [Use Ex. 2.) 
4. If AP, BQ, CR аге perpendicular to BC, CA, AB, the sides of 
the triangle ABC, and O is the orthocentre, show that 
(i) OA. OP=0B.0Q=OC. OR. 
(ii) AP. OP =BP. PC. 
5. Prove that the angles of the pedal triangle of the triangle ABC 
are the supplements of 2A, 2B, 2C respectively. 


6. Prove that the angles of the triangle formed by joining the 
centres of the escribed circles of the triangle ABC are the complements 
of JA, 3B, C respectively. 

1. The triangle whose verti 


circles of a triange is similar to 
contact of the inscribed circle. 


8. Construct a triangle, having given the circumcircle, one vertex 


and the orthocentre. 
E.G. 


ces are the centres of the escribed 
that formed by joining the points of 


o 
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‚ 9. Given the base and the magnitude of the vertical angle of a 
triangle, prove that the locus of the orthocentre is a circle. 


10. ZfS is the circumcentre and О the orthocentre of a triangle ABO, 
in which AB>AC, prove that (1) LSAO=0 -B ; (ii) Ле angle SAO zs 
bisected by the bisector of the angle A. 


11. From the last example, deduce a construction for a triangle, 
having given the base, the vertical angle and the difference of the 
base angles. 


12. Construct a triangle, having given the circumcircle, the ortho- 
centre and the difference of two angles. [Use Ex. 9.] . 


13. О is the orthocentre and S the circumcentre of the triangle 
ABC. If AO, AS are produced to meet the circumcircle at X, U . 
respectively, prove that 

(i) UX is parallel to BC. 

(ii) BUCO is a parallelogram. 

(iii) If L, Н are the middle points of ВО, AO, then LH is parallel 
to SA and equal to SA. Also AO —28L. 

(iv) AL divides SO internally in the ratio 1 : 2. 

(v) If G is the centroid of the triangle ABC, G divides SO internally 
in the ratio 1 : 2. 


14. Construct the triangle ABO, having given the radius of the cir- 
cumcircle, the vertex A and the lengths of the lines joining A to the 
middle point of BC and to the orthocentre. 


15, A circle of constant magnitude passes through a fixed point A 
and intersects two fixed straight lines AB, АС in B and С. Prove that 
the locus of the orthocentre of the triangle АВО is a circle. 


16. ABCD is a quadrilateral inscribed in a circle, E and F the 
orthocentres of the triangles ABC, ABD respectively ; prove that CDFE 
is a parallelogram. [Use Ex. 13 (iii).] 


17. If S is the centre of the circum- 
circle of the triangle ABO and \, the centre 
and r, the radius of the escribed circle 
opposite to the angle А, prove that 


Sl! - А2428. 

[Let Al, cut the circumcircle at X. Draw 
the diameter ХХ. Draw ҺЕ, perpendicular 
to AC. Prove that 

lA. lıX= Sl — RF, ХІ, = ХВ 


and the triangles XBX’, lE,A are similar. 
Cf. Theorem 106.] 
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18. Zf two circles are such that а triangle can be inscribed in one 
of the circles and circumscribed to the other, prove that an unlimited 
number of triangles can be so described. 

[Let 1, S be the centres and 7, R the 
radii of the inner and outer circles From 
any point A on the outer circle draw 
tangents AF, AE to the inner, meeting 
the outer again at B, C. Join BC. Prove 
that BC touches the inner circle. 

3 vs Al produced meet the outer circle 
in X. 
Draw the diameter XSX’. 
By Theorem 106, S —R?- 2Rr ; 
2 AL. IX=XX’. IE 
Next prove As XBX’, IEA similar and Al. BX—XX'. IE ; 
2 BX=IX. Now prove 21ВС = ІВА.] 

19. АВС is a triangle, AP the perpendicular to ВС, L the middle 
point of BO, 1, h the centres of the inscribed circle and of the escribed 
circle opposite A, D,D, the points of contact of these circles with BC, X 
the point of intersection of All, and BC. Prove that 

(i) hl is divided internally and externally in the same ratio at 
X and A. 

(ii) D,D is divided internally and externally in the same ratio at 
X.and P. 

(ii) Hence show that LX. LP is equal to the square on the tangent 
from L either to the inscribed circle or to the escribed circle opposite 
A. [Cf Ex. LXIII. 4.] 

(iv) LP. DX=LD. DP. 

90. Show that each of the six lines joining the centres of the four 
circles touching the sides, or sides produced, of a triangle, are bisected by 
the circumcircle. И ; 

[I£ All, cut the circumcircle in X, XI -XB-XI,.] 

91. The circle circumscribing the pedal triangle of a triangle ABC 
passes through the middle points of BC, CA, AB. 

[Use Theorem 105 and Ex. 20. 

22, If S is the circumcentre of а triangle ABC, and O is the ortho- 
centre, R the radius о, the circumcircle, and v' the radius of the circle 
inscribed in the pedal triangle, prove that 

5О?=В?— 4R7". 
If J is the centre, and p the radius, of the circle circumscribing the 
1 triangle, then JO?=p?—2pr’- Ё 4 
juo be jod 21, J is fle centre of the circle through the middle 
points of the sides of the triangle ABC ; therefore, by Ex. LXX. 19, 
JO-1SO and p=3R.) 
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XLVIIL THE SIMSON LINE. 
THEOREM 107. 


The feet of the perpendiculars on the sides of a triangle, from 
any point on the circumcircle, are collinear. 


Let X be any point on the circumcircle of the triangle ABC, 
and let XM, XN be perpendicular to CA, AB respectively. Join MN, 
cutting BC or BC produced at L. Join XL. 

It is required to prove that XL is perpendicular to BC. 

Construction. Join XA, XC. 

Proof. Because the angles XMA, XNA are right angles, 

`. XMNA is a cyclic quadrilateral ; 
°. LXML = ZXAB. 

Also, because AXCB is a cyclic quadrilateral, 

ОХО = ХАВ; 
.. £XCL=LXML; 
4. XLCM is a cyclic quadrilateral ; 
<. LXLC +2XMC = 2 right angles. 
But ZXMC is a right angle ; 
^. XL is perpendicular to BC. 


The tine LMN ts called the Simson or Pedal line of the point X. 
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Exercise LXXVII. 


, 1. If the feet of the perpendiculars from a point to the sides of a 
triangle are collinear, the point is on the circumcircle. 

2. In the figure of Theorem 107, the angle which the Simson line 
of X makes with AC is the complement of the angle which the arc BX 
subtends at any point on the circumference. 

3. The angle between the Simson lines of any two points X, Y, on 
the circumcircle of a triangle, is equal to the angle subtended by the 
arc XY at any point on the circumference of the circle. [Use Ex. 2.] 

4. ABC is a triangle and D is any point. The straight lines DB, 
DC cut the circumcircle of ABC again at X, Y. Prove that the angle 
between the Simson lines of X and Y is equal to the difference between 
the angles BDC and BAC. 

5. Find a point X on the circumcircle of the triangle ABC, such 
that its Simson line may be parallel to a given straight line. 

6. In the figure of Theorem 107, let X, A, C be fixed points, and let 
B move along the circumference and tend to coincidence with C. 
Show that we may infer the following theorem, and give an indepen- 
dent procf,—If A, B, X are any points on a circle and XL, XM are 
perpendicular to the tangent at B and AB respectively, then LM 
touches the circle on AX as diameter. 

7. Find a point such that the feet of the four perpendiculars from 
it to the sides of a given quadrilateral may be collinear. 

8. Zn the figure of Theorem 107, if R is the radius of the circle ABC, 
prove that 

2R.MN=BC.AX; 2R. NL=CA. BX ; 2R. LM=AB. CX. 
Hence deduce Ptolemy's Theorem for the cyclic quadrilateral AXCB. 

9. Zf ABCD zs a quadrilateral which is not cyclic, by a method 

similar to that indicated in Ex. 8, prove that 
BC.AD+AB.CD>AC. BD. 


10. In the figure of Theorem 107, if LM=MN, prove that 
XA: XC—AB : BC. 

Hence, show how to find a point X, on the circumcircle of the 
triangle ABO, of which the Simson line is divided into two equal 
segments by the sides of the triangle. 

11. In the figure of Theorem 107, if LM: MN —7 : g, where 7, g are 
given numbers, explain how to find the position of X. 

. In the figure of Theorem 107, if XL’, XM’, XN’ are drawn, 
eet BC, OA AB at L’, М, №, and making the angles х, MXM, 
NXN’ equal and measured in the same sense, prove that і, M; N 
are collinear and that L'M': M'N'-LM : MN. 


" 
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13. If XX’ is any diameter of the circumcircle of the triangle ABO, 
prove that the Simson lines of X and X' meet at right angles at a point 
on the nine-point circle. 

[For the first part, use Ex. з. Let LMN, L'M'N' be the Simson lines 
of X, X, meeting at Q. Let D, E, F be the middle points of BC, CA, 


AB. Prove that E, F bisect MM’, NN’. Consider the right-angled , 


triangles MQM’, NQN', and prove that 25 EQF, EDF are equal ог 
supplementary.] 


14. O is the orthocentre of the triangle ABC and X is any point on 
the circumcircle. XM, XN are perpendicular to CA, AB respectively, 
and CO (produced) cuts the circumcircle again at С. Prove that MN 
hers el are equally inclined to CC’. [Use the cyclic quads. AXNM, 


15. If, in the last example, XC’ and AB (pod ae if necessary) meet 
at Q, prove that MN is parallel to OQ and bisects XQ. [Use the right- 
angled triangle XMQ.] 


„16. By means of the last two examples, show that :— Tke Simson 
line of any point X on the circumcircle of a triangle bisects the straight 
line joining X to the orthocentre of the triangle. 


17. P is a point on the circumcircle of the triangle ABC and the 
perpendiculars from P to BC, CA, AB meet the circle again in X, Y, Z. 
Show that the perpendiculars from A, B, C to the sides of XYZ meet in 
à point @ on the circle, such that the pedal lines of P and Q with 
respect to ABC and XYZ respectively are coincident. 


18. Let X be any point on the circumcircle of a triangle ABC, and 
let the perpendiculars from A, B, C to the opposite sides cut the circle 
again in A, В, C'; then, if XA’, ХВ, XC’ cut BC, CA, AB in U, V, W, 
prove that U, V, W lie on a straight line through the orthocentre 
parallel to the pedal line of X. { 


Los Ys 
, , 4 { 


aca 
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XLIX. THE NINE-POINT CIRCLE. 
THEOREM 108. 


The circle through the middle points of the sides of a triangle 
passes through 
(i) the feet of the perpendiculars from the vertices of the 
triangle on the opposite sides ; 
(ii) the middle points of the lines joining the orthocentre to 


the vertices. 
A 


B L PRC 


Let P, Q, R be the feet of the perpendiculars from the vertices 
A, B, C of a triangle to the opposite sides and L, M, N the middle 


points of BC, CA, AB. 
It is required to prove that the circle LMN passes through 


P, Q, R. 
Construction. Join LN, MN, MP. 
Proof. Because M, N are the middle points of CA, AB, 
*. MN is parallel to BC. 
Similarly, LN is parallel to CA; 
2. CMNL is a parallelogram ; 
°". LLNM —2C. 
Also, because LAPC is a right angle and CA is bisected at M, 
1. MP=MC; 
". LMPC=LC; 
2. LMPC=LLNM; 
/. the circle LMN passes through P. 
can be shown that this circle passes through Q, В. 


"S. 


Similarly, it 


€ { 


TT. 
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(ii) Let O be the orthocentre of the triangle ABC and U, V, W 
the middle points of OA, OB, OC. 

It is required to prove that the circle LMN passes through 
U, V, W. 


Construction. Join LN, NU. 


Proof. Because N, U are the middle points AB, AO, 
`. NU is parallel to ВО. 
Similarly, it can be shown that LN is parallel to AC. 
But BQ is perpendicular to AC, 
`. NU is perpendicular to LN. 
Hence, in the quadrilateral LNUP, Zs P, N are right angles ; 
`. U lies on the circle through L, N P, 
i.e. the circle LMN passes through U. 


Similarly, it can be shown that the circle LMN passes through 
VW. 


COR. LU, MV, NW are diameters of the circle LMN. 


On account of the properties proved in Theorem 108, the 
circle LMN is called the Nine-point Circle of the triangle ABC 
(abbrev. N.P. OG). 

It is also occasionally referred to as the Medioscribed Circle. 


| 
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THEOREM 109. 


; (i) The centre of the nine-point circle of any triangle is the 
middle point of the line joining the circumcentre and orthocentre 
of the triangle ; 

(ii) The radius of the nine-point circle of a triangle is equal to 
half that of the circumcircle. 


Let O, S be the orthocentre and circumcentre of the triangle 
ABC ; let AP, BQ, CR be the perpendiculars from A, B, C to the 
sides BC, CA, AB. Let J be the middle point of SO. 

It is required to prove that J is the centre of the circle PQR 
and that JP — JR. 

Construction. Produce AP to meet the circumcircle in A’, 
join JP, SA’. 

Proof, Because J, P are the middle points of OS, OA’, 

`. JP=4SA'=3R. 
Similarly, it can be shown that JQ, JR are each equal to $R. 
-. J is the centre of the circle PQR, which is the nine-point 


circle ; and its radius is equal to half that of the circumcircle. 


EC 


k 
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THEOREM 110. 


The centroid of a triangle is a point of trisection of the line 
joining the circumcentre and the orthocentre. 


A 


pt 


B I5 РО 


Let 8, O be the circumcentre and orthocentre of the triangle 
ABC ; let AL cut SO in G. 


It will be proved that G is the centroid of А ABC, and that 
OG = 208. 


Proof. Let U, J be the middle points of OA, SO, respectively. 
Then J is the centre and LU is a diameter of the nine-point circle, 
`. LU bisects SO. 

Now, SL is parallel to AO, 
`. OU «SL and ОА=281. 
Again, the triangles OAG, SLG are equiangular, 
"^. АЗ:10=О@:58@=ОА:81. 
But OA- 8L, 
^ A@=2LG and OG- 250, 
.. Gis the centroid of A ABC, and is a point of trisection of 80, 


NOTE. An alternative 


proof of Theorems 108, 109 is given in 
Ex. LXXVIII. 12. 
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Exercise LXXVIII. [Theorems 108-110.] 


‚ 1. If O is the urthocentre of the triangle ABO, show that the four 
triangles OBC, OCA, OAB, OBC have the same nine-point circle. 


2. Ifl, lı, lz, 1з are the centres of the inscribed and escribed circles 
of the triangle ABC, prove that the circumcircle of ABC is the nine- 
point circle of each of the triangles 11.13, 1131,, Illo, 1113. 


3. If О is the orthocentre of a triangle ABC, in which AB>AC and 
L, U, M are the middle points of BC, AO, AC, prove that 
LLUP-ZLMP-OC - B. 


4, The nine-point circle of the triangle ABC cuts the side BC at an 
angle equal to the difference between the angles B and C. 
"This follows from Ex. 3, for LU is a diameter.] 


5. Construct a triangle, given the nine-point circle, the orthocentre 
and the difference between two angles. [Use Ex. 3.] 


6. Given the base of a triangle and the magnitude of the vertical 
angle, prove that the nine-point circle touches a fixed circle. 


7. Lines are drawn through the middle points of the sides of a 
triangle ABC perpendicular to the bisectors of the opposite angles. 
Prove that the triangle A'B'C' formed by these lines has the same nine- 
point circle as the original triangle. 

[If L, M, М are the middle points of BC, CA, AB, prove that LMN is 
the pedal triangle of A'B'C'.] 


8. B and C are points on two fixed straight lines AX, AY, such that 
AB--AC is constant. The circle ABC meets the bisector of the angle 
XAY at a second point Q. Prove that Q is a fixed point. 

[Along BX set off BC’ equal to AC. Prove ^ВС'@=}А.] 


9. B and C are points on two fixed straight lines AX, AY such that 
AB--AC is constant. Prove that the locus of each of the following 
points is a straight line perpendicular to the bisector of the angle XAY, 
—(1) the middle point of BC, (2) the centroid of ABC, (3) the circum- 
centre of ABO, (4) the centre of the nine-point circle of ABC. [For 
(3) use Ex. 8.] 

10. The nine-point circle of an isosceles triangle, which has each 
angle at the base double that at the vertex, intercepts parts of the 
equal sides, such that a regular pentagon can be inscribed in the circle 
and have these parts as two of its sides. 

11, If perpendiculars are drawn from the orthocentre of a triangle 


ABC to the bisectors of the angle A, their feet are collinear with the 
middle point of BC and the nine-poiPt centre. 
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12. ABC is a triangle; AP, BQ, CR are the perpendiculars from 
A, B, C to the opposite sides of the triangle; AP, BQ, CR when 
produced cut the circumcircle in A’, В, C’; O is the orthocentre, S the 
circumcentre ; U, V, W are the middle points of OA, OB, OC ; L, M, N 
the middle points of BC, CA, AB ; and J the middle point of SO. 


(i) Show that JU - JV -JW —JR. A 
[Join SA and prove JU=35A.] 

(ii) Show that JP=JQ=UR=3R. 
[Join SA’, and prove JP=4SA‘.] 


iii) Show that JL-JM =JN —j3R. 

Draw diameter ASK and prove that 
BKCO isa parallelogram: hence KL=LO 
and JL =}SK.] 


NOTE. The student should draw a 
separate figure for each part of the 
proof. 


13. The nine-point circle of a triangle touches the inscribed circle. 
(Feuerbach's Theorem.) 
Let ABC be the triangle (AB>AC), LM the middle points of BC, AC, 
AX the bisector of LA, meeting BC at X, D the point of contact of BC 
with the inscribed circle, AP the perpendicular from A to BO, O the 
orthocentre, 1, J the centres of the inscribed and nine-point circles. 
Draw KJK' a diameter of the nine-point circle perpendicular to ВО, 
K being the extremity outside the triangle; join KD and produce it 
to meet the circle again at T. Let 7, p be the radii of the inscribed 
and nine-point circles. 
It will be proved that the inscribed circle touches the nine-point 
circle at T. 


Construction. Join LK, ID, 
and let JK cut BC in H. 
Proof. Since 
arc LK —arc КР, 
1. LKLP=$2LMP 
-4(C-B) (Ex LXXVIII. 3.) 
But .XID=2XAP 
=}(C-B); 
"^. LKLP=2 XID. 
^ 4s XID, KLH are equi- 
angular. 
. DX:DI-HK:HL. 
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It follows that 27. HK=2HL. DX=LP. DX. 
But LP.DX=LD.DP. [Ex. LXXVI. 19 (iv).] 
n 2r.HK-LD.DP-KD.DT. 
Also, since the points D, H, T, K' are concyclic, 
~ KD. KT=KH. KK’=2p. KH; 
~ ripcDT:KT. 
Hence, the triangles IDT, JKT are equiangular ; 
^. T, |, J are collinear, 
and DI :IT—JK : JT, 
. Di-IT. 

It follows that T is on the inscribed circle and, since T, |, J are 
colinear, the two circles have the same common tangent, and 
therefore touch at T. 

14. The nine-point circle of a triangle touches each of the escribed 
circles. 

[Let ABC be the triangle, D; the point of contact with BC of the 
escribed circle which touches AB, AC produced. Join KD; and pro- 
duce it to cut the nine-point circle at Т. Then T, is the point at 
which this escribed circle touches the nine-point circle. The proof 
is practically the same as in Ex. 13. 

15. Zf J is the centre of the nine-point circle of the triangle ABO and 
1, lı the centres of the inscribed circle and the escribed circle opposite A, 
show that 

IJ 23R-7; l,J 24R Z4. 


16. If two circles are such that a triangle can be inscribed in one 
circle and circumscribed to the other, it has been shown that an 
unlimited number of triangles can be so described. Prove that 

(i) The centres of the escribed circles of these triangles lie on a 
fixed circle. 

(ii) The centres of the nine-point circles of the triangles lie on 
a fixed circle. 

(iii) The orthocentres lie on a fixed circle. 


410 ELEMENTS OF GEOMETRY 


L. RADICAL AXIS OF TWO CIRCLES. 


The circle of which C is the centre and r the radius is often denoted his 
бу (C, >). 


1. ZF (O, 2), (C', 7") are two given circles, and Р is a point such that WT 
the tangents PT, PT’ to the two circles are equal, then P lies on a fixed 
straight line, perpendicular to CC’, called the Radical Axis of the circles. 


Proof. Let r>r'. Draw PX per- 
pendicular to СС. Bisect CC’ at O. 


Because 4s PXC, PTC are rt. Zs, 
л CX?4+PX?=CP?=CT?+ PT? ; 
n CX®4+PX?=72+4PT?. 
Similarly, it can be shown that 
CX? PX3— 72+ PT, 
Now, by hypothesis, PT = PT’, Hence, by subtraction, 
| CX?-C'X?=7?- 72, 
But O is the middle point of CO’ ; 
~ CX-C'X=20X ; 
. OX* - CX* (ОХ - CX) (CX -- C'X) 2 20X . CC’; 
n 20X.C0'—7?- 7^; 
1. X is a fixed point and P lies on a fixed straight line perpendicular | 
to CC’. 


ё 


Р T 
2. If the circles intersect at A, B, T ТА 
the radical axis passes through A, B. A 
If P is any point on the radical axis, А 
either within or without the circles, since Й 
PX is perpendicular to CC’, we have С VU o 
CP? —C’P?=CX?-C’X?=72- 72; А 


д OP? r= OP 72, 


The radical axis of the circles (C, r), (C', r") is therefore defined as 
the locus of a point P, such that 


CP? =72=C'P?— +”, 
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3. Prove the following construction for the radical axis of the 
circles (C, 7), (С, ^) :— 

Draw any circle to cut the given 
circles at A, B and А, В. Join AB, 
A'B', meeting in P. Draw PX per- 
pendicular to СС. Then PX is the 
radical axis. 

[For | PA. PB—PA'.PB'; 

` the tangents from P to the given 
circles are equal; .. P is on the 
radical axis.] 

4. If two circles touch, show that the radical axis is the tangent at 
the point of contact. 

‚ 9. If T, T' are the points of contact of a common tangent to two 
circles, show that the radical axis bisects TT’. 

6. Show that the middle points of the four common tangents 
which can be drawn to two circles, each of which is outside the other, 
lie on a straight line. 

T. For any three circles, the radical axes of the first and second, 
second and third, third and first, meet in a point called the Radical 
Centre of the three circles. 

Let (C, 2), (C', z^, (C’, 7") be the circles, 
and let the radical axes of the first and 
second and second and third circles meet 
in O. 

Then, by definition, 

CO?—7?=C'0?—72 
and C'0?—-72—0'03-77; 
^ CO?-7?=C0"0?—7? ; 
. О is on the radical axis of the first and third circles. 


‚ 8. Find a point О, such that the tangents from it to three given 
circles are equal. 
9. If three circles are such that each intersects the other two, 
prove that the three chords common to pairs of the circles meet in a 
point. [This is a particular case of $7.] 


10. Given two points A, B and a circle C, if any circle is drawn 
through A, B to cut the circle C at P, Q, prove that PQ meets AB ina 
fixed point. h ; 

[Draw a fixed circle through A, B to cut the circle C in D, E. Let 
DE meet AB at О. Then (by $7) PQ passes through the fixed point O.] 
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1l. AA, BB', CC' are the perpendiculars from the vertices of a 
triangle to the opposite sides and X, Y, Z are the points of intersection 
of BC, B'C' ; CA, СА’; AB, АВ. Prove that X, Y, Z are in a straight 
line which is the radical axis of the circumcircle and the nine-point 
circle of the triangle ABC. 

[X is on the radical axis, for XB. XO—XB'. ХС'.] 

12. Zf PT, PT’ are tangents from any point Р to two circles (С, 7), 
(С, 7) and PM is the perpendicular from P to the radical axis of the 
circles, then 

PT2- PT?—2CC'. PM, 
it being assumed that PT>PT’. 

Proof. Let the radical axis meet 
CC'at X. Draw PN perpendicular 
to CO’. 

Because 2s PTC, PNC are right 
angles, 

n PT2+CT?=CP?=CN?+ PN? ; 
. PT2+-72=CN2+ PN? 
Similarly, 
PT?+-72=C'N?+PN?; 
1 PT2—PT?+72472=CN?—C’N2 
Also, since MX is the radical axis, 
#—›%=ОХ?-ОС'Х?=2ОХ.СО'; 
апа CN?— C'N?— (CN —C’N)(CN+C’N)=20N.CC’; 
^. PT?- PT?--20X. CC' 220N. CC’; 
. PT?- PT?22XN . CC'—20CC'. PM. 

13. As a particular case of (12), let Р be any point on the circle 

(C, 7). In this case PT’ vanishes, and we have 
PT?=2CC’. PM. 


Hence, if the square on the tangent from a point Р to a given circle 
varies as its distance from a given line, the locus of P is a circle. 


14 DEFINITIONS. The angle of intersection of two circles, at a 
point where they cut, is the angle between their tangents at this point. 

Since the angle between two straight lines is equal to the angle 
between two perpendiculars to these lies, the angle at which two 
circles cut is equal to that between the radii drawn to a point of inter- 
section of the circles. 

Circles which cut at right angles are said to cut orthogonally. 


— * wp 


— 


| 
4 
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15. The cosine of the angle at which two circles cut is 
+ (7? 4+72-d*)/arr’, 
where 7, 7" are the radii and d is the distance between the centres. 


16. If the circles (C, 7), (C’, >”) cut orthogonally, then 
CC2- 2p, 
17. If a point P is taken on the radical axis of two circles, and PT 


is a tangent to one of them, prove that the circle whose centre is P and 
radius PT cuts each of the circles orthogonally. 


‚18. Prove that the locus of the centre of a circle which cuts two 
given circles orthogonally is the radical axis of the given circles. 


19. Draw a circle to cut three given circles orthogonally. 


20. Any circle which cuts two given non-intersecting circles (О, r), 
(C^, 7^) orthogonally, passes through two fixed points in CC’. 
Let P be the centre of a circle which cuts the given circles ortho- 
gonally and which meets CC’ at L, L’. 
Since PT, PT’ touch the given 
circles and PT = PT’ 
`. Pis on the radical axis PX. 
Since CT touches the circle TLL’, 
A CL CECE AE 
Now X bisects LL’; 
4 X02-XL?- CL. C=; 
n XL22XCU-27; 
. L, L' are fixed points. 


21. In the figure of ($ 20), show that CL. CL'-75. 


22. If the circle (C, 7) meets CC’ at A, B, prove that AB is divided 
internally and externally in the same ratio L, L’. 
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LL CENTRES OF SIMILITUDE. 


1. If C, C' are the centres and 7, +’ the radii of two circles, the 
points S, S' which divide CC’ externally 
and internally in the ratio x: 7’ are called 
the external and internal centres of simili- 
tude of the circles. Thus, in the figure, 
we have 

SC :SC’=CS’: SC =r: 7. s 
It has been proved that any common 
tangent to the circles meets CC' Zn a centre of similitude (Ex. 1, p. 327). 


2. If S is a centre of similitude of two circles, of which ©, О are 
the centres and r, r' the radii, and if any straight line through S cuts 
the circles at Р, Су; Р, Су, then 


SP:SP'—r:" and SQ:SQ’=r:r’. 


d 


P 


Construction. Join OP. Draw СХ parallel to ОР to meet SP 
(Produced) at X. 
Proof. Because O'X is parallel to CP, 
* the triangles SCP, SC'X are equiangular ; 
^ СР:С'Х=80:8С'. 
But SC:SC'—-CP:C'P (given); 
^ CP:C’X=CP:CP;; 
f л CX=C'P, 
^ X coincides with either P' or Q. Taking P' as the point which 
coincides with X, it follows that the triangles SCP, SC'P' are equi- 


angular ; 
1 ^ SP:SP'2CP:O'P'—p ip. 


Similarly, SQ:SQ/=r:r'. 
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_ 3. If two circles touch externally, the point of contact is the 
internal centre of similitude; if they touch internally, the point of 
contact is the external centre of similitude. 

_ 4, If Ais a point at which two circles intersect one another, the 
bisectors of the angles between the tangents at A pass through the 
centres of similitude. 

5. If the bisector of the angle A of the triangle ABC meets BC 
at X, then A and X are the centres of similitude of the inscribed circle 
and the escribed circle opposite A. 

6. If the bisector of the exterior angle at A of the triangle ABC 
meets BC produced at X’, then A and X' are the centres of similitude 
of the escribed circles opposite B and C. 

7. In each figure of § 2 on the preceding page, prove that 

(i) PQ:P'Q—r:7'. 

(ii) SP. SQ’=SP’. SQ=constant for all lines through S. 

(iii) The tangents at P, P' are parallel; so are those at ©, Q’. 

(iv) The tangents at P, @ meet on the radical axis of the circles ; 
so do those at Q, P’. 

(v) If the tangents at P, Q meet in A and the tangents at Р,@ 
meet at A’, then S, A, A’ are collinear. 

8. In the left-hand figure of § 2 on the preceding page, if STT’is a 
common tangent, prove that 

(i) SP.SQ’=ST.ST’=SQ. SP. М 

(ii) The quadrilaterals PTT'Q QTT'P' are cyclic. 

(ii) PT, Q'T' meet on the radical axis ; so also do QT, PT’. 


9. The centroid and the orthocentre ofa triangle are the centres 
of similitude of the circumcircle and the nine-point circle. 


ine drawn from either the centroid or the 


10. Every straight 1 f ^ 1 
orthocentre of a triangle to the circumference of the circumcirc'e 


is bisected by the nine-point circle. 

1l. If О, C'are the centres and CP, C'P' are parallel radii of two 
circles, show that PP' passes through a centre of similitude of the 
circles. Explain how to decide whether this is the external or internal 
centre of similitude. 

„ПЕР, P are on the same si 
similitude.] 


12. Prove that the straigh 
parallel tangents to two circles pass 
Explain how to decide whether this 
of similitude. T ^ 
_ [If the points of contact are on the same side of the line of centres, 
it is the external centre of similitude.] 


de of CC’, it is the external centre of 


es through a centre of similitude. 
is the external or internal centre 


t line joining the points of contact of two: 
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13. AB, A'B' are parts of the same straight line, with the same 
middle point S. On AB, A'B' similar segments of circles are described, 
on the same side of the line. Prove that S is a centre of similitude 
ofthe circles. [Use Ex. 12.] 


A 


14. Draw an equilateral triangle ABC. 
Draw a segment of a circle with its base 
along BO, such that its arc contains three- 
quarters of the circumference, and touches 

B, 

[The construction depends on Ex. 13, and 
is indicated in the figure. Explain and supply 
proof.] B c 


15. If a circle is drawn to touch two given circles О, C' at P, P, 

rove that PP' passes through a centre of similitude of the given circles. 
[tet PP’ cut the circle C again at ©. Prove that the tangents at 
Q, P' are parallel.] 


16. If from any point A, on the radical axis of two circles, tangents 
AP, AQ are drawn to the circles, prove that PQ passes through a 
centre of similitude. 

[Let PQ, cut the second circle again at Q. Prove that the tangents 
at P, Q' are parallel.] 


17. A straight line, through a centre of similitude S of two circles, 
cuts the circles at P, Q and Р, Q. Another straight line through 8 
cuts the circles at X, Y and X’, Y’. Prove that 

(i) PX, P'X' are parallel ; so also are QY, Q'Y'. 
(ii) The quadrilaterals PXY'Q', QYX'P' are cyclic. 
(iii) PX, Q'Y' meet on the radical axis ; so also do QY, PX’. 


18. Prove that the locus of a point such that the tangents УО, it to 
two circles are in the ratio of the radii is the circle described on the 
line joining the centres of similitude as diameter * 

[1f PT, P'T' are tangents to the circles (C, 7), (C', 7^), such that 
PT: PT'—7:7, prove that PC: PO =”: wey 


19. Prove that the locus of a point at which two given circles subtend 
equal angles is the circle described on the line joining the centres of 
similitude as diameter. 


20. Find a point at which the escribed circles of a triangle ABC 
subtend equal angles. Show that there are, in general, two such points. 

[Let the bisectors of the exterior angles at A, B meet BC, CA at 
X, Y. The circles on AX’, BY’ as diameters meet at the required 
points. See Exx. 6, 19.) 


* This circle is called the Circle of Similitude of the given circles. 
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21. C, C’ are two given circles and PT, QT are tangents toC. Two 
tangents P'T', QT’ are drawn to С’, parallel to PT, QT respectively, 
and such that P'T', Q'T' are either both in the same sense as PT, QT 
or both in the opposite sense to PT, QT. Show that TT’ passes 
through a centre of similitude of the circles. 

Explain how to select the parallel tangents in order that TT' may 
pass through the internal centre of similitude 5. 

[If P, ©, Р, @ are the points of contact, PP, QQ' must pass 
through S'.] 


22, Itis required to draw a circle to touch two given straight lines 
and a given circle C. 

_(i) Explain how Ex. 21 leads to the following construction for the 
point of contact with C,—Draw a properly selected pair of tangents 
(PT, QT) to the circle C, parallel to OA, OB and meeting at T. Join 
TO. Then TO passes through the point where the required circle 
touches C. 

(ii) Explain how to find the centre of the required circle. 

(iii) Taking the case in which the circle C is within the angle AOB, 
draw the two circles which touch OA, OB and touch the circle C 
externally. 

[PT, QT must be drawn on the opposite sides of C to OA, OB 
respectively. Explain why. See Exx. 3, 21.] 

(iv) Taking the case in which the circle C is within the angle AOB, 
draw the two circles which touch OA, OB and touch the circle C 
internally. 

[PT, QT must be drawn on the sides of C nearest to OA, OB 
respectively. Explain why.] 

‚ (v) Taking the case in which O is within the circle C, draw the 
circle which touches OA, OB (neither being produced backwards 
through O) and the circle C internally. 


23. Show that the number of circles which can be drawn to touch 
two given straight lines and a given circle, is determined by the 
number of intersection, of the circle and the straight lines. 

State the number of circles, when 

(i) both lines cut the circle ; 

(ii) one line cuts, the other touches the circle ; 

(iii) one line only meets the circle ; 

(iv) both lines touch the circle ; 

(v) one line touches the circle, the other does not meet it ; 

(vi) neither line meets the circle. 
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Application to Questions of Geometrical Drawing. 


1. Draw an equilateral AABỌ, and in it inscribe three arcs of 
circles, each containing ў of the circumference, touching two sides of 


ABC, and meeting two by two in P, Q, R, the vertices of an equilateral 
triangle* 


Draw AX, CY | ВС, BA. Draw a segment of a circle, with base DE 


along BC, whose arc contains } of the circumference and touches 
AB, AC. 


7 AB, AC are common tangents to the required arc QR and the 
arc DE, 


^ Aisa centre of similitude ; 
^ R lies in the straight line AD, 
Also, by symmetry, R lies in YC and can therefore be found. 
Let О be centre of © DE. 
Draw RO'|| DO to meet AX in О’. 
Then * Ais a centre of similitude, 
^. O' is the centre of © QR. 


, The centres of the circles RP, Р@ can now be found by setting off 
distances from О, along GB, GC, equal to GO’. 


*Such arcs are mis-named continuous in some books on geometrical 
drawing. 
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2. Draw six equal and ‘continuous’ semi-circumferences to touch a 
given circle. 


Find A, B, C, D, E, F, the vertices of a regular inscribed hexagon. 
Draw the diameter POQ | AOD. Then, A is a centre of similitude of 
the given circle and the required circle, touching at A; therefore the 
extremities X, Y of the diameter of the required circle lie on AP, AQ. 

Also, by symmetry, X lies on the bisector of LAOB. Thus, X can 
be found. 

Similarly, Y lies on the bisector of ZAOF, and hence can be found 
by drawing a circle, with centre O and radius OX. The centre O' of 
the circle touching at A is the intersection of XY and AO. The other 


centres can be stepped out as in the figure above. 


3. Inscribe a circle in a given sector of a circle. 
4. Draw a circle to touch a given circle externally, 
touch two given radii of the given circle. 
n circle internally, 


5. Draw four equal circles, each touching à give 
and each of the four touching two of the others. 


and also to 
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6. Draw four equal circles, each touching a given circle externally, 
and each of the four touching two of the others. 


7. Within a given regular pentagon ABCDE, draw то equal circles, 
such that each side of the pentagon touches three of them, and each 
circle touches the two adjacent circles. 


Analysis. Let O be the centre of ABCDE. Then because OA, 
OB... bisect the angles A, B..., therefore the centres X, Y,... of the 
circles which touch two sides are on OA, OB... . 

Again, if XH, ҮК are perpendicular to AB, then XY —4YK. 

Therefore XK is a rectangle inscribed in AOAB, with its sides in 
the ratio 4: 1 ; hence the following :— 


Construction. Draw BL LBA, making BL=}BA. Join OL, cutting 
AB іп К. Draw КҮ | АВ, cutting OB in Y. Draw YX||AB. Then 
YX contains the centres of the required circles which touch AB. The 
other lines of centres may be found by drawing parallels to the sides 
of the pentagon. 
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Exercise LXXIX. a 


(In the following Numerical Examples measure the radii 
of the constructed arcs.) 


1, Draw a regular hexagon of 1-5 in. side. Draw three equal and 
continuous circular arcs, each two-thirds of the circumference, these 
arcs touching alternate sides of the hexagon. 


2. Draw a square of 2 in. side. Draw four equal and continuous 
circular ares, each arc touching two sides of the square, and each arc 
being a semi-circumference. 


3. In an equilateral triangle of 3 in. side, draw three equal and 
continuous semi-circular arcs, each touching one Side of the triangle. 


4, Draw a square of 2 in. side. Draw two equal and Congue 
arcs, each two-thirds of the circumference, to touch opposite sides o! 
the square at their middle points. 


_ 9. Draw a circle of 1-5 in. radius. Draw four equal and con- 
tinuous arcs of circles, each three-quarters of the circumference, to 
touch the given circle. 


6. Draw a circle of radius 1-5 іп, Draw six equal се еасһ 
touching this circle (i) internally, (ii) externally, each of the six 
touching two of the others. 


; n їп. si ithin it draw 
T. Draw an equilateral triangle of 3 in. side, and within it 
three equal circles, each touching the other two, and two sides of the 
triangle. 


in. si ithin this, draw 
8. Draw a regular hexagon of r5 in. side. Within this, | 
12 equal circles, ER that each side of the hexagon touches three of 
them, and each circle touches the two adjacent circles. 
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LIL CONSTRUCTION OF CIRCLES TO SATISFY 
GIVEN CONDITIONS. 


1. Draw a circle through two given points A, B to touch a given 
straight line CD. 


Analysis. Let AB produced cut CD in O. Draw any circle through 
A and B, and let OP be a tangent to it. 
Then OP?— OA. OB-—a constant for all circles through A and B. 


Hence the following construction :— 

Join AB. Produce AB to cut CD in O. Draw any circle through 
А апа B. Draw а tangent OP to this circle. Set off OT, OT’ along 
OC, OD respectively, each equal to OP. 

The circles ABT, ABT’ are the circles required. 

Supply proof. 


. 2, The above construction fails when AB||CD. Give a construc- 
tion for this case. 


3, Draw а circle, with its centre on a given straight line, to pass 
through a given point and touch a given straight line. 


$ 
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4. Draw a circle to touch two given straight lines OA, OB, and 
pass through a given point C. 


Analysis. Let Е be the centre of the required circle. Then OE 
bisects LAOB. Also, if C' is the image of C in this bisector, C' is on 
the circle: Й 

Hence, a circle through С and С, touching OA (or OB), is the circie 
required. 

Supply the construction and proof. 


5. Draw a circle to touch а given circle (centre C and radius r) 
and also to touch two given straight lines OA, OB. 

This question has been con- 
sidered in Ex. 22, p. 417, or we 
may proceed as follows :— 

The circle is concentric with 
one passing through C, and touch- 
ing two straight lines parallel to 
OA, OB, and at a distance 7 from 
them, There are eight circles in 
the most general case satisfying 
the given conditions, of which five 
are shown in the figure. 

Supply the construction for the 
three which are not shown and give 
a proof. 


ect BC, CA, AB at D, E, F. Draw 
circles which touch the circle 
Verify that BO (produced 


6. Draw any triangle ABC. Bis 
the circle DEF, and construct the eight 
DEF and AB, AC (or these lines produced). 
if necessary) touches four of these circles. 
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T. Draw a circle through two given points A, B to touch a given 
circle. \ 


Analysis. Suppose a circle through A, B to touch the given circle 
at T. Let any circle be drawn through A, B to cut the given circle at 
Q. 
, 


The radical axes of the three circles shown in the figure, taken in 
pairs, are AB, PQ and the tangent at T. 
Therefore these three lines meet in a point O. (See $7, p. 411.) 


Hence the following construction :— 4 

Through A, B draw any circle to cut the given circle at P, Q. Join 
AB, PQ, meeting at O. From O draw tangents OT, OT' to the given 
circle. 

Describe circles about the triangles ABT, ABT’. These satisfy the 
given conditions, 

Supply proof. 


8. Draw acircle, with its centre on a given straight line, to pass 
through a given point and touch a given circle. 


9. Find a point in a given straight line, such that its distance 
from a given point is equal to its distance from the circumference of 
а given circle (measured along a radius). 


10. Find a point in a given straight line, such that (i) the sum 
or (ii) the differences of its distance from two given points is equal 
to a given straight line. 
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ll. Draw a circle to pass through a given point А, to touch a given 
straight line BC and a given circle. 


Analysis. Suppose a circle to touch D 
the given circle at G and BC at Н, 
Then, since G is a centre of similitude 
of the two circles, HG will cut the 
given circle at a point D, where the n о 


to BC. 

Draw this diameter, meeting BC B 
at F. Join DA, cutting the circle AGH 
at X. 

Now, 25 DGE, ЕЕН are right angles ; 

. GEFH is a cyclic quadrilateral ; 
~ DE.DF=DG.DH=DA.DX; 
. AFEX is a cyclic quadrilateral. 

Hence the following :— 

Construction. Draw the diameter DE of the given circle, perpendi» 
cular to BC, meeting BC at F. Join A to one end D of the diameter 
DE. Draw the circle AFE, meeting AD again at X. Through A, x 
draw a circle to touch the given circle. This circle will also touch BC 
and will satisfy the given conditions. 

Proof. Let the circle through A, X touch the given circle at G. 
Let DG produced cut BC at H : join GE. 

'Then because the angles at G, F are right angles, 

. СЕЕН is a cyclic quadrilateral ; 
* DE. DF- DG. DH. 
But, by construction, XEFA is a cyclic quadrilateral ; 
. DE. DF-DX.DA; 
~ DX. DA- DG. DH ; 
- the circle АХ passes through Н. д 
Again, the tangents at D, G, Н make equal angles with DH , 
* the tangents at D, Н are parallel ' 
- BC is the tangent at Н. 
z A, X to touch the given circle, 
A Дер jan Eton dn s pry pr the conditions, by joining AE. 
Thus, in general, there are four solutions. 


tangent is parallel to BC, Ze. at one 7 p: 7 
end of the diameter DE, perpendicular д 4 


y 
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12. Draw a circle to touch two given circles and a given straight 
Jine AB. 

Let Су, 7 ; Cs, 7g be the centres and radii of the given circles, and 
let rı >73. Let a circle be drawn (1) to pass through C, (2) to touch 
a straight line parallel to AB and distant 7, from it, and (3) to touch a 
circle whose centre is C, and radius either 74—73 or 74 +7 - 


In general, eight such circles can be drawn ; and each of these is 
concentric with a circle which satisfies the given conditions. 


There are consequently, in general, eight solutions. 


13. Draw a circle through a given point A to touch two given 
circles О, С. 


\ 
1 
1 
Д 
I 
' 
[] 
' 


Analysis. Let the required circle touch the two circles C, C’, in P, Q 
respectively. Then the common tangents at P, Q are equally inclined 
to PQ; hence, if PQ meets the circle C again in P', the tangents at Q 
and P' will be parallel ; therefore PQ passes through 5, a centre of 
similitude of the circles C, С. (See 87 (у), р. 415.) 


Draw any straight line through S, to cut C, C^ in L, M, №, R. Let 
SA cut the required circle again in X. 


Then  SX.SA-SP.SQ-SL.SR, by §7 (ii) p. 415; 
^. LRAX is cyclic. 


CIRCLE TOUCHING THREE GIVEN CIRCLES 425B 


Hence the following :— 

Construction. Find a centre of similitude, S, of C, С'. Draw any 
straight line through S, to cut the circles C, O’ in L, M, N, R. Draw 
the circle through A, L, R, cutting SA in X. Through A, X draw a 
circle to touch the circle C in P. 

Then this circle will also touch the circle C". 


Proof. Let SP cut © C' in Q, and © AXP in 9. 
Then, since S is a centre of similitude of C, С”, 
^4 SP.SQ-SL.SR 
=SX.SA. 
Also, since XAQ’P is cyclic, 
. SX. SA-SP.SQ'; 
.. SP. $Q- SP. SQ'; 


hence, Q and Q’ coincide. 


since S is a centre of similitude of C, C^ 


Again, 
ally inclined to PQ ; 


the tangents at P and Q to the circles C, C' are equ 
but the tangents at P, Q to © XPQA are also equally inclined to PQ; 
hence, since the circles C and XPQA have a common tangent at P, 
^ the circles C and XPQA have a common tangent at Q, 
ze. these circles touch one another at Q. 


Two circles can be drawn through A, X to touch C, each of which also 
touches C'. Starting with the other centre of similitude, two more 
circles can be found to satisfy the conditions. 

Thus, in general, four circles can be drawn to satisfy the conditions. 


14. Deduce, from the preceding, a construction for a circle shih 
touches three given circles ; and show that, in general, there are eig. t 
solutions. 
the eight circles in the case where the three given 


15. Identify а 
bed circles of а triangle. 


circles are the three escri 


3 iy 
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LII. HARMONIC DIVISION OF A LINE. 


l. A straight line is said to be divided harmonically when it is 
divided internally and externally in the same ratio, and each point of | 
division is called the harmonic conjugate of the other. 


2. If AN is divided harmonically at В, В, then BB’ is divided | 
harmonically at A, A’. 

For, by hypothesis, , ' 

AB : BA'=AB' : B; e a ЫН ШЫ а: 
2 AB : AB'=BA' : AB, e 

3. A set of collinear points А, B, C, ... is called the range (ABO ...). 
The straight line on which the points lie is the axis of the range. 

If A, A' are harmonic conjugates to B, B’, the points A, A’, B, B' are 
said to form the harmonic range (AA', ВВ). | 

4. If (AN, BB’) is a harmonic range and О is the middle point of 
AA’, then 

OA?=OA?=OB. OB’. 

For it is given that AB : BA’=AB’ : A’B’ ; | 

^ by componendo and dividendo, 

AB-F BA': AB – BA'- AB'-- A'B/ : AB’ — A'B'; 
A 20A':20B—20B' : 20A' ; 
. ОА?=ОВ.ОВ'. 

5. Conversely, if O is the middle point of AN, and points B, B' 
are taken in the straight line АА, on the same side of О, such that 
OA*= OB. OB', zken B, В are harmonic conjugates of A, N. 

For the steps in the proof of 8 4 сап be taken in the reverse order. 


6. If (A^, BB’) is a harmonic range, A being outsid ` BB’, then 


Pian EN +- I Q* 
AN АВ АВ” 
In the figure of 8 2 we have to prove that 


s BA AB’ BA AB 
hat is AB AN ANAD” OT АВАВ" 
which follows from the hypothesis. 


= 
* Hence the term harmonic range. 
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‚7. Take any three points A, B, B'in order, on a straight line. 
Bisect BB’ at O. Draw а circle on BB’ as diameter and a tangent AT 
to this circle. Draw TA’ perpendicular to BB’ and prove that (i) the 
range (АА, BB’) is harmonic; (ii) AO, AT, AA’ are the arithmetic, 
geometric and harmonic means of AB, AB’. 

8. Explain how to construct lines which are the arithmetic, 
geometric and harmonic means of two given straight lines 2, y. 
If these are denoted by a, g, /, prove geometrically that a>g>h 


and that a4 —£?. 
9. AN, BB’ are two non-overlapping segments of a straight line. 
Find points X, X' which divide both AN and BB’ harmonically. 

[Let O be the middle point of XX', then ОХ?=ОА.ОА'=ОВ. OB, 
and the point O can be found by Ex. LXXVII. 14.] 

10. Le (AN', BB’) Ze a harmonic range. Take any point О and join 
OA, OA’, OB, ОВ. Through B draw а parallel to meet OB’ to meet OA, 
OA’ at X, X. Prove that XB=BX’. 

Proof. By similar triangles, 

XB: OB'=AB: AB’ 
and BX’: OB/=BA’: A'B. 
But (AA, BB’) is a harmonic range ; 
^ AB: AB’=BA’: AB'; 
~ XB; OB'-BX' : OB’; 
^ XB=BX’. 

11. Conversely, if in the figure of $ 10, XB— BX’, prove that (АА, BB’) 
is a harmonic range. 

12. Given three collinear points 
conjugate of B with regard to A, А. 

[Through В draw апу straight line XBX’, making XB-BX. Join 
AX, AX’, meeting at О. Draw OB’ parallel to XX’, meeting AN at B'.] 

OB, OC, ...is called the 


13. A set of concurrent straight lines OA, 
pencil O(ABC...); O is the vertex and OA, OB, OC, ... are the rays of 


the pencil. 
14. (АА, BB) is a harmonic range and О is any point. If any 
A, ОА, OB, OB’ at P, P^, Q, ©, then (PP, QQ) is a 


A, A, B. Find B, the harmonic 


transversal meets O 


harmonic range. 

[Through B, Q draw parallels to ОВ, HE 
y, Y’. Prove that XB: BX’=YQ: QY' and use $ 
15. From § 13 it follows that if a pencil of four rays divides any 
transversal harmonically, it divides every transversal harmonically. 

A pencil of this kind is called a harmonic pencil. 

P E 


OA, OA' at X, X' and 
10 and 11.] 


E.G. 


4 
m 
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LIV. POLE AND POLAR. 
THEOREM 111. 


If through a given point any straight line is drawn to cut 
a circle, the tangents at the points of contact meet on a fixed 
straight line. 


Let any straight line, through the given point A, meet the circle, 
of which C is the centre and 7 the radius, at Pand Q. Let the 
tangents at Р, Q meet at X. It is required to prove that X lies on 
a fixed straight line. 

Construction. Join CA. Draw XA’ perpendicular to CA, pro- 
duced if necessary. Join CX, meeting PQ at M. Join CP. 

Proof. In the right-angled triangle CPX, 

because PM is perpendicular to the hypotenuse, 
`. the triangles CPM, CXP are similar ; 
`. CM:CP=CP:CXx; 
.. CM.CX=CP2= 72, 
Also, because the angles at M and A’ are right angles, 
.. a circle can be described through the points M, X, А, А; 
°". CM. CX- CA. СА”; 


"^ СА. СА'=72; a 
`. A’ is a fixed point ; A r 
^ X lies on a fixed straight line, namely, the line through 
А' perpendicular to CA' E е 
Ж ~ 


м. 
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THEOREM 112. 


If tangents are drawn to a circle from any point on a given . 
straight line, the chord of contact of these tangents passes 
through a fixed point. 


"KP 
A 


А А 


x 


Q 


Let X be any point on the given straight line, and let XP, XQ am 


be the tangents from X to a circle, of which C is the centre 
and > the radius. It is required to prove that the chord of 
contact PQ passes through a fixed point. 

Construction, Draw CA perpendicular to the given line, meeting 
PQ at A. Join CX, meeting PQ at M. Join CP. 


Proof. This is identically the same as that of the last theorem, 
with the omission of the last two lines. 


1. DEFINITIONS, If C is the centre and 7 the radius of a 
circle, and A, A’ are points collinear with C and on the same side 
of it, such that CA. CA’=7%, either of the points A, A’ is called the 
inverse of the other with regard to the circle. 

The polar of a point (A) with regard to a circle is the perpendi- 
cular (A’X) through the inverse point (A’) to the straight line 
joining it to the centre. 

The pole of a straight line (AX) with regard to a circle is the 
inverse point (A’) of the foot of the perpendicular (A) from the 


centre to the line. " 
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2. The fundamental properties of po and polar are as 
follows :— i 
(i) If the point A is outside the circle, its polar V 
passes through the points of contact (T, T^) of the 4 
tangents from A to the circle. A 
[For the triangles CAT, CTA' are similar j тї 
2. ОА.ОА' — 72] 

(ii) If a straight line cuts a circle at T, Т, its pole is the 
intersection of the tangents at T, T". 

(iii) If through a point A any straight line is drawn to cut 
a circle, the tangents at the points of contact meet on the polar 
of A. (Theorem ттт.) 

(iv) If tangents are drawn to a circle from any point on à 
straight line AX, the chord of contact of the tangents passes 
through the pole of AX. (Theorem 112.) 

(v) The property stated in the next theorem. 


THEOREM 113. 


If the polar of a point A with regard to a circle passes through 
à point B, then the polar of B passes through A. 


Let C be the centre and # the radius of a circle. Join CA, ОВ. 
Draw AN, BM perpendicular to CB, CA respectively. 
Proof. The polar of A is perpendicular to CA and, by hypo- 
thesis, it passes through В; 
`. BM is the polar of A. 
Hence, by definition, CM.CA- ?, 


TP 
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Again, the angles at M, N are right angles ; 
`. а circle can be drawn through the points A, В, N, M; 
2. CM.CA=CN.CB; 
2. CN. CB- 72; 
-. AN is the polar of B; 
7. the polar of B passes through A. 


_ 3. The pole of a straight line with regard to a circle is the point of 
intersection of the polars of any two points on the line. 


‚4. The polar of a point with regard to a circle is the straight line 
joining the poles of any two straight lines through the point. 
_ 5. The straight line joining a pair of inverse points (A, A’) is 
divided harmonically at the points (B, B^, where it meets the circle. 
6. If any diameter BB' of a circle is divided harmonically at АА, 
then A, A’ are inverse points with regard to the circle. 
7. If A, A’ are inverse points with regard to a circle, any circle 
through A, A’ cuts the given circle orthogonally. 
, 8. Any circle which cuts a given circle orthogonally divides any 
diameter of the given circle harmonically. 


‚ 9. Any circle which passes through a given point A and cuts a 
given circle orthogonally, passes through another fixed point A’. 
[A’ is the inverse of A for the given circle.] 


10. Draw a circle through two given points (A, B) to cut a given 
circle (C) orthogonally. [Use § 9 to find another point on the circle.] 

11. Draw a circle through a given point to cut two given circles 
orthogonally. [Use $ 9 to find two other points on the circle.] 

12. (i) If ABC is an obtuse-angled triangle and АА, ВВ, CC’ are the 
perpendiculars from A, B, C to the opposite sides, meeting at P, show 
that 

PA. PA’=PB. PB’=PC. PC’. 


(ii) If PA. РА'= 4°, show that each vertex of the triangle ABC is the 
pole of the opposite side with regard to the circle with centre P and 


radius Ж. 


This circle is called the Polar circle of the triangle, and the triangl: is 
said to be Self-conjugate with regard to the circle. 
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13. 7f A, B are any two points, and if AX is the perpendicular from 
A to the polar of B with regard to a circle of which C is the centre, and 
BY zs the perpendicular from B to the polar of A, then 


AX: BY=CA:CB (Salmon’s Theorem.) 


Construction. Let CA, CB cut the polars of A, B at A’, В. Draw 
AM, BN perpendicular to CB, CA. 


Proof. Then AX.CB=MB’.CB 
=CB’.CB-CM.CB 
=7—CM.CB. 

Similarly, BY.CA—;?—ON.CA. 
But ANMB is a cyclic quadrilateral ; 
.. CN.CA=CM.CB; 
^ AX.CB=BY.CA ог AX:BY-CA:CB. 


14. In $ 13, prove that 
2AX .CB=2BY.CA= X (CA? - CB? — AB? — 2,3). 


15. 7f A, А are inverse points with regard to a given circle, and P is 
any point on the circle, the ratio РА: РА! is constant. 
For if C is the centre and AA' meets the circle at B, В, 
CA. CA'—- CB?*— CP? ; 
^. CP touches the circle APA’ ; 
. LOPA’=Z CAP; 
^ £BPA-ZCBP- CAP 
=40PB ~ LOPA’ 
=LA'PB ; 
^ PA: PA'—AB : BA'= constant. 
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16. Any straight line through a given point which cuts a circle ts 
divided harmonically by the circle, the point and the polar of the point. 
Let A be the point, APQ the straight Q 
line, meeting a circle with centre C at 
P,Q. Let the polar of A meet CA, PQ В 
5 P, 
at AR. ^ 
Then А, A’ are inverse points, and 
. Н ; A 
since P, Q are points on the circle, N 
^ by § 15, РА: PA'=QA: QA, 
^ PA’: QA’=PA: QA; 
` NA, AR are the bisectors of РА'@; 
2. (PQ, AR) is a harmonic range. 
_ 17. Through a given point A, outside a circle, any straight line APQ 
i drawn to cut the circle at P, Q. In APQ, a point R is taken such 
that 


Find the locus of R. 


18. Through a fixed point A, outside a circle with centre C, two 
straight lines are drawn, equally inclined to CA, and meeting the 
concave and convex arcs respectively at P, Q. Show that PQ passes 
through a fixed point. 

19. Through a point A, any straight line is drawn to meet a given 
circle at P, Q. If A' is the inverse of A, show that PA’. QA’ is constant. 


20. AT, AT’ are the tangents from a point A to a circle with centre 
C. Any straight line is drawn through A to cut the circle at P, Q. If 
CA meets TT’ at A’, prove that 

(i) The triangles PTQ, PAT', T'A'Q are similar. 
(ii) PT: TQ- PT': T'Q. 1 
(iii) PT. QT'=QT.PT'=}PQ.TT'. 


434 ELEMENTS OF GEOMETRY 


LV. THE ‘POINT O’ THEOREM. 
THEOREM 114. 


If ABO is a given triangle and X, Y, Z are points in the sides 
BC, CA, AB, or in the sides produced, such that the triangle XYZ 
is directly similar to a given triangle, the circles AYZ, BZX, CXY 


meet in a fixed point O. 


Let the circles AYZ, BZX meet at O, and consider the case in 
which O is within the triangle ABC and X, Y, Z are in BO, CA, AB 


respectively. 


Construction. Join OX, OY, OZ. 
Proof. (i) It is required to prove that the circle OXY passes 


through О, 
Because AYOZ is a cyclic 


quadrilateral, 


и LOYC = LOZA ; 

and, because BZOX is a cyclic quadrilateral, 
, `. LOZA- LOXB; 
`. ЬОХВ=/ОҮС P 


`. the circle 


OXY passes through О, 


(ii) It is required to prove that O is a fixed point. 
Construction. Join AX, OB, oc, XZ, XY. 
Proof. Then 4BOC-.BOX + LCOX, 
Now LBOX = 2 BZX = LZAX T LZXA, 
and ¿COX = LCYX = LYAX + LYXA 4 
"^. LBOC - A - X. 


Md t" tit een ine 
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Similarly, £COA=B+Y and ZA0B-C4Z. 

Hence O is the point of intersection of arcs of segments drawn 
on BC, CA, AB, containing angles equal to A+X, B+ Y, C+Z 
respectively, and is therefore a fixed point. 


Any triangle which is directly similar to a given triangle is said 
to be of given species. 


1. The proof given in Theorem 114, with slight alterations, 
applies to any other particular case. The only changes which 
have to be made are that occasionally a sign has to be changed 
and an angle replaced by its supplement. 

The values of the angles BOC, COA, AOB for the different 
particular cases are given below in 88-11. 


. 2. Take the case in which O zs within the triangle and X, Y, Z are 
in BO, CA, AB, produced. Show that, as before, 


LBOC-A-X, LCOA=B+Y, LAOB-C-Z. 
3. In the figure of Theorem 114, prove that the triangles OYZ, 


OZX, OXY are of fixed species, and that O is invariably connected with 
the triangle XYZ. 


4. The locus of any point (except O) which is invariably connected 
with the triangle XYZ, for example, its centroid G, is a straight line. 
[For the triangle GOX is of fixed species and X lies on BC.] 


5. If OL, OM, ON are perpendicular to BC, CA, AB, prove that 
2XOL=LYOM=ZZON, 
and that the triangles XYZ, LMN are similar. 


6. If # is a chord of the circumcircle of the triangle ABC which 
subtends at the circumference an angle equal to OXB, prove that 
YZ OA ZX OB XY oc 
BC £' СА £' AB &° 
Hence show that 
YZ:ZX:XY=OA. BC : OB . CA: OC. AB. 
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7. Suppose that, in the figure of Theorem 114, the point Y 
approaches A and tends to A as a limiting position. In the limit, the 
circle AYOZ touches AC at A. 

Hence we infer the following con- AY 
struction :— 

For a given triangle ABC and a 
triangle XYZ of given species, to find 
the point O, draw a triangle XAZ of B, 
the given species, with X in BO and o 0 
2 in AB, or in these lines produced, 
Draw the circle through А, Z to touch 
AC. Draw the circle ZBX. These circles 
meet at O. 


8. If, as in the figure of 8 7, O is outside the triangle ABC and 
within the angle A, and if, in moving round the triangles in the same 
sense, the vertices A, B, C ; X, Y, Z occur in this order, prove that 


LBOO-360-A-X, LCOA=B+Y, LAOB-C4Z. 


.. [This follows easily from the figure of $ 7, remembering that Y 
"coincides with A.] 


9. If, as in the figure, О is outside the triangle ABC, and if, in 
moving round the triangles ABC, XYZ, in 
the same sense, the vertices occur in the 
order A, B, C ; X, Z, Y, prove that 


LBOC=X -A, 
LCOA-B-Y, LAOB-C-Z; 
[For COXY, t.e. COXA, is cyclic ; 
"^ LOOA — LCXA-—B ~ Y. 
Also LAOB=LAOX - BOX =LACX - LBZX = C= Z.] 


10. If, as in the figure, O is within 
the angle formed by producing AB, CB 
through B, it can be shown that in 
moving round the triangles ABO, XYZ, 
in the same sense, the vertices occur in 
the order A, B, C; X, Y, Z. In this case, 
prove that 

LCOA-B-Y, LAOB-Z-O, 
LBOC-X-A. 


— M——— 


m] 
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11. Summary. All the distinct cases of the Point O Theorem have 
now been considered. In general, two sets of triangles, equiangular 
to a given triangle XYZ, can be drawn with their vertices on the sides, 
or on the sides produced, of a given triangle ABC. 

For one set, the sides BC, CA, AB subtend angles equal to A+X, 
В+Ү, С+2 at O, unless one of these angles, as A+X, is greater than 
180°. In this case the angles subtended by the sides are 360—A — X, 
B4 Y, C+Z. 

For the other set, BC, CA, AB subtend at O angles equal to 

Xt(A-X) +(B-Y), +(С- 2), 
where a set is taken, with two upper signs and one lower, or one upper 
sign and two lower, that makes the angles all positive. 


„12. In a given triangle ABC inscribe a triangle XYZ similar to a 
given triangle, with its vertex X at a given point in BC. 


13. Draw a triangle XYZ congruent with a given triangle DEF and 
with its vertices X, Y, Z on the sides BC, CA, AB of a given triangle 
ABC, or on the sides produced. Show that, in general, there are two 
solutions. [Use § 3 to find OX.] 


14, In a given triangle ABC, inscribe the least triangle similar toa 
given triangle. 

15. The sides BC, CA, AB of a variable triangle ABC, or the sides 
produced, pass through fixed points X, Y, Z. If ABC is always directly 
similar to a given triangle, prove that 

(i) The circles AYZ, BZX, CXY are fixed and have a common 
point O. 

(ii) The triangles BOC, COA, AOB are of fixed species. 

(iii) The locus of any point invariably connected with the triangle 
ABC, for example, its orthocentre, is a circle. 

16. About a given triangle XYZ, describe the greatest triangle ABC 
similar to a pi ae wistele DEF. [Find O, then BO, CA, AB are 
perpendicular to OX, OY, OZ.] 

17. In the figure of Theorem 114, consider various cases in which 
XYZ is similar to ABC. 1 

(i) Let X=A, Y=B, Z=C. Show that O is the circumcentre of ABC 
and the orthocentre of XYZ. 

(ii) Let X=B, Y=C, Z=A. Show that ВОО, COA, АОВ are the 
supplements of C, A, B respectively, and that 

LOBC=LOCA=LOAB. 

(iii) Let X=C, Y=A, Z=B. Show that BOC, COA, AOB are the 

supplements of B, C, A, respectively and that 
LOCB - ZOAC —ZOBA. 
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18. If a straight line cuts the Sides ВО, CA, AB, or the sides 
produced, at X, Y, Z, show that the circles AYZ, BZX, CXY meet at a 
point O on the circumcircle of the triangle ABC. 

This is the limiting case of the * Point О! 7) Weorem, in which one 
angle of the triangle XYZ tends to 180°. 


19. 16 in 8 18, the position of the straight line XYZ varies in such a 
way that the ratio XY : YZ is constant, show that the triangles OYZ, 
OZX, OXY are of fixed species and that O is a fixed O. 


[For LXOY=C, LYOZ =A and XY:YZis constant. See Ex. LXV, 14.] 


20. Through a given point X in the side BC of the triangle ABO, 
draw a straight line to cut CA at Y and AB at Z, such that 


XY : YZ—5:g, 
where 4, g are given numbers. 
[Take points X^, Y, Z’ in a straight line, such that XY: Y'Z'—5:9. 
On X'Y', Y'Z' draw Segments of circles containing angles equal to C, A 


respectively. Let the arcs meet at O’, The point O of § 18 can now be 
found by making £L CAO —X'Z'O'.] 


21. Draw a straight line to cut the sides AB, BC, CD, DA of a 
ywadrilateral ABCD in X, Y, Z, W, such that 
‘ 


XY :YZ:ZW=f:9:4, 


at Y and CD at Z. Then YZ is the required straight line. Draw the 
figure and explain more fully.] 


22. Draw a quadrilateral XYZW similar to a given quadrilateral, 
with its vertices X, Y, Z, W on the sides AB, BC, CD, DÀ of a given 
quadrilateral ABCD, or on these sides produced. : 

[Produce AB, CD to meet at E, and BC, AD to meet at F. Find the 

oint O for the triangle CEB and triangles of the same species as XYZ. 
ind O' for the triangle DFC and triangles of the same species as 
YZW. Draw the circle OO'C, cutting BC at Y and CD at Z. Then 


YZ is a side of the required quadrilateral Draw the figure and 
explain more fully.] 


23. Inscribe a square in a given quadrilateral. 
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LVI. MAXIMA AND MINIMA. 


Some of the jroblems in this Section have occurred 
previously and are repeated for convenience, 


l. Through a given point O within a given circle, draw the least 
possible chord. 


2. If one circle is within another, draw the greatest and least 
chords of the outer which touch the inner. 


3. Given the base dnd the vertical angle of a triangle, prove that 
the area of the triangle is greatest when it is isosceles. 


4. А,В are given points, and P is any point on the circumference 
of a given circle. Find the position of Р in order that the area of the 
triangle PAB may have (i) its greatest, (ii) its least possible value. 


5. A, B are points on the same side of a straight line CD of 
indefinite length and Р is any point in CD. Show that PA+PB has 
tts least value when PA, PB are egually inclined to CD. [Ех. 2, 5. 104.] 


6. Given the base and the area of a triangle, show that its peri- 
meter is least when it is isosceles. к 
[If PAB is a triangle of given area on the base AB, the locus of P is 
a straight line parallel to AB, and the result follows from $ 5.] 


T. If two adjacent sides AB, BC of a polygon ABCDE are unequal, 
then it is possible to construct a polygon with the same number of 
sides and of equal area but with a less perimeter. — . 

[Keep the points A, C, D, E fixed. Vary the position of B so that 
the area of AABO remains constant and apply $ 6.] 


8. Given the area of a triangle, prove that its perimeter is least 


when it is equilateral. $ 
[For if two of its sides are unequal, we can make a triangle of equal 


area and less perimeter. ] 


9. Prove that the triangle of least perimeter which can be inscribed 
in a given triangle has its pairs of sides equally inclined to the sides 
of the given triangle. Hence show that the inscribed triangle of least 
perimeter is the pedal triangle of the original. 


. Р is an int on a given circle, and A, B are given points 
outside fhe cide. If PA+PB has its least value, show that the 
tangent at P is equally inclined to PA and PB. [Use § 5.] 
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1l. Find the point P within a triangle ABC at which PA+PB+PC 
has its least possible value. 


Suppose that P has the required position. Ф 
Let Q be апу point on the circle, with 
centre A and radius AP. 

By hypothesis, 


۵ 
PA+ PB+ PC < QA+ QB + QC ; ES 
. PB+PC< QB+ QC. É C 
Hence, by $ 1o, the tangent at P is equally inclined to PB, PC ; 
"^ LAPB=ZAPC. 


Similarly, it can be shown that 2АРВ= ВРС; 
"^ 2ВРС=2СРА=2АРВ = 120". 
12. Find a point P in a quadrilateral ABCD, such that 


PA+PB+PC+PD 
has its least value. 


13, Given two sides of a triangle, prove that the area is greatest 
when these sides contain a right angle. 


14, Construct the parallelogram of greatest possible area, having 
given the lengths of the diagonals. 


15. Given the diagonals of a quadrilateral, show that its area is 
greatest when they are at right angles. 


16. Construct the quadrilateral of greatest possible area, having 
given two adjacent sides and the diagonals. 


17. Construct the quadrilateral of greatest possible area, having 
given a pair of opposite sides and the diagonals. 


18. Given a number of straight rods AB, BC, CD, DE Ainged at 


B, Cand D, prove that the area of the figure ABCDE is greatest when „а 


B, C, D He on a semi-circle whose diameter is AE. 


Suppose the rods to be so placed 
that the area ABCDE is greatest. 

Then, however the figure is displaced 
by turning the rods about the hinges, 
the area is diminished. 

Turn the figure composed of the rods J 


AB, BC about С, keeping LB constant д Б 
and CD, DE fixed. 
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The only part of ABCDE whose area is altered is AACE ; 

г. this triangle has its greatest value when ABCDE is greatest ; 
and since the lengths AC, CE remain constant during the displacement, 
`. when ABCDE is greatest, LACE is a right angle. 

Similarly, 2s ABE, ADE are right angles ; 
`. the circle on AE as diameter passes through B, C, D. 


This theorem may be stated as follows :—Jf all the sides except one 
of a polygon are of given length, the area is greatest when all the 
vertices lie on a semi-circle whose diameter is the side which is not 


given. 


19, Take a piece of thread AB and throw it on the table so as to 
assume any shape. Prove that the area of the figure bounded by the 
thread and the straight line AB, joining its extremities A, B, is greatest 
when the thread lies along the arc of a semi-circle. 


P 


A B 

aken such a position that the area is 
the thread. Turn the figure bounded 
by PA and the part PA of the thread round P, its shape remaining 
unaltered. Then, by hypothesis, the area of the whole figure is 
decreased. But the only part of which the area varies is the triangle 
АРВ. Therefore the area of APB must be decreased by turning PA 


either way. Hence LAPB is a right angle, etc. 


Suppose the thread to have t 
greatest. Let P be any point in 


90. Take a piece of thread, knotted into a loop, 
and throw it on the table so as to assume any 
shape. Prove that the area bounded by the 
thread is greatest when the thread forms a circle. A B 

[Let APB be half of the thread and AQB 
the remaining half Apply (19) to the figures ó 


АРВ, AQB.] 
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21. Of all polygons which can be constructed with sides each of 
given length, that which is cyclic has the greatest area. 


Let ABCDE, A'B'CD'E' be two polygons whose sides AB, A'B'; 
BC, BC’, etc, are the given lengths, and let ABCDE be cyclic and 
A'B'O'D'E' not во; then the area of ABCDE > that of A'B/C/D'E'. 

Proof. Let AX be the diameter of the circumcircle of ABCDE 
through A, and let C, D be the vertices nearest to X and on opposite 
sides of AX. Make AC'X'D' with C’X’=CX and D’X’=Dx. 

Then, of the polygons A‘B/C’X’ and A'E'D'X', one at least is not 
inscribable in the semi-circle on AX’ as diameter. Let А'В'С'Х' be the 
one not so inscribable. 

Since AB—A'B', BC=B’C’, CX=C’X’ and ABCX is a semi-circle, 

^ area ABCX > area A'B'C'X'. 
Similarly, area AEDX is not < area A’E’D’X’ j 
^ area ABCXDE > area A'B'C'X'D'E'. 

Now As ОХО, O'X'D' are congruent and equal in area ; 

^ area ABODE > area A'B'C'D'E', 


22. Prove that the pentagon of greatest area, with a given peri- 
meter 2, is the regular pentagon of side 17. [Use §§ 7, 21. 


23, From the identities 
(ety) - (x-y) gry, 
(ry (yo 214g, 
we draw the following conclusions :—Ze/ x, y be two positive numbers, 
then 
(i) f x+y is constant, xy is greatest and a34- y! is least when x—y. 
(ii) ZF xy ts constant, x+y is least when x= 32 
(iii) ZF a9. y? is constant, x+y is greatest when x= у. 
н Apply these considerations in $$ 24-28: give geometrical proofs 
so. 


изу S 


m 
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24, If X is any point in a given straight line AB, then AX. XB is 

greatest when AX = XB. 
‚ 25, Given the perimeter of a rectangle, the area is greatest when it 
is a square. 
. 26. Given the area of a rectangle, the perimeter is least when it 
15а square. 

27. The least chord of a circle which can be drawn through a given 
point in the circle is bisected at that point. 

28. Given the base BC and the sum of the sides AB, AC of the 
triangle ABO, if X is the middle point of BC, then AX is least when 
AB=AC. 

29. A, B are given points and CD is a given straight line. Find the 
point P in CD for which PA? + PB? has its least value. 


30. A, B are given points and CD is a given straight line. Find the 
point P in CD for which 2PA?+ 3PB* has its least value. 

31, If ABC is any triangle, find the position of P in order that 
PA?-- PB? + PC? may have its least value. 


32. A, B, C, D are four fixed points and P is a variable point. Find 
the position of P for which PA?+ PB? + PC?-- PD? has its least value. 


33. If A, B, C are fixed points, P a variable point, and 2, g, 7 
any given positive numbers, find the position of P in order that 
PPA?+gPB?+rPC? may have its least value. 

34, Inscribe in a given semi-circle the rectangle of greatest possible 


area. 
[If 2x is the length of the side along the diameter, y that of an 


adjacent side and 7 the radius, then 2+j2=72; .. 2xy—ri-(x -y), 
etc.] 

35. ABC is a triangle and P is any point in AB. A parallelogram 
PMON is drawn with its vertices M, N in CA, CB respectively. Prove 
that the area of PMCN is greatest when P is the middle point of AB. 


(Euclid V1. 27.) 
[Let РМ=х, PN=y. Prove that 2+5=1, and observe that 


42 _ (£ 2)-(2-4).] 
ab -(£4 a û 

36. Through a point on the diagonal of a parallelogram parallels 
are drawn to Bie ыды, Find the position of the point in order that 
the areas of the complements may be greatest. 

37. In a given triangle АВС inscribe the greatest possible rectangle, 
with one of its sides along BC. 
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38. In a given triangle ABC inscribe the greatest possible parallelo- 
gram, with one vertex at a given point in BC. 


39. If A is a point of intersection of two circles and a straight line 
PAQ, is drawn through A to cut the circles again at P, Q, show that 
PQ is greatest when it is parallel to the straight line joining the centres. 

40. Prove the identity 

(пу — mzy- (I — nxY + (x — y% 
mU тп?) (ау 92) — (lx+ my + nz)? 

Hence show that if /, 7, z are given and x, y, z vary subject to the 
condition that Zr+7zy + zzz is constant, all the numbers being positive, 
then 2*4-5? 4- z? has its least value when 


4l. If P is any point within the triangle ABC and PL, PM, PN are 
the perpendiculars from P to ВО, CA, AB, show that PL? + PM?4- PN? 
has its least value when 

PL: PM: PN=BC: CA: AB, 
and give a construction for the point P. 

[Let x, у, z be the lengths of PL, PM, PN. Then 

axt+by+cz=2A, 
and the result follows from (40) by putting /=а, m=b, n=c.] 

42. As an example of a varying geometrical magnitude, con- 
sider the perpendicular NP drawn from any point P on the curve 
AB to a fixed straight line OX, 

Let С, D, E be points оп 
the curve at which the tan- 
gents are parallel to OX, and 
suppose that the point P 
moves from A to B along the 
curve. A 

As P passes through C, NP 
ceases to increase and begins 
to decrease; NP is therefore ON М x 
Said to have a maximum 
value at C. 

Again, as P passes through D, NP ceases to decrease and begins to 
increase ; NP is therefore said to have a minimum value at D. 
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If CM is perpendicular to OX, МО is a maximum value of NP, 


but this does not mean that MC is the greatest possible value of NP ; 
it simply means that MC is the greatest value of NP for positions 
of P near to C, and on either side of it. 

The greatest possible value of NP will be either one of the 
maximum values of NP, or a value of NP at an end-point А or B. 

In the same way, the least value of NP will be either a minimum 
value, or a value at an end-point A or B. 

It is obvious that maxima and minima values succeed one 
another alternately. 


43. The following considerations are of great use in questions 
on maxima and minima. In the figure of 41, as P passes through 
the point C, where NP is a maximum, NP ceases to decrease and 
begins to increase. Hence there are points on the curve near to C, 
and on opposite sides of it, for which the values of NP are equal. 

In the same way, considering the point D, at which NP is a 
minimum, ‘here are points on the curve near to D, and on opposite 
sides of it, for which the values of NP are equal. 

44, As an illustration, consider the following problem :—A, B 
are points on the same side of a straight line CD, of indefinite length. 

Jt is required to find a point P in CD at which the angle APB has 
a maximum value. 

Draw a circle through A, B to cut CD in 
near points Q, Q’. 

Since LAQB = LAQ'B, we infer that for 
some point R between Q, 9, LAPB has 
either a maximum or a minimum value. 

Now suppose the circle to vary, so that 
Q, Q' tend to coincidence. In the limit, 


the circle touches CD. 
Hence we infer that if a circle is drawn through A, B to touch 


CD at В, then ZARB is a maximum or à minimum value of APB. 
Having discovered this, we can show by simple geometrical 
considerations that LAPB is a maximum at R. This is left as an 


exercise. 


us 
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45. A, B are points on the same side of a straight line CD of 
indefinite length. Suppose a point P to move along CD, starting from 
а remote position on the left and moving to a remote position on the 
right. Trace the variation of / АРВ, and show that, if AB is not 
parallel to CD, there are two positions of P for which LAPB is a maximum 
and one for which it is a minimum. Find these points. 

Apply the method of $ 43 to $$ 46-48. 


,46. Through a given point draw a straight line which with two 
given straight lines contains a minimum area. 


47. Through a given point A draw a straight line cutting two given 
straight lines OX, OY at P, Q, such that PA. AQ may be a minimum. 


48. A, B are points either both outside or both inside a given circle, 
and P is any point on the circle. Find positions of P for which 
LAPB is a maximum. Consider the two cases separately and 
distinguish between maximum and minimum values. 


49. O is a given point outside a circle with centre C. Through O 
draw a straight line to cut the circle at P, Q, such that the triangle 
CPQ may be (i) of given area, (ii) of maximum area. 


50.* Apply the method of § 43 to the problems in §§ 5, 34, 35 of this 
section. 


* This question involves the ideas of the Calculus, with which the student 
probably has some acquaintance, 
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LVII. DISPLACEMENT OF A FIGURE IN ITS 
OWN PLANE; ENVELOPES. 


1. To say that a figure is displaced in its own plane is to say that 
it is moved from one position to another, in the same plane, without 


altering its size or shape. 
The figure is to remain in the same plane throughout the displace- 


ment: it cannot therefore be zurned over. 


2. In general, a figure can be moved from any one position to any 
other, in the same plane, by rotation about a certain point. 


Choose any two points A and B of On 
the figure, and let O be any third Ws >. 
point of it. Let A’, В, C' be the new /[ ows 
Guin 


positions of A, B, C when the figure 
has been displaced. 

(i) Suppose that AA’ is not parallel 
to ВВ. Draw the perpendicular bi- 
sectors of AA’, BB’, meeting at O. 

It will be proved that the figure can be moved from the first to the 
second position by rotation about O. 

In the triangles ОАВ, OA'B', 

OA-OA, OB-OB, АВ=А'В'; 
*. the triangles are congruent ; 
* LAOB-ZLA'OB'; ~. LAOA'=LBOB'. 

Again, because the triangles OAB, OA'B' are congruent, 

2 LOAB=LOA'B’ ;sx 
and because the triangles ABC, A'B'C' are congruent, 
~ LCAB=LCAB'; 2 LOAC=LOA'C. 
Hence, in the triangles OAC, ОА'С, 
ОА=ОА, AC-AC, LOAC=LOAC'; 
^. the triangles are congruent ; 
‚ OC-OC' and ZAOC-ZA'OC'; 
2 LAON —LCOC.. 

Hence the point O is such that ОА=ОА, OB-OB; OC-OC, 

and the angles AOA’, ВОВ, COC’ are equal, and they are measured in 


the same sense ; ut 
* the figure can be moved from the first position to the second by 


rotation about O. 
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(i) Let AA' be parallel to ВВ, and suppose that AB is not parallel 
to AB. Let AB, A'B' meet at О. 

Since АВ= A'B' and AA’ is parallel 
to BB’, 

^ AB, АВ’ are equally inclined to 
АА' and BB'; 
^ LOAA'=LOA'A and LOBB'-OB/B 

- OA=OA and OB-OB. 

Also 2АОА'=2 ВОВ, and, as before, 
it can be shown that the figure can be 
moved from the first to the second 
position by rotation about O. 


(iii) If AA’ is parallel to BB’ and AB is parallel to A'B', produce 
AN to D. 


Then LDAB=ZLDAB’ 'D С” 


and LCAB—ZC'AB'; decr NI ; 
^ LDAC=2DAC ; " Ws 

^ AC is parallel to A'C'. / ae t / 
Also AC—A'C'; 


.. СС' is equal and parallel to AA’. 


In the same way, it can be shown that the displacement of any other 
point in the figure is equal and parallel to that of A. 


3. In $2 (i) prove the following construction for the point 0:— 
Let AB, A'B' (produced if necessary) meet at X. Draw the circles 
ААХ, BBX ; then О is the second ‘point of intersection of these circles. 


4. If a figure is rotated about a point O through an angle a, and 
A'B' is the new position of any straight line AB of the figure, prove 
that the angle between AB and A'B' is equal to a. 


5. If a figure moves in its own plane in such a way that its size 
and shape remain unaltered and two points A, B in it describe parallel 
straight lines in the same sense, prove that any third point C of the 
figure describes a parallel straight line. 

Motion of this kind is called motion of translation. 


In a translation, the new position of any straight line of the figure 
is parallel to its original position. 


INSTANTANEOUS CENTRE 449 


Ё 6. Suppose that a point is moving along a curve. Let A be 
its position at a certain instant, and let A' be 
its position after a small interval of time т. 

By making т small enough, we can make AA’ 
as small as we like, and, as 7 tends to zero, the 
straight line through A, A' tends to a limiting 2. T 
position AT, which is the tangent to the curve =д 
at A. 
We therefore say that zke direction of motion at A is the direction of 
the tangent at that point. 


7. Suppose a figure to be moving in any way, in its own plane, the 
motion not being one of translation. 

Referring to the figure in § 2 (i), let A, B be the positions of two 
points of the figure at a certain instant, and let A’, B' be the positions of 
A, B after a small interval of time т. 

li By making 7 small enough, we can make AA’, BB’ as small as we 
Ike. 

When AA’, BB’ are very small, their pe 
indistinguishable from the perpendiculars throu, 

Hence we conclude that, as т tends to zero, the point O tends toa 
limiting position, which is the point of intersection of the perpendiculars 
through A, B to the directions of motion of these points. 


This point is called the centre of instantaneous rotation of the figure. 


tantaneous centre O of the figure, at 


rpendicular bisectors become 
gh A, B to AN, BB’. 


8. The construction for the ins! 
any instant, is as follows :— 

Take any two points A and B in t 
of motion are known. 

Draw perpendiculars to these dire: 
tively : these perpendiculars meet in the instantaneous centre O. 

The motion of the figure at the instant under consideration is one of 
rotation about O, and the direction of motion of any point P in the 
figure is perpendicular to OP. 

9. A rod of given length moves so that its extremities P and Q 
slide along two fixed straight lines OA, OB. Explain how to find the 
direction of motion of any point Rin the rod, at a particular instant. 


Draw Pl, QI perpendicular to OA, OB, meeting at I. Then ! is the 
instantaneous centre, and the direction of motion of R is perpendicular 


to IR. 


he figure of which the directions 


ctions through A and B respec- 
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Envelopes. 


10. If a straight line moves in such a way that it always touches a 
given curve, the curve is called the envelope of the line. 

Let ¢ be any position of a line which moves 
according to some fixed law, and let # be 
another position of the line nearly coinciding 
with Z Let P be the point of intersection 
of ¢and 2. d 

If t' tends to coincidence with t, P tends to a limiting position which 
ts the point of contact of t with the curve which is the envelope of the 
moving line. 

Thus a curve may be regarded as 

(i) the locus of a point which moves so as to satisfy a given geo- 
metrical condition ; or 

(ii) the envelope of a line which moves so as to satisfy a given 
geometrical condition. 


ll. As an example on the plotting of the envelope of a moving line 
take the following :— 

"P is any point on a given straight line AB, and O is a fixed point. 
A perpendicular PQ is drawn to PO. Plot the envelope of the moving 
line PQ.” 


A number of different positions of PQ are constructed, and the 
envelope is then drawn freehand. 
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Use the practical method of $ xx for SS 12-15. 


12. Draw a circle of radius 1-4 in. Plot the envelope of a chord of 
length 1-6 in. 
Prove that the envelope is a circle and find its radius. 


„13. Draw a circle, centre C and radius 2 in. Take a point O 
distant 1-2 in. from C. Take any point P on the circle, and draw the 
envelope of the perpendicular PQ to PO. This curve is an ellipse. 

If the envelope cuts the perpendicular through O to CO in L, 
measure OL. 


14. Draw two straight lines OA, OB, making an angle of 60°. Plot 
the envelope of a line which with ОА, OB forms a triangle of area 
1:5 sq. іп. This curve is called a hyperbola. 

Measure the distance from O of the point where the bisector of 
L.AOB meets the curve. 


15. An equilateral triangle of 2 in. side is drawn, two of whose sides 
pass each through a fixed point, these points being 1-3 in. apart, Plot 
the envelope of the third side, which will be found to be a circle, and 
measure the radius. 


16. In order to investigate theoretically the envelope of a moving 
line, one of two methods may be followed :— 

(i) Plot the envelope. Try to recognize the nature of the curve 
and to discover a geometrical construction for it, and 27002 that the 
moving line (in any position) touches the curve. : 

Gi) Let 2, # be near positions of the moving line, meeting at P. 
Find a geometrical construction for the limiting position of P as 
/' tends to coincide with 4 Find the locus of P. This is the required 
envelope. 

17. As an example of $ 16 (ii) take the following :—A straight line 
of constant length moves with its extremities А and B on a given curve. 
Find the point of contact of AB with its envelope. 

Draw the tangents AT, BT. Draw Al, X 
BI perpendicular to AT, BT, meeting at l 
Draw IN perpendicular to AB, meeting it 
at N. J 

Then N is the required point. 

For | is the instantaneous centre and, 
referring to the figure of §2 (i), |, N are 
the limiting positions of O, X. ; ү 

Now АА ХО isa cyclic quadrilateral; ~. LOXB'-LOAA. Виї^ОАА 
tends to 90°; .. LOXB’ tends to 9o". 

Henne the limit, IN is perpendicular to AB. 
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18. A triangle ABO of given size and shape moves so that two of tts 
sides AB, АС pass through fixed points Н, K. Prove that the envelope 
of the third side BO is a circle. (Bobillier’s Theorem.) 


B N c 


Analysis. The point of AB which is in contact with the fixed point 
at H starts moving along AB. Similarly, the point of AC which is in 
contact with K starts moving along AC. Hence, if OH, OK are 
perpendicular to AB, AC respectively, O is the instantaneous centre. 

Through O draw ON perpendicular to BC. 

Then N is the point of contact of BC with its envelope. 

Hence, if the envelope of BC is a circle, ОМ must pass through а 
fixed point. 

We therefore proceed to look for a fixed point on ON. 

Now the circle НАК is fixed, and it passes through O. Let ON cut 
this circle in М; 

then 2 MAH-ZMOH-—B ; 
^ the arc MH is constant ; 
"^ Misa fixed point, 
and MA is parallel to BC ; 
- MN is equal to the perpendicular from A to BO, and is therefore 
of constant length. y 

Hence, the envelope of BC is the circle whose centre is M and radius 

the length of the perpendicular from A to BC. 


19. A triangle of given size and shape moves so that two of its sides 
always touch two fixed circles. Prove that the envelope of the third 
side is a circle. 
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MISCELLANEOUS EXERCISES 


Arranged in Sets for Homework or Revision. 


PAPER XXXVI. (to Section XLVI.). 


1. The perpendicular from any vertex of a regular polygon, having 
an even number of sides, to the straight line joining any other two 
vertices passes through a fourth vertex of the polygon. 


2. Draw a straight line such that the perpendiculars drawn to it 
from the vertices of a given triangle may be in a given ratio. 

Show that there are four such lines. 

3. The side AKLB of a rectangle ABCD is three times the side AD, 
and AK=KL=LB. BD and KC intersect at R. Prove that O, R, L, B 


are concyclic. 
[Prove, by similar triangles, that LR passes through M, the middle 


point of CD, and hence, if LN, the perpendicular to DC, cuts KC in T, 
that As KLT, LNM are congruent.] 
4. If the tangent at A to the circumcircle of the triangle ABC meets 
BC produced at D, show that 
BD : CD=AB?: ACP. 
If also the tangents at B and C meet CA, AB produced at E and F, 
prove that D, E, F are collinear. 
5. If a, û, с, d are the sides, in order, of a cyclic quadrilateral, R the 
radius of the circle and Q the area of the quadrilateral, prove that 
R= (ab + cd) (éc4- ad (ac + bd)/16Q?. 
[If x, y are the diagonals, prove that 
в—@+‹@=_(бе+ай)у, 
4@ 4Q 
and then apply Ptolemy's T' heorem.] 
vertices shall lie on three given parallel 


6. Describe a triangle whose e 
d the length of one median. 


straight lines, given the area an 


PAPER XXXVII. (to Section XLVII.). 


AC a diameter and AB a chord of a given circle ; 
diameter cuts AC in D, and the tangents to this 
t at E; OF is drawn, at right angles to AC, 
if AF cuts the given circle in H, then 


1. O is the centre, 
the circle on AB as 
circle at A and D intersec 
to meet AE in F. Prove that, 


AH =2EF: 7 
[If N is the middle point of AB, prove that EN is parallel to OF.] 
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2. Find the locus of a point such that the product of its distances 
from one pair of opposite vertices of a square may be equal to the 
product of its distances from the other pair of opposite vertices. 


3. Iflis the centre of the inscribed circle, and lı, 15, 15 the centres 
of the escribed circles, of the triangle ABC, show that the sum of the 
шз оп ljl; and 11, is equal to the square on the diameter of the 
circle 111,3. 

[Use Ex. LXXVI. т and 13 (їй) 


4. If a, û, ¢, d are the sides, in order, of a cyclic quadrilateral, find 
expressions for the diagonals. 

Ex. 5 of Paper XXXVI. gives the ratio of x to J, and Ptolemy's 
Theorem gives the product.] 


5. The sides of a cyclic quadrilateral, taken in order, are 25, 52, 60, 
39 inches. Calculate the lengths of the diagonals, the radius of the 
circumcircle and the area. 

[Use the method ofthe preceding exercise tofind the diagonals vand у; 
thence, from a triangle whose sides are a, б, x, find В, and finally Q. 


6. ABC isa triangle in which AC— 35 in., BC —23 in. and AB is 13 in. 
Describe a circle intercepting chords 1 in. in length on each of the 
Sides, and measure its radius. Verify by calculation. J 

[Show that the circle required is concentric with the inscribed circle.) 


PAPER XXXVIII. (to Section XLVIII). 


1. ABis a diameter of a circle and CD a parallel chord ; if P is any 
point in AB, show that the sum of the squares on PC, PD is equal to 
the sum of the squares on PA, PB. 


2. A, B, C, D are four points in order on a straight line. Find the 
locus of a point at which AB and CD subtend equal angles. 
[Use Ех. XLVIII. 20.] 


3. It is required to divide a parallelogram ABCD, фу two straight 
cuts, into three pieces which can be fitted together to form a square. 

Prove the following construction :—Draw a square equal in area 
to ABCD. With centre A and radius equal to a side of the square, 
draw an arc cutting BO at X. Draw DY perpendicular to AX. Cut 
the paper along AX, DY. The construction fails if X is outside BC or 
if Y is outside AX. 


4. A line through O, the orthocentre of a triangle ABC, intersects 
the circles described about the triangles BOC, СОА, АОВ in points 
Р, Q, R. Prove that the perpendiculars from P, Q, В to ВО, CA, AB 
respectively intersect in a point on the circle ABC. 

5. Straight lines are drawn from any point on a circle to the angular 


points of an inscribed regular pentagon. Show that the sum of two o 
them is equal to the sum of the other three. 
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[Apply Ptolemy's Theorem to obtain various ratios equal to the 
ratio of a side of the pentagon to a diagonal, and use the Theorem on 
Equal Ratios on p. 301.] 

‚6. Construct a triangle, having given the length of the internal 
bisector of one angle, the ratio of the side opposite that angle to 
the sum of the other two sides, and the difference of the other 


angles. 
[Let ABC be the triangle, AX the bisector of LA. Draw CY parallel 


to XA to meet BA produced at Y.] 


PAPER XXXIX. (to Section XLIX.) 


1. On the sides of a triangle ABC as bases, equilateral triangles 
XBC, YCA, ZAB are constructed, each on the same side of its base as 
the triangle ABC. Prove that AX, BY, CZ are equal and pass through 
a point: also show that this point lies on each of the circles circum- 


scribing the equilateral triangles. 


2. P is a point in the diameter AB of the semi-circle ACDB, PC is 
drawn at right angles to AB, and PEB is a semi-circle on the same side 
of AB as AGDB. If QR is a diameter of the circle which touches PC in 
Q and the semi-circles in D and E, show that rect. AB. QR —sq. on CP. 

[Consider the sides of the triangle whose vertices are the centres of 
the three circles, and work algebraically.] 


3. AB is a fixed chord of a given circle, P is any point on the 
circumference ; perpendiculars AC and BD are drawn to BP and AP 
respectively ; find the locus of the middle point of CD. 

[Prove that CD is of constant length.] 


4. A triangle ABC has a given base AB and a given vertical angle 
C. AD, BE are perpendiculars from A, B to BC, CA, meeting them in 
D and E respectively. Prove that the centre of the circle CED is at a 
constant distance from DE. 

[Use Ex. 3.] 

Б. L, M, N are thecentres of the circles escribed to the sides BO, CA, 
AB of a triangle. Prove that the perpendiculars LP, MQ, NR from 
L, M, N to BC, CA, AB respectively are concurrent. 

[Let | be the incentre, 8 the circumcentre. Let LP meet IS produced 
at O. Prove $0-1S.] 

6. Given one side AB of a quadrilateral in position and magnitude, 
the position of the middle point of CD and the area of the quadri- 
lateral ; find the loci of the vertices C and D. ; 

[Show that the loci of the middle points of AD and BC are straight 


lines.] 
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PAPER XL. (to Section T5 


l. A parallelogram is such that two circles, exterior to each other, 
can be described in it, each touching three of its sides ; a line is drawn 
to touch both circles, and is terminated by the longer sides of the 
parallelogram. Prove that the length of this line is the difference 
between the lengths of a long side and a short side of the parallelo- 
gram. 

[Mark the equal lengths on the figure with small letters and work 
algebraically]. 


2. If the diagonals AC, BD of a uadrilateral ABCD, inscribed in a 
circle whose centre is O, meet at right angles in a fixed point P, prove 
that the feet of the perpendiculars from P and O to the sides of the 
quadrilateral lie on a fixed circle, 


3. A point P is taken on the circle circumscribing a square ABCD: 
prove that the difference of the Squares on PB, PD=2 rect. PA. PC. 
[Use Ptolemy’s Theorem for the quadrilaterals PBCD, PABD.] 


4. (i) The locus of the centre of a circle which passes through a 
fixed point and cuts a given circle orthogonally is a straight line. 

(ii) Draw a circle to cut a given circle orthogonally and to pass 
through two given points, 


5. AP, BQ, CR are the Berfendiculars from the vertices of a triangle 
ABC Zo the opposite sides, and X, Y, Z are the points of intersection of 
BC, QR; CA, RP; AB, PQ. Prove that X, Y, Z lie on a straight line, 
which is the radical axis of the circumscribed and nine-point circles of 
the triangle. 


[If L is the middle point of BC, prove that XB. XC=XL. XP.] 


6. Prove that the Square on the common tangent to two circles which 
intersect in P and whose centres are O and O' is equal to four times 
the rectangle contained by the perpendiculars from O and O' to the 
bisector of the angle OPO’ " 

[If OP > ОР, produce O'N', the perpendicular from O' to the bisector 
of the angle OPO’: let it cut OP in R and a parallel to PN through 
O in К: prove 40'N’. N'K—007— OR*] 


PAPER XLI. (to Section LI.). 


1. ABC isa triangle: D, is the point of contact with BC of the 
escribed circle opposite to A. AD, cuts the inscribed circle in X and E 
If E the point nearer to A, show that the tangent at X is paralle 
to BC. 


[A is a centre of similitude of the two circles.] 
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2. The line joining the feet of the perpendiculars from a variable 
point P to two given straight lines is parallel to the line joining the 
feet of the perpendiculars from P to two other given straight lines. 
Prove that the locus of P is a circle. 

[The circle passes through the two points of intersection of the pairs 
of given eee 

3. ABCD is a given quadrilateral and X is a variable point in AB. 
The circumcircles of the triangles BCX, ADX cut again in Y. Prove 
that (i) the locus of Y is a circle ; (ii) XY passes through a fixed point 
for all positions of X. 

[Prove that 2 ҮС is equal or supplementary to the angle between 
AD, ВС: XY cuts the circle DYC in a fixed point.] 


„4. A variable circle passes through a fixed point O, and the ends ofa 
diameter PQ lie on a fixed circle whose centre is С. Prove that the 
locus of N, the foot of the perpendicular from О to PQ, is a circle whose 
centre lies on OC, and that this circle is also the locus of the centre of 
the variable circle. 

„ПЕК is the middle point of ОС, and A the centre of the variable 
circle, prove that AK is constant and that AK=KN. Use Apollonius’ 
Theorem. ] 

Б. APB is an acute-angled triangle inscribed in a fixed circle. 
Aand B being fixed points and Pa variable point. The bisector of the 
angle P cuts the circle again inQ. Show that AP+PB: PQ—AB : AQ. 

6. Jtisrequired to divide an equilateral triangle ABC, by three straight 
cuts, into four pieces which can be fitted together to form a square. 

Prove the following construction :—Bisect AB, AC at N, M respec- 
tively. Construct a square equal in area to AABC. With centre N 
and radius equal to a side of the square, draw an arc cutting BC at L. 
Along LB set off LX equal to MN. Draw XY, MZ perpendicular to 


LM. Cut the paper along LM, XY, MZ. 


PAPER XLII. (to Section LII.). 


1. ABC is a triangle, in which L, M, N are the middle points of the 
sides BC, CA, AB. Through A, B, C are drawn three parallel straight 
lines cutting MN, NL, LM in X, Y, Z respectively. Prove that 

(G) A, Y,Z; B 2, Х; C, X, Y are collinear points. 
(ii) Area of AXYZ=} area of ^ ABC. 

[If NM cuts BY in P, prove PN=NX: hence, since BL —LO, it follows 
that Y, C, X are collinear. For (ii), prove А ХҮ2= А АҮС = A ANC.] 

n the circle circumscribing the triangle ABC, and 


2. O is any point o : T f 
OA’, OB', OC’ are chords of the circle, perpendicular to the sides 


BC, CA, AB respectively. 
Prove that the triangles 
[Show that A=A’, etc.] 


ABC, A'B'C' are congruent. 
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3. S is the circumcentre, | the incentre and G the centroid of a 
triangle ABC. Б, 7; 7' are the radii of the circumcircle, incircle and 
the circle circumscribing the pedal triangle ; and a, 4, c are the lengths 
of the sides BC, CA, AB. Prove that 

(i) 9SG?=9R?- (22024-02). (ii) r= (024-0249) 48 —2R. 

[For (i), use Ex. LVI. 14, 16; for (ii), Ex. LXXVI. 22.] 


4, A circle is circumscribed about a triangle ABC. The bisector of 
the angle A cuts BC in D and the circle again in X. Given that 
BC=3} in, AD=1 in. and DX=r in. Construct the triangle and 
measure BD and DC. 

Between what limits must BC lie so that, with the given values of 
AD and DX, the construction may be possible ? 


5. Two circles intersect in A and В; the tangents at A to each 
circle cut the other circle in X and Y ; a straight line through B 
perpendicular to AB cuts the circles in P and Q. Prove that 


AAXB : AAYB- PX! : QY?. 


6. (i) If a circle passes through a given point and cuts a given 
circle orthogonally, prove that it passes through a second fixed point. 

(1) Draw a circle to touch a given circle, cut another given circle 
orthogonally and pass through a given point. 


PAPER XLIII. (to Section LIII.). 


1. DBCE, FCAG, HABK are three chords of a circle, such that the 
segments BC, CA, AB intercepted by any two of them on the third are 
all equal. Prove that DB+FC+HA=CE+AG+BK. 


2. Two given circles intersect in A and D ; through D a variable line 
is drawn meeting the circles again in B and С. Find the locus of the 
centre of the circle inscribed in the triangle ABC. 

[If | is the centre of the circle inscribed in AABO, show that ВІ, Cl 
pass through fixed points and contain a constant angle.] 


3. AP, BQ, CR are the perpendiculars from the vertices of a triangle 
ABC to the opposite sides, and O is the orthocentre. Prove that 
: AO.0P—BO.0Q-CO.OR-2R7, ү 

where В, 7’ are the radii of the circumcircle and the circle inscribed in 
the pedal triangle. Hence show that »'—2R cos А соз В соз C. 

[If SL is the perpendicular from the circumcentre to BC, AO=2SL.] 


4. (i) A, B are given points and Z is any point on a given circle. 
Join ZA, ZB, cutting the circle again at Y, Z, res ectively. Draw the 
Chord YL parallel to АВ. Let LX, or LX ас. cut АВ at M. 
Prove that M is a fixed point. 
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(ii) Zn a given circle, inscribe a triangle XYZ such that ZV, ZX pass 
through given points А, B, and XY is parallel to a given straight line. 

(iii) Zm a given circle inscribe a triangle XYZ with its sides 
YZ, ZX, XY passing through three given points A, B, C. 

[Referring to (i), the point M can be determined ; then the triangle 
LXY can be drawn, as in (ii). 

5. ACB is a triangle such that BC=2} inches, CA-2 inches, 
AB=3 inches. A circle is drawn through В and ©, cutting AC in P 
and AB in Q, and another circle is drawn through A, P, Q. Determine 
the position of P such that the radius of the first circle may equal the 
diameter of the second. Measure the radius of the first circle. 

BC with the angle A a right angle. 
Je АВО, by three straight cuts, into 


four pieces which can be fitted to form an equilateral triangle. — 
„Prove the following construction :—D triangle 
WBC, equal in area to ABC. Bisect BO, CA, AB at L, M, N. With 
centre L and radius AB, draw an arc to cut MC at X. On LX draw 
an equilateral triangle LXY. Join NY and produce it to cut AC at Z- 
Cut the paper along NZ, LX, LY. 


PAPER XLIV. (to Section LIV.). 


1. AB is a fixed diameter of à given circle, whose cen 
and BQ are two chords, including а constant angle. 


AQ... AP increases as the angle АВР diminishes. 

[Along AQ set off AR=AP: prove that the circle PRQ has a con- 
stant radius and that the angle Qi the angle ABP 
diminishes.] 

2. P is a variable point on the circumference of the circle circum- 
scribing the triangle ABC, and PL, PM, PN are perpendicular to the 
sides of the triangle. Prove that the circle through the centres © the 
circles PMN, PNL, PLM is equal to the nine-point circle of ABC for all 
positions of P. ^ 

[P is a centre of similitude of the circle ABC and the circle through 
the centres.] 

3. Through a fixed point O an straight line OPQ js drawn cutting 
a fixed eel in P und Q, and са ОРЕ OQ, as chords are described 
circles touching the fixed circle at Р and Q. Prove that the two 
circles so described intersect on another fixed circle. — . 

[1f the circles cut at T, and C is the centre of the given circle, prove 
that T, P, C, Q are concyclic and that the angle OTC is a right js E 

4. A, B are given points опа circle and CD is à given chord. Fin 
z pont P on Mis Ше such that, if PA, PB meet CD at X, Y, the line 

may be of given length. R 

[Draw AZ parallel to 6D and equal to the given length. The position. 

of Y can now be determined. ` 


E.G. Q i 


tre is O. BP 
Prove that 
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5. Prove that the harmonic mean of the perpendiculars from a 
given point O within a circle to the tangents, drawn from any point 
on the polar of O is constant. 

[If P is the point on the polar of O, obtain by similar triangles 
values of the perpendiculars in terms of the radius and the segments 
into which O divides the polar of P.] 


6. OX, OY are two given straight lines. A and B are fixed points 
on OX, C and D fixed points on OY. On OX and XO produced take 
OP and OQ equal to AB, and on OY and YO produced take OR and 
OS equal to CD. 

Prove that the locus of a point V, such that the sum or difterence 
of the triangles VAB, VCD is constant, consists of four straight lines 
parallel to the sides of the parallelogram PRQS : distinguish between 
the parts corresponding to the sum and to the difference. 


PAPER XLV. (to Section LV.). 


1. Two circles cut at right angles in A and B, and through B a 
chord is drawn, cutting the circles in C and D. AC cuts the second 
circle in E and AD cuts the first circle in F. Prove that E and F 
ke on a straight line through B, perpendicular to CD. 


2. From a given point outside a circle, two straight lines, con- 


PE 
* 


: 


taining a given angle, are drawn to cut the circle, the straight lines ~~ 


being both on the same side of the line joining the point to the centre. 
Prove that the difference between the perpendiculars, from the centre 
to the lines, is least when one of the lines touches the circle. 

[Use Ex. 1 of Paper XLIV.] 


3. ABCD is a quadrilateral inscribed in a circle, and AXB, CXD 
are two circles touching one another at X. Prove that X lies on 
a fixed circle. 

[Make an accurate construction for one pair of circles : this should 
suggest the proof.] 


4. BC and CE are equal chords of a given circle, and BC is pro- 
duced to meet the tangent at E in D. If DL is drawn perpendicular 
to EC, prove that BD —2EL. ч 

[If EC produced meets the tangent at B in F, show that the triangle 
DEF is isosceles.] 


‚5. Points D, E, F are taken on the sides BC, CA, AB of a given 
triangle ABC, such that the angles D, E, F of the triangle DEF are 
respectively equal to the angles A, В, С. Prove that the orthocentre 
of the triangle DEF is fixed for all positions of the triangle DEF. 

[The orthocentre of DEF is the circumcentre of ABC ; use Theorem 
114. 


» is . - : 
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6, (i) The distance of the centroid of a triangle from any given 
straight line is equal to one-third of the sum of the distances of its 
vertices from the line. 

(ii) Points D, E, F are taken on the sides BC, CA, AB of a triangle 
ABC, such that BD: DO=CE: EA=AF:FB. Prove that the centroids 
of the triangles ABC, DEF coincide with one another. 

[Use (i) to show that the centroids of ABC, DEF are equidistant 


from BC, etc.] 


PAPER XLVI. (to Section LVI.). 


1. AX, AY are two given straight lines ; B, C are variable points in 
AX, AY, such that BC + CA--AB is constant. Prove that BC touches a 
fixed circle. 

2. Prove that the line joining the middle points of the diagonals of 
a quadrilateral circumscribed to a circle passes through the centre of 


the circle. Е 
[Use Ex. 6 of Paper XLIV., showing that the sum of the triangles, 


standing on a pair of opposite sides, and having either one of the 
mid points or the centre as a common vertex, is equal to half the 
quadrilateral. 

3. (AB, CD), (A'B, O'D") are two harmonic ranges. Two corre- 
sponding points, such as О, О, coincide. Prove that the straight lines 
joining the other fairs, AA’, ВВ’, DD', are concurrent. — 

[Zef AA’, BB! meet in O, and let OD cut A'B'C'D' in D": prove that 
D" coincides with D'.] 

4, (i) Ifa circle bisects the circumferences of two given circles, the 
locus of its centre is a straight line. , 1 б 

(ii) Draw a circle to bisect the circumferences of two given circles 
and pass through a given point. 

Б. ABC, А'В'С' are two triangles 50 placed that AN, BB, CC' meet in 
a point O.* Prove that BC, BIC’; CA, CA; AB, A'B' meet in three 
points X, Y, Z which are in a straight line. 

[Apply Menelaus’ Theorem to AA OB’ 


(i) ^ AOB, transversal AB, to prove Z8” BR’ ON 
sone a BX BB’ OC’ CY_CC ОА 

(ii) Similarly prove xc бу” OB’ and YA" AR OB" 

x BX CY AZ , 

(iii) Hence prove that xo ‘YA ZB '* | 

ctive: О is called the centre of 


les are said to be in perspe 


* Two such Mes 
perspective and XYZ the axis of perspective. 
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6. Given the vertex A of a triangle and also the magnitude of the 
angle at A, and that the vertices B and C move on fixed straight lines 
intersecting in a point O ; give a construction for drawing the triangle 
BAC when its area is a minimum. 

[If B,AC,, BAC, are two positions of the triangle ABC, such that the 
areas of B,AC,, В,АС, are equal, prove that В,А. AC, = B;A. AC», and 
hence that the triangles В,АВ,, C,AC, are similar. In the minimum 
position AB, AC make equal angles with the given straight lines 
respectively.] 


PAPER XLVII. (to Section LVII.). 


1. Two points A and B and a circle are given, also a third point O is 
given within the circle. Draw a circle through A and B to cut the giver. 
circle at the ends of a chord through O. 

[If X is the centre of the required circle XA? ~ XO? is known.] 


2. ABC is a given triangle, ОХ and OY two given straight lines. @ 
is a variable point on BC and QP, QR are drawn parallel to OX, OY to 
cut AB, AC, produced if necessary, in P and R. The parallelogram 
PQRS is completed. Prove that the locus of S is a straight line. 

[Let 8,, 5, be two positions of S, and let S,S, cut AB in Т: prove 
TP, : TP, — CQ, : CQ,, and hence that CT is parallel to OX.] 


3. ABCD is a quadrilateral in which AD, BC, when produced, meet 
in E, and AB, DC, when produced, meet in F.* Join EF. Bisect 
AC, BD, EF in P, Q, R. Prove that PQR is a straight line. ; 

Complete the parallelograms AECX, DEBY, and prove, by similar 
triangles, that E, X, Y are collinear.] 


4. ABCD 27 a quadrilateral in which AD, BO, when produced, meet 
in E, and АВ, DC, when produced, meet in Е. Let AC, BD meet in G. 
Prove that the pencils Е (АВ, GF), F(AD, GE), G(BO, FE) are harmonic. 

[Find points K, L, such that the ranges (DC, KF), (AB, LF) are 
harmonic. Use Ex. 3 of Paper XLVI. to show that KL passes 
through both E and G. 


5. Draw any complete quadrilateral, and in it inscribe a rectangle 
having its sides respectively parallel to and perpendicular to the third 
diagonal. 

[Use Ex. 2.] 


6. Draw a circle, centre O, having a radius of 2} in. Take a point 
P, such that OP=1 in. Plot the envelope of chords of the circle which 
subtend a right angle at P. 


*The figure made up of the four lines ADE, ECB, ABF, FCD is called a 
complete quadrilateral; the six points A, B, C, D, E, F are its с 
The three lines AC, BD, EF, joining the points of intersections of the sides 
taken in pairs, are the diagonals, EF being referred to as the third 


€ 


a 


x 
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PAPER XLVIII. 


1. ABCDEF is a complete quadrilateral: AD, BO meet in E, and AB, 
DC meet in F. P, Q, Rare the middle points of AC, BD, EF. Prove 


that 
APBF- APDE = AQBF - AQDE= ЛАВЕ - ARDE, 


and give an alternative proof for the theorem of Ex. 3 of Paper 
XLVII. 


2. P and Q are given points on two given straight lines OA, OB. 
X and Y are variable points on these lines, such that the ratio PX : QY 
is constant. Find the locus of the middle point of XY. 

[Let L, M be the middle points of PQ, XY: complete the parallelogram 
PQXZ and join YZ: prove that the locus of N, the middle point of YZ, 
is a straight line through Q, and that LQNM is a parallelogram.] 


3. (i) Through a given point A draw a straight line, to cut two 
given straight lines at P and Q, such that PA.AQ may be a 
minimum. 

(ii) A, B are given points and P is a point on a given circle. PA, PB 
[produced if necessary) cut the circle again at X, Y. Find positions 
of P for which the chord XY is a maximum or a minimum. Consider 
separately the cases where A, B are both within, and both without 
the circle. 


4, Jf ABC is an obtuse-angled triangle, show that the polar circle 
(§ 12 of Section LIV.), the nine-point circle and the circumcircle have 
the same radical axts. Р ! ed 

[Let S, J, O be the centres of the circumcircle, the nine-point circle 
and the polar circle, and T the point of intersection of the first two 
circles, and let OR cut the circumcircle again at H : prove 

OT?—28J!--2JT? — ST =} (OS? А); 
hence OT?—10C. OH —OC. OR, and T is on the polar circle.] 


Б. A, B, A’ B' are given points and PQ isa givenstraightline. Find 
oints С, C' in РО, such that the triangles АВО, A'B'C' are equal in area 
nd CC' is equal to a given length. А i 

Г [Suppose б, C' to Ыса ; draw CP, СР parallel to AB, А'В' to inter- 
sect in P: then P is a point on the locus, such that A РАВ – APA'B'—o, 
а straight line passing through the point of intersection of AB, 


AB‘) 
6. Pisa point within the angle XOY. Drawaline through P to cut 


OX, OY in A and B, such that the perimeter of the triangle OAB isa 
minimum. 
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PAPER XLIX. 


1. ABCD is a quadrilateral, such that AD+BC=AB+CD. Points 
E, F, G, H are taken on the sides AB, BC, CD, DA, so that each side is 
divided into segments in the ratio of the adjacent sides. | is the centre 
of the inscribed circle. Prove that 

(i) AH —AE (=r, say), BE=BF (= 7% say), etc. 

(ii) The quadrilateral is divided into two sets of similar triangles by 

the lines ІА, IE, IB, IF, etc. 

(iii) [EZ IF2—IG?— IH? AB. BC. CD. DA / (AB-- CD)(BC + AD). 

2. ABCD is a cyclic quadrilateral. AD, CB, when produced, meet in 
E; BC, DA, when produced, meet in F; AC, BD meet in б. Prove 
that the triangle EFG is self-conjugate with regard to the circle. 

Let EG cut AB, CD in L, K. 

[Use Ex. 4 of Paper XLVII. and $ 16 of Section LIV. to prove that 
К and 1. both lie on the polar of F.] 


3. Use the preceding exercise to construct the polar of a point (i) within 
or (ii) without a given circle, by means of a ruler only. 


4, A straight line DE is drawn to cut the base BC of a triangle ABC, 
and is terminated by the sides AB, AC, produced if necessary, in D and 
E. Prove that, if the quadrilateral BDCE is of constant area, the 
middle point of DE lies on one of two fixed lines. 

[If D,E, Р.Е, are two positions of DE, show that the triangles CDD», 
ВЕ,Е, are equal in area: hence the ratio D,D; : Е,Е, is constant. Use 
Ex. 2 of Paper XLVIII. One line of the locus corresponds to D on 
AB and the other to D on AB produced. ] 

5. OAPB, OCQD are two straight lines intersecting in О. AC, PQ, 
BD meet in another point S. Prove that 

OA. PB: AP. BO=0C.QD:CQ. DO.* x 

[Through Q draw a parallel to OB, cutting SO, SD, produced if 
necessary, in X and Y : then AP: PB=XQ.QY, etc.] 

6. ABC is a given triangle: find a point such that the feet of the 
perpendiculars from the point to the sides of the triangle are the vertices 
of an equilateral triangle. У 

If ВС = 24 in, CA=2 in., АВ =3 in., draw the equilateral triangle and 
measure a side. 

[Use the * Point О! Theorem.] 


PAPER L. 


1. ABCD isa bv ig whose sides are of given lengths а, 4, с, d, 
such that a+c=6+d=s. Prove that the radius of the inscribed circle 
is a maximum when the quadrilateral is also cyclic ; and in that case, 


* The ratio OA. PB : APBO is called the anharmonic ratio or cross ratio 
of the range {OAPB}. 
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if Q is the area of the quadrilateral and 7 the radius of the inscribed 
circle, Q is also a maximum, and Q=rs=N abcd. 

[Referring to the figure of Ex. 1 of Paper XLIX., let IE=p and 
LAEI=0: prove sr —ad, etc, and p!—7,75—7y4; hence 

sr abcd sin 0.] 

2. P, Q, R are points on the sides BC, CA, AB of the triangle АВО, 
such that AP, BQ, CR intersect in a point U. Р, Q/, R' are points on 
the sides QR, RP, PQ, such that PP’, QQ’, RR’ meet ina point V. Prove 
that AP’, BQ’, CR’ meet in a point. : 

[Let QR, RP, PQ meet BC, CA, AB, when produced in L, M, N ; pro- 
duce АР/, BQ/, CR' to meet BC, CA, AB, produced if necessary, in X, Y, Z. 
Prove that 

4 BX Ob RL QP ads OY | AZ 
(i) X6^LB'LQ'PR and two similar results for YA and ZB by 
the use of Ex. 5 of Paper XLIX. 
(i) Ck, BN, AM , RL,QN,PM. , QP’ RQ’ PR _ 
LB NA MC " LQ NP MR " PR QP RP 
by the application of the theorems of Menelaus and Ceva to the 
triangles ABC, PQR, P'Q/R'. 

3. ABCD is a quadrilateral in which A, B are right angles, and the 
diagonals AC, BD intersect at right angles in О. BA, OD, when pro- 
duced, meet in P, and PO cuts AD in K and BC in L. Prove that 
AB?=4KO. OL. 

4. A straight line cuts the sides AB, BC, CD, DA of a quadrilateral 
in Р, Q, В, S. Prove that 

АР BQ CR DS. 

PB'QC RD SA ў 
and state whether the theorem can be generalized for a rectil 
figure of any number of sides. sid 

5. A quadrilateral is inscribed in a circle (O, R) and circumscribed 
to another circle (1, 7). If æ is the distance between О and 1, prove that 


1 1 l 
ъа (К-а ^ ка 
[Let Al, СІ meet the circumcircle in T, T. Prove that TT’ is a 
diameter, and that R?-d?=Al. IT-CI.IT. Hence 
aj (R3-d2) (121772) = (8° a") ] 
i olar circle is a mean proportional to the radius 
of SM ш: ds diameter of the circle inscribed in the pedai 
triangle. [Use Ex. 3 of Paper XLIII.] 


1, 


inear 
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PAPER LI. 


1, The bisectors of the angles B, C of the triangle ABC meet the 
sides AC, AB in E, F; the circles ABE, ACF intersect in X; XE, XF 
produced meet the circles ACF, ABE in Y, Z. Prove that Z, A, Y 
are collinear. 


2. If the bisectors of two angles of a triangle are equal, prove 
in a direct manner that the triangle is isosceles. 

[In Ex. 1, let ZE, YF meet in К, and BE, CF in I. Prove that the 
circles are equal, that FIEK is a parallelogram, and that the 
triangles ZKY, BIC are similar; hence, that 

BI/IC =ZK/KY = (ZK +Bl)/(KY + IC) =1.] 

3. In the triangle ABC, prove that the common tangent of the 
nine-point circle and the escribed circle opposite to A cuts BC in 
the ratio of a+b to a +c. 

[See p. 409, Ex. 14.] 


4. A, B, C, D are four given points in a straightline; show how 
to find two points X, Y, which are harmonic conjugates with 
respect to A and B, and also with respect to C and D. 

[See $ 4, p. 426.] 

5. If a, b, c, d are the lengths of the four sides of a cyclic quadri- 
lateral in order, prove that the square on one of the diagonals is 

(ab 4- cd) (ac + bd) | (ad + bc). 


Hence, given the lengths of the four sides of a cyclic quadri- 
lateral, construct it. 


6. ABCD is a given parallelogram, XY a given straight line, and 
P a given point. Show how to construct, with a ruler alone, the 
parallel to XY through P. 

[If AB, AD cut XY in L, M, and BM, DL cut CD, BC in R, $, 
respectively, prove that RS is parallel to XY; the construction 
follows easily.] 


TYPICAL EXAMINATION PAPERS 
ON PARTS LIV. - 


The papers below have, by kind permission of the several authorities, 
been compiled from questions recently set. 


[LONDON MATRICULATION.] 


I 


1. If the side BC of a triangle ABC is produced to D, prove 
that the angle ACD is equal to the sum of the angles ABC and 
BAC. (Do not assume in your proof that the sum of the three 
angles of a triangle is equal to two right angles.) 

The sides AB, BC, CD, DE, EA of a pentagon inscribed in a circle 
subtend angles 40°, 50°, 60°, 100° and 110° respectively at the 
centre of the circle. Find the number of degrees in each angle of 
the pentagon. 


2. The equal angles B, C of an isosceles triangle ABC are 
bisected by lines BY, CX, which meet the opposite sides in Y and 
X. Prove that XY is parallel to BC. ; 

Also, by assuming the above if you cannot prove it, show that 
BX =XY =YC. 

3. A trapezium ABCD has its parallel sides AD, BC 11 cm. and 
47 cm. long respectively, and its non-parallel sides AB, ‚СО 
5:2 cm. and 6:8 cm. long respectively. Construct the trapezium 
accurately full-size, stating the steps, in your construction ; and 
calculate its area. 

4. Prove the extension of Pythagoras' Theorem to an acute- 
angled triangle; t.2., that the square on the side opposite an 
acute angle is less than the sum o the squares on the sides that 
contain it by twice a certain rectangle. Te 

In a triangle ABC, the perpendicular AD from A to BC divides 
BC so that BD =3DC. Prove that AB? — AC? 28DC*. 


5. AB is a chord of a circle ABC and SAT is the tangent to the 
circle at A. Mark in a carefully drawn figure any pairs of angles 
that you know to be equal. 3 

ABO is a triangle; dnd the locus of a point P such that the 
angles PAB, PCA are equal, P lying inside the triangle. 

Hence construct a point P such that the angle РАВ =angle РСА 


and also the angle PBA =angle РОВ. ; 
(The figure should be constructed accurately, the sides of the 
triangle ABC being unequal and the angle C an acute angle.) 
6. Illustrate by a diagram the truth of the formula 
(a +b)? =a? + 2ab +02. 
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A, B, C, D are four points in that order on a straight line, such 
that AB =С0. Prove that АС? —AB? - AD . BC, preferably by a 
diagram. 


T. AD, BC are perpendicular to a straight line AB and on the 
Same side of it. BD and AC are joined and BD is bisected at E. 
A point F is found in AC, produced if necessary, such that EA —EF. 
Prove that the angles AFB, ADB are equal. 


8. F, Q, R, S are four points on the circumference of a circle 
such that another circle can be inscribed within the quadrilateral 
PQRS. Prove that the two lines which join the points of contact 
of opposite sides are perpendicular to one another. 


II. 


1. ABC is an equilateral triangle. P is any point inside it. 
On PC an equilateral triangle РОС is drawn (so that PQ cuts AC 
and not BC). Prove that the triangles ACQ, BCP are congruent. 

Hence, by first drawing the triangle APQ, construct an equi- 
lateral triangle ABC, being given the distances PA, PB, PC of a 
point P from its three vertices to be т inch, 1:6 inches, 2 inches 
respectively. 


2. Prove that the sum of the angles of a triangle is equal to 
two right angles, without assuming that an exterior angle of the 
triangle is equal to the sum of the two interior opposite angles. 

In a triangle ABC, BC is produced beyond C to D so that 
CD —AC ; CB is produced beyond B so that BE —AB. Show that 
EAD is an obtuse angle. 

1f AE —AD, prove that ABC is an isosceles triangle. 


3. Prove that the area of a triangle is one-half the area of a 
rectangle on the same base and with the same height. 

ABCD is a rectangle in which the lengths of AB and BC are 
6 ins. and 3} ins. respectively. X and Y are points on CD between 
C and D such that DX =3 ins. and CY —1 in. Find the area of 
the figure ABYX. 


| Se gate and prove a property of the angles of a cyclic quadri- 
ateral. 

AOB is a diameter and AS a chord of a circle whose centre is O. 
The chord AP bisects the angle BAS. AS is produced to Q so that 
PQ —PA. Prove that (i) OP is parallel to AQ, (ii) angle APQ = angle 
BPS, (iii) angle SPQ =90°, (iv) triangles APB, QPS are congruent. 


5. O is a point outside a circle, centre C, and OJ is a tangent 
from О to the circle; S is taken оп OC so that OS =0J. At O а 
erpendicular is drawn to CO and P is any point on this perpen- 
icular. PT is the tangent to the circle deis P. Prove that 
PT? =PO? + OC? - (radius)*, and hence show that PT =PS. 
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6. The base BC of a triangle ABC is 6 inches long and M is its 

middle point. State without proof the value of 
АВ? + AC? - 2АМ?. 

If P is а point in the same plane as a parallelogram ABCD, 
prove that PA? —-PB?+PC?—PD® is the same wherever P is, and 
that the expression is equal to half the difference between the 
squares on the diagonals of the parallelogram. 


7. Prove that equal chords in a circle subtend equal or supple- 
mentary angles at any point of the circumference. 

AB, AC are equal chords of a circle; P and Q are an two 
points in BC, and AP, AQ meet the circle again at R and S. Prove 
that a circle can be described about PQSR. 


8. State the relation which connects the angles between а 
tangent and a chord with the angles in the alternate segments of 
the circle, giving a figure. { 

The tangent at C to the circumcircle of the triangle ABC cuts 
AB produced in D, and a point R is taken in DA such that DR =DC. 
Prove that CR bisects the angle ACB. 


[University OF LONDON: GENERAL SCHOOL EXAMINATION.] 


I 


1. Prove that, if a straight line cutting two straight lines 
makes the alternate angles equal to one another, the straight 
lines are parallel. я é $ 

Prove that, if the lines which bisect the opposite angles A and 
C of a quadrilateral ABCD are parallel to one another, the angles 
B and D are equal. 

2. Prove that the exterior angle of a triangle is greater than 
either of the interior opposite angles. 

ABC is a triangle in which the angles at A and B are "m ОР 
В is greater than A; also, when AC is produced to р, de ang E 
BCD is three times the angle BAC. With ео, © Li s pee as 
a circle is drawn cutting AB again 1n E. Prove tha! 

A and B, and that AE —BC. А ‘ 
ts 3:4 inches apart and Bo ja e 
such that АВС =55°. By geometrical constructions and measure 
ment find the distances from A of (i) а poinh P a BS «Лер г 
equidistant from А and В; and (ii) а рош een meetin 
1:2 inches nearer to B than to A. The steps in the co! 

must be stated. 

4. On the side AB of a р. 
taken, on the side CD a point Q, 
В, such that BP =С@ =CR. Show 


allelogram ABCD any point P is 
i lod the diagonal AC а point 
(i) that the locus of the middle 
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point M of QR is the bisector of the angle ACD ; and (ii) that the 
locus ot the middle point N of PR is the line parallel to CM through 
the middle point of BC. 


5. Prove that two equal chords of a circle subtend equal 
angles at the centre and equal angles at the circumference of the 
circle. 

The internal bisectors of the angle B and C of a triangle ABC 
meet the circumscribing circle of the triangle in Q and В respec- 
tively. Prove that, if BR is parallel to CQ, the angle BAC must 
be 60°. 


6. If a perpendicular be drawn from the centre of a circle to a 
Chord, prove that it bisects the chord. р 

OA, OB are two perpendicular radii of a circle whose centre is 
O, and C is any other point on the circumference. OS is drawn 
perpendicular to AC ; and OS and BC, produced if necessary, 
cut at M. Prove that AM is perpendicular to BC. 


7. Give, without proof, a geometrical illustration of the 
algebraical identity, a? — 5? = (a 10 (a — 5). i 

AB is a straight line 4:6 inches long. Find, by a geometrical 
construction, a point P between A and B such that the square on 
AP exceeds the square on PB by the square on a line 2:4 inches 
ong. 

8. From a point P outside a circle a tangent PT is drawn 
touching the circle at T, and a secant cutting the circle at Q 
and В; on PT as diameter a circle is drawn cutting RT, produced 
if necessary, at Y and TQ, produced if necessary, at X. Prove 
that XY is perpendicular to PR. 


II. 


1. ABCD is a Vedi ies On the opposite sides AB, CD 
оаа triangles АРВ, CSD are drawn external to the paral- 
lelogram, and on BC an equilateral triangle BQC is drawn on the 
same side of BC as the parallelogram. Prove that PQ and QS 
are equal to the diagonals of the parallelogram. 


2. A tree is equidistant from two straight paths AB, AC which 
intersect at an angle of 30°, and is 70 yards distant from a third 
path which crosses the other two at B and C. AB is 500 yards 
and AC 250 yards. Find all the possible positions of the tree and 
their distances from A. 


, 9. LM and PQ are two equal and parallel straight lines drawn 
in the same sense; prove that LP and MQ are also equal and 
parallel. 

ABCD is a quadrilateral in which AB is equal to CD, and the 
ange ABC is equal to the angle BCD. Prove that AD is parallel 
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4. Construct a parallelogram having one side 2} inches long, 
and the diagonals 3 inches and 4 inches long. State clearly 
(without proof) the steps of the construction. 

Prove that the parallelogram is a rhombus. 

5. ABC is a triangle having the angle C obtuse. D is the foot 
of the perpendicular from A on BC produced. Prove that 

AB? =BC? +СА? +2BC . CD. 

BC, AD are the parallel sides of any trapezium ABCD. Prove: 
that AC? + BD? —AB? + CD? +2BC . AD. 

6. Prove that the angle which an arc of a circle subtends at 
the centre is double of the angle which it subtends at any point 
of the supplementary arc. : 

A circle APB passes through the centre of a circle AQB; the 
circles intersecting at A and B. Prove that, if P lies within the- 
circle AQB and APQ is a straight line, PB is equal to PQ. 

7. If a pair of opposite angles of a quadrilateral are supple- 


mentary, prove that its vertices lie on a circle. 
AB is a diameter of a circle, and AC, AD are any two chords. 


which when produced cut the tangent at B at E, F respectively- 
Prove that E, C, D, F lie on a circle. і | 

8. Prove that the angles made by а tangent to a circle with a. 
chord drawn from the point of contact are respectively equal to- 


the angles in the alternate segments of the circle. 

wounded circles cut at A and B. The tangents at A to d 
circles cut them again at P, ©. PQ, produced if S Р - 
the circle AQB at S, and the circle APB atT. Prove tha =AT.. 


[5сотсн LEAVING CERTIFICATE : LOWER GRADE.] 


I 


Section I. 
(АЙ the questions in this Section should be attempted.) ; 
à i ine joini iddle points of 

1. Prove that the straight line joining the mi 
two ides of a triangle is parallel to the third side and equal to 
half of it. 

2. Prove that the sum of the squ 
is twice the sum of the squares оп 
median which bisects the latter. 

3. Prove that the opposite angles of ac 
supplementary. 


4, State and prov 
with one side of given length, equal in 


two sides of a triangle: 
Ара the third side and the- 


yclic quadrilateral are- 


3 7 6 
truction for drawing a rectan, 
siu in area to a given rectangle. 
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Section П. 
(Only THREE questions should be attempted from this Section.) 


5. ABCD is a parallelogram. Through C a straight line is 
drawn parallel to the diagonal BD to meet AD produced in E. 
If F and G are the mid-points of AB and CE, prove that the 
straight line FG is trisected at the points in which it is cut by 
BD and CD. (See Section I., т.) 


; 6. The base AB of a triangle ABC is given in magnitude and 
position, and also the sum of the squares of the sides in magnitude. 
Prove that the locus of the vertex C is a circle. (See Section 1., 2.) 


7. BE is the bisector of the angle ABC of a cyclic quadrilateral 
ABCD, and it meets the circumference of the circumscribed circle 
in E. Prove that DE bisects the exterior angle of the quadri- 
lateral at D. 


8. S, a point in the base QR of an isosceles triangle PQR, is 
joined to the vertex P. Prove that the ratio of the sines of the 
a QPS, RPS is the same as the ratio of the segments of the 

ase. 


“eg if sin a/sin 8 =sin 6/sin $, and a + B =0 +p, prove that 


9. BCE is a triangle inscribed in a circle, and the tangents at 
В and С meet in A. The figure is such that the straight line through 
A parallel to CE cuts BE internally in O. Prove that the angles 
ABC, ACB, AOB, CEB are all equal to one another. Also, if CO is 
drawn, show that AO bisects the angle BOC. 


п. 
SECTION I. 


(АП the questions in this Section should be attempted.) 


1. In a triangle ABC, the angle ACB is greater than the angle 
ABC. Prove that AB is greater than AC. 


2. Show that, if the straight line joining a vertex of a triangle 
to the middle point of the base is half the base, then the triangle 
is right-angled. 


3. Prove that the perpendicular bisector of a chord of a circle 
passes through the centre of the circle. 


4, State and prove a construction for finding the mean pro- 
portional between two given straight lines. 
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SECTION П. 
(Only THREE questions from this Section should be attempted.) 


5. A is the greatest and C the least angle of a triangle ABC ; 
and O is the centre of the circle inscribed in the triangle. Prove 
that, of the three distances AO, BO, CO, the least is AO, and the 
greatest is CO. (See Section УТ) 

6. D is the foot of the perpendicular from the vertex C of a 
triangle ABC on the bisector AD of the angle CAB ; and DE is 
drawn parallel to BA to meet AC in E. Prove that E is the mid- 
point of AC. (See Section I., 2.) 

7. Two circles intersect in the points P and Q. C, the centre 
of one of them, is joined to P and Q; and the straight lines, 
CP, CQ, (produced if necessary), intersect the other circle in R, S, 
respectively. Prove that PR =QS. 

8. Prove from a geometrical figure that, if A is an acute angle, 

AZ tanA er 
sn A=" (i + tan? A) 

Find the corresponding formula for tanA 

9. ABC is a triangle, BCPR is a circle cutting AB, AC respectively 
in R and P, and BP, CR intersect in О. If the angles BRC, BOC, 
PBC are 50°, 60°, 45° respectively, calculate the size of the angles 
of the triangle ABC. 


in terms of sin A. 


TYPICAL EXAMINATION PAPERS 
ON PARTS І.-У. 
[Охғокр SCHOOL CERTIFICATE.] 


1. D is a quadrilateral; АВ =5:6 cm, ВС=49 cm. 
CD Be DA En cm., AC —9:1 cm. Construct the quadri- 
lateral. Construct also a point P on the diagonal BD, such that 
the area of the triangle PAC equals half that, of ће quadrilateral, 
and measure the distance of P from the point of intersection of 


AC and BD. 
i i i i les 
2. O is the middle point of the hypotenuse BC of an isosce 
right-angled triangle ABC. P and Q are points on AB such that 
AP =BQ AO. Prove that 1POQ -QOA -22Y. 
H how that if R is the point on AC such that CR =AO, then 
PQ pe QR are consecutive sides of a regular octagon whose 
centre is O. 
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3. If two opposite sides of a quadrilateral are equal and 
parallel, prove that it 1s à parallelogram. 

Through A, the vertex of a triangle ABC, AM is drawn parallel 
to BC and equal to half of BC (M and C being on the same side of 
AB). 140, Е, the middle points of BC and AB respectively, are 
joined to M, and DM, FM cut AC at E and K respectively, prove 
(i) that AE =4AC, and (ii) that AK ={АС. 


4. Three triangles have sides, 2, 3, 4; 3, 4, 5; 4 5, 6 inches 
respectively. Without drawing or measurement, prove that 
ШЕ a one right-angled, one obtuse-angled, and one acute- 
angled. 


5. Prove that, if a pair of opposite angles ofa quadrilateral are 
supplementary, its vertices are concyclic. 

OC is the internal bisector of an angle AOB which equals 120°. 
X and Y are any points on OA, ОВ respectively. The perpen- 
diculars to OA, OB at X and Y intersect in P. Z is the foot of the 
petpendicular on OC from P. Prove that the triangle XYZ is 
equilateral. 


6. Prove that if two chords of a circle intersect inside the 
circle, the rectangle contained by the parts of the one is equal to 
the rectangle contained by the parts of the other. 

P is any point on the diagonal BD of a parallelogram ABCD. 
The circles through APB, APD cut AC again in Q and R. Prove 
that OR —OQ, where О is the point of intersection of AC and BD. 


7. If two triangles have one angle of the one equal to one 
angle of the other and the sides about these equal angles propor- 
tional, prove that the triangles are similar. 

A, B, C, D are four points taken in order on the circumference 
КЕ à circle, such that BA: AC =CD : DB. Prove that BA =CD, 

=DB. 


8. A solid consists of a cylinder, height 5 in. and diameter 4 1n» 
and a hemisphere on each plane end. Draw on a scale of 2 cm. 
=1 in. a section of the solid by a plane parallel to its axis and 
distant т} in. from that axis. Measure the length and width of 
the section. 


п. 


1. Prove that, if two sides of a triangle are unequal, the ania 
opposite the greater side is greater than the angle opposite the 
smaller side. i 

In the quadrilateral ABCD, AB is the greatest side and CD 15 
the least. Prove LC>LA and LD>LB. 
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4. If/P is any point inside a quadrilateral ABCD, show that the 
sum of the lengths of PA, PB, PC, PD is always greater than 
the sum of the sides of the quadrilateral. 

Show also that the sum is least when P is at the point of inter- 
section of the diagonals of the quadrilateral. 


3. The diagonals AC, BD of a quadrilateral ABCD are inclined 
at equal angles of 30° to the side AB. The length of the diagonal 
AC is 9:2 cm., and that of the side CD is 5:2 cm. The perpen- 
dicular distance of D from AB is 44 cm. Construct the quadri- 
lateral from these data, and measure the lengths of AD, 


and AB. 
4, Prove that triangles on the same base which are equal in 


area are of the same altitude. ve 

ABCD is a quadrilateral whose opposite sides AB, DC are parallel. 
Any line through the point of intersection of the diagonals AC, 
BD intersects the parallels to AC through D and B in X and 
respectively. Prove (i) that the areas of XAY and DAB are equal, 


(ii) that AY, XC are parallel. 
5. If the line joining two points subtends equal angles at two 
other points on the same side of it, prove that the four points lie 


on a circle. х 1 ; 
P, Q, R are three given points. RU ctum pu асти 
so that the difference of the angles j| a PIQUE 


suming that X and Q are on opposite sides of PR, 
of X. 


6. A circle is described about à triang! 
vertices tangents are drawn to the circle. d 
Z meet in A, those at Z апо mr and pns do 
Prove that the angle XZY is hà e su A 

State, without obi the propositions which you use to prove 


this fact. 
7. Prove that the ratio of the areas a ТСЕ is equal 
to the ratio of the squares on correspond, А 
Тһе tangent at € to the circumcircle of the tannie Lo cuts 
the side AB produced in p. Prove that PA: PB=CA*: СВ". 
lar block, and 
8. AO, AB, AC are concurrent edges of à rectangul ; 
Р, Q, В are the middle points of OB, AB, AC respec | TOG 
that PQR is a right-angled triangle and that 4PR*= М 


pGE SCHOOL CERTIFICATE.] 
I 
the interior angles of а 


[CAMBRI 


1. Prove that the sum of quadrilateral 
is four right angles. 
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ABCDE is a five-sided figure in which AB АЕ, BC —ED, and 
the angle ABC =the angle AED ove that (i) AC —AD ; (ii) the 
angle BCD —the angle EDC ; iii) BE is parallel to CD. 


2. Prove that the opposite sides and angles of a parallelogram 
are equal. 
„ABCD is a parallelogram in which AB =2BC, and the bisector 
of Де angle A cuts DC in E. i Prove that AEB is a right angle. 

1, 3. Prove that, if the intercepts made by three parallel straight 
lines on any straight line which cuts them are equal, then the 
intercepts on any other straight line which cuts them are equal. 

In the triangle ABC the side AC is produced to E, CE being equal 
to half of AC. BE is bisected at D. Prove that, if ED meets AB 
in F, then DE —2DF. 


4. P and Q are two points on the same side of the line joining 
two given points M Auf М; and the angles MPN, МОМ are equal. 
Prove that the points M, N, P, Q are concyclic. 

A triangle ABC is inscribed in a circle whose centre is O ЕК 
are the mid-points of АС, АВ; and the lines EO, FO meet AB, AC 
FS hla in X, Y. Prove that the points B, C, X, Y are con- 
cyclic. 


5. Prove that, if a line touches a circle, and if from the point 
of contact a chord is drawn, the angles which the chord makes 
with the tangent are equal to the &npiss in the alternate segments 
of the circle, 

The tangents at B and C to the circle circumscribing a triangle 
ABC meet in O ; and the circle whose centre is O, and radius OB 
or OC, meets AC produced in Q. QO is drawn to meet AB in R. 
Prove that R lies on the circle CBQ. i 


. , 

6. Prove that the internal bisector of an angle of a triangle 
и the opposite side in the ratio of the sides containing the 
angle. 

TA and TOC are lines which touch a circle in A and C, and TBD 
is a line which cuts the circle at Band D. Prove that the bisectors 
of the angles A and C of the quadrilateral ABCD intersect on the 
diagonal BD. 


7. Construct a triangle ABC in which AD is the perpendicular Р 
from А оп BC, having given that ВС =10 cm., BD: ВА =3: 5, 
CD СА =1:3. Calculate the length of AD. 


8. A, B, C, D are four places on a тар. B is due North of A, 
C is due East of B, and D is in the direction 30° 17’ West of North 
from C.. If АВ =то miles, ВС — 18 miles, and CD =15 miles, find 
the distance between A and D. 


Е ^. op 


fe 
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E! 


1. Prove that, if in a triangle ABC the side AB is greater than 

the side AC, then the angle ACB is greater than the angle ABC. 

Show also that, if in this triangle D is the middle point of BC, 

then the angle BAD is less than the angle CAD. * a 
y 3 


2. Prove that parallelograms on the same base and of the ane 
altitude are equal in area. (N.B. The formula for the are of 
a parallelogram is not to be assumed.) 

The side AB of a parallelogram ABCD is produced to any point 
P. А straight line through A, parallel to CP, meets CB pro uced 
in Q, and the parallelogram PBQR is completed. Prove that the 
parallelograms PBQR, ABCD are equal in area. 


.8. Prove that the tangent at any point of a circle is perpen- 

dicular to the radius through the point of contact. 

Two circles, external to one another, have centres A, B, and 

radii r,, 7, respectively. N is a point in AB such that T 
AN? - NB? =712 -73° 


int in the straight line through N perpendicular 


арі 
B. HR from P to the two circles are 


to AB. Show that the tangents 
equal. 


4. Prove that a straight line, drawn from the centre of a circle 
to bisect a chord which is not a diameter, is at right angles to 
the chord. ] Po uns d 

ABCD is a rectangle ; X is any point in АВ; 18 2 gc 
pendicular to DX cutting BC. produced in Y; and V 5 Es middle 
point of XY. Prove that V is equidistant from B an VAN 
What is the locus of V as the position of X in AB changes : 


ici is С; semi- 
5. ACB is the diameter of a semicircle, whose centre is C ; 
circles are described on AC and CB, both on the тар Pee E vd 
If AB = 12 cm., calculate the radius of a circle which $ 
all three semicircles, and construct the figure. 
1 les A and 
6. P if in the triangles ABC, DEF, the angle 
D are po АВ: AC =DE : DF, the triangles are pee 
A point O is taken within a quadrilateral ABCD А апа then ond 
OX, OY, drawn through O parallel to CB, ied d AB MD tes E 
respectively. Prove that, if XY is paralle to BD, i 
the diagonal AC. ‘ 
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7. A, B, C, D, are four points on a circle whose centre is O and 
whose radius is To feet, such that AB =BC =CD =7 feet. Calcu- 
late the angle AOB and the length of AD. 


8. A lighthouse is 8 miles due South of a port. A ship leaves 
the port at ro p.m. and steams at 12 miles an hour in a direction 
20° South of East. Calculate the times at which the ship is 
(i) due East of the lighthouse, (ii) North-East of the lighthouse. 


UNIVERSITIES OF MANCHESTER, LIVERPOOL, LEEDS, 
SHEFFIELD, AND BIRMINGHAM. 


JOINT MATRICULATION BOARD. 
[SCHOOL CERTIFICATE AND MATRICULATION EXAMINATION.] 
Answer Section A and three questions from Section B. 


b 


SECTION A. 


Lo : 
"m (a) ABC is a triangle in which A —60?, B = 58?, and the side 
BC is produced to D. The bisectors of the angles ABC and ACD 
meet at X. Calculate the number of degrees in the angle BXC. 
(5 К is a point inside а Square ABCD, such that the angle 
BKC is a right angle and CK is greater than BK. The perpen- 


dicular drawn from D to CK meets CK at N. Prove that DN is 
‚ equal to CK. 


2. Construct, in separate figures, two non-congruent triangles, 
ABC, DEF, with 


LB-LE-43?, 
AB = DE —2 inches, 
АС = DF =т-ў inches. 


3. Draw a triangle ABC in which BC =4”, LB —40?, LA= uu 
Construct one circle of radius 1^ to pass through A and touch BC. 


(No written explanation is required, but all construction lines 
must be clearly shown.) 


4. Prove that the straight lines joining the middle points of 
typ perstat chords of a circle will pass through the centre of the 
circle, 

A circular field is crossed by two parellel paths, 66 feet varie 
the lengths of the paths bein; 144 feet and 120 feet. Find, by 
dun Or by an accurate drawing, the length of the diameter 

1 field. (^t 2 


ГА . 


А2, 


m EE 
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5. (a) PQRS is a quadrilateral insc ribed in a circle ; the angle 
QPS — 1105, the angle PQS =30°, and the angle SQR=30°. PR, 
QS intersect at T. Find (i) the angle QRS, (ii) the angle PRS, 
(iii) the angle QTR. 

(b) The internal bisector of the angle BAC of a triangle ABC 
meets BC at R, and RS drawn parallel to BA meets AC at S. If 
AC —2AB, find the ratio (i) of AS to SC, (ii) of AB to SR. 


Section B. 


6. Prove that if two triangles have three sides of the one equal 
to three sides of the other, each to each, the triangles are con- 


gruent. 

ABCD is a quadrilateral in which АВ =0 
point O inside the quadrilateral such that OA 
Prove that BC is parallel to AD. 


D. Also there isa 
20р, and OB =0С. 


7. ABC i ight- iangl ith the right angle at A, and 
is a right-angled triangle WI 16. EG d trilihele 


AC is greater than AB ; OBO is an isosceles right- 

on the side BC remote from A, with OC equal to OB. ма В 
are the feet of the perpendiculars from О to i 
tively, produced if necessary. Prove, (i) that the angle ABO 5 
obtuse, and the angle ACO is acute; (ii) that 


8. If the opposite angles of a quadrilateral ave арЫ ШЙ А 
prove that the vertices of the quad tie баз d the 
an 


A point O is taken on the side BC of à triangle ABC, and. 
tangent at B to the circle AOB meets the tangent at C to pe circle 
AOC at the point X. Prove that A, B, X, © lie on a arcte. 


9. The internal bisector of the angle A of à triangle ABC лея 
the base BC at Х. Show that ВХ: XC =BA : АЎ: bisector 
The base BC of a triangle ABC js bisected at D. DE, Ha ne v 
of the angle ADB, meets AB in E, and ЕН + dre decor of the 
BC meeting AC in F. Show that DT is the bisec 
angle ADC. 

* he angles of 

10. If the angles of one triangle are equal to t ides ' 
another Mida is to басы, prove that the corresponding sid 
of the two triangles are propo! onal. lel 

АВС is а triangle, and P is à point on AB. P. drawn раар 
to AC, meets BC at R; RP is produced to s Ke is parallel 
AS, CP are produced to meet at x Prove thats 
to AC. ^ 


^ 
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п. 
SECTION А. 


1. (а) P and © аге points on the sides AB, AC of a triangle 
ABC, and PQ is parallel to BC. If АР =т inch, PB =1:5 inches, 
QC —2:7 inches, find the length of AC. 

(b) The side BC of a triangle ABC is produced to X so that 
CX =BC, and Y is the middle point of AB. Prove that the triangles 
ABC, XPY are equal in area. y 

(c) Adjacent sides of a parallelogram are 2 inches and 3 inches 
long. If the perpendicular distance between the longer sides is 
т inch, what is the perpendicular distance between the shorter 
sides ? 


2. (a) Draw two straight lines AB, AC containing an angle of 
45°. Find a point P on AB and a point Q on AC such that the 
angle APQ, —50? and PQ =т in. State the steps of the construc- 
tion in order, but do not give a proof. у 

(b) Draw two circles of radii 1:5 in. and т in., the centres being 
2 in. apart; and construct a common tangent to the two circles. 
All construction lines must be clearly shown. 


3. Prove that if two circles touch externally, the point of 
contact lies on the straight line through their centres. 

Three circles with centres A, B, C touch each other externally, 
each circle touching the other two circles. BC =4 in., CA=5 1, 
АВ =7 in. What are the radii of the circles ? 


4, (a) Find the angles subtended at the centre of a circle by 
chords which make angles of 23° and 140° with the tangents at 
their extremities. 

(b) The inscribed circle of a triangle ABC touches BC, CA, AB 
at D, Е, F respectively. BD —0:8 in., BC —1:5 іп., AE =o'9 IN. 
Find the lengths of AB and AC. 


5. ABC is a triangle; X and Y are points on AB and AC such 
that 2АХ = ХВ, and AY —YC. BY and CX intersect in О. Find 
the ratio (i) of CO to OX, (ii) of ABOC to ABAC. 


SECTION B. 


6. Prove that, if two triangles have two angles of the one equal 
to two angles of the other, each to each, and also one side of the 
one equal to the corresponding side of the other, the triangles are 
congruent, 

Any point P is taken on the side AD of a square ABCD and the 
straight line BP is drawn. AQ is drawn perpendicular to BP, and 
meets CD at Q and BP at O. Prove that the area of the quadri- 
lateral OPDQ is equal to the area of the triangle OAB. 


ر ب 
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7. Prove that, if one pair of sides of a i 
я y quadrilateral are equal 
E parallel, the other pair of sides are equal and parallel. i 
n oints P and Q are taken within а parallelogram ABCD, so that 
a and QC are parallel and also BP and QD are parallel. Prove 
rat AQ is equal and parallel to PC. 
CRQ are drawn, 


and BQP, DSR are drawn perpendicular to these parallels, so that 
P, Q, R, S, all lie within the square. Prove that PQRS is a square 
whose side is the difference between BP and AP; and deduce an 
algebraical proof of Pythagoras’ Theorem. 

The points B, E, A, C lie on а semicircle of which BC is the 
diameter. AD is drawn perpendicular to BC meeting it at D; 
а ВЕ AD. If DA is produced to F, so that DF =ВА, prove that 
angle of the one equal 


to one angle of the other, and the sides about these equal angles 


proportionals, then the triangles are similar. 
The angle A of a triangle ABC is obtuse. Points P and Q are 
i C such that BP . BC=BA* 


10. The side AB of à triangle is fixed and the length of BC is 
and DO is 


given, The bisector of the angle ABC C at D, ar 
drawn parallel to CB to meet A atO. Pro (i) that O 152 fixed 
point, (ii) that the locus of D js a circle. 


[CENTRAL WELSH Волвр SCHOOL CERTIFICATE ExAMINATION.] 
E 

1. (i) It is required to construct à quadrilateral ABCD from the 
following data: AB =7:0 Cm» =9:4 СШ» =110 CM., 
LACD =47°, AD =9'1 CM. Show that there are two solutions 
bd the quadrilaterals, and measure d write down the engt 
of the diagonal BD for each. 

(ii) Suppose the first four data are as before but AD hae ae 
to be made as short as possible. FR measuremen 
shortest length, and also the length of вр for this case: 


2. O is the middle oint of the b otenuse AB of a rig 
triangle ABC, and OG is drawn. Denoting the brad BAC by ^ 
express the other an les in the figure in terms ої ^ 

AC is produced both ways, an ints, E beyond A as F beyond 
с, are taken such that AE —AB, CF = FO produced mee 

їп К. Prove that КЕ KF. 
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3. Define a parallelogram, and prove that its opposite angles 
and sides are equal. 

E is any point in the side BC of a rectangle ABCD. EF is drawn 
parallel to the diagonal CA to meet AB in F, and EG is drawn 
parallel to BD to meet CD in G. Show that EF and EG together 
make up the length of a diagonal. 


4. In a triangle ABC the angle C is acute, and AD is drawn per- 
pendicular to BC. Prove АВ? =ВС? + AC? - 2BC . DC. -. 
Given that 26 =60°, and BC =4AC, prove AB = 4/13AC. 


5. Prove that the angles in the same segment of a circle are 
equal. 

ABCD is a cyclic quadrilateral; AN is parallel to BC, and meets 
BD, not produced, at М. Prove that the angle ADN is кг the 
angle NAC. What can you say about AC and the circle circum- 
Scribing the triangle AND ? 


6. Show that the angle between a chord of a circle and the 
tangent at one end of the chord is equal to the angle in the 
alternate segment. J 

PQ is a line of length 2} inches. It is required to find a point 
distant 3 inches from P, at which PQ subtends an angle of 40°. 
Show that there are two such points, and find them. (Each step 
in your construction should be indicated.) 


T. Show that a line parallel to one side of a triangle divides the 
other two sides proportionally. 

E is the point in the side AC of a triangle ABC, such that 
AE: EC=1:4. EF is drawn parallel to CB, meeting AB in Е; and 
ED is drawn parallel to AB, meeting BC in D. Show that the area 
of the parallelogram BDEF is 8/25 of the area of the triangle ABC. 


8. A and B are two points 4 inches apart. Find (i) the locus of 
a point P which moves in such a way that АР? — PB —24 sq. in. ; 
om the locus of a point Q which moves in such a way that 
AQ? + QB? =24 sq. in. 


II. 


l. Draw two straight lines OA, OB containing an angle of 50°, 
and make OA =2:4 in., OB— 1:25 in. Describe a circle touching 
OA at A and passing through B, explaining your construction. 
,.Produce OB to meet the circle again at C, and measure OC. 
Find two points D, E on the circle which are equidistant from AB 
(or AB produced) and AC. Measure AD, AE. к 
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2, Given that the four sides of a quadrilateral are equal; show 
that its angles are bisected by its diagonals. 

A line drawn parallel to the base BC of an isosceles triangle ABC 
meets the equal sides AB, AC in E, F respectively. Lines through 
В, F parallel to AC, AB meet in G. Show that AG, produced if 
necessary, will bisect BC. 


3. Prove that the area of a triangle is half that of a parallelo- 
gram on the same base and between the same Sandels, and 
deduce the formula for the area of a triangle. 

AFE is a triangle with B the mid-point of AF and C the mid- 
point of BE; AC produced meets EF at D. Prove that the 
triangles FBD, ADB, ADE are equal in area. 


.4. (M is the middle point of a line AB, and P is any point out- 
side AB. Prove AP? + PB? = 2AM? + 2MP?. 

ii) A, B, C, D, X are five points on a line, such that AB =BC =CD. 
Prove that AX? + 30X? =3BX? + DX. 

5. Show that two opposite angles of a cyclic quadrilateral 
together make up two right angles. 

ABC is an acute-angled triangle. The circle described on AB 
as diameter cuts the side BC, CA in D, E respectively ; AD, BE 
meet in P. Show that the angle APB is equal to the sum of the 
angles ABC, BAC. 


6. Show that, when two chords intersect within a circle, the 
rectangle contained by the segments of one is equal to the rect- 
angle contained by the segments of the other. 

In a circle two chords AKC, BKD are at right angles. Given 
that AK —20, KC — 36, AB —25, calculate KB, KD, and the radius. 


fixed points 3 inches apart; P is a point 
a way that AP : PB has always the value 
P, on AB and AB produced which 
find at least two other points which 


7. A and B are two 
which moves in such 
3:1. Find the points Po, 
satisfy this condition ; and 
satisfy it. 


Then prove that the locus of P is the circle on P, P, as diameter. 


w to construct a square equal to а 


8. Show, with proof, ho 
given rectangle. PIA à Ак 

an equilateral triangle ABC of side 3 inc! es. From AB, 
onn off AD, AE respectively, each equal to т inch. Construct 
a square equal in area to the quadrilateral BDEC, explaining each 
step you take. Measure and write down the length of a side of 


your square. 
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While the questions on Trigonometry and Solid Geometry in the 
following papers can usually be answered successfully with a good 
knowledge of the corresponding sections in this volume, the student 


is strongly advised to study these two subjects further than is here 
given. 


TYPICAL EXAMINATION PAPERS 
ON PARTS I.-VI. 


[SCOTTISH LEAVING CERTIFICATE : HIGHER GRADE.] 
Ir 
SECTION I. 
(AU the questions in this Section should be attempted.) 


1, Prove that the square on the hypotenuse of a right-angled 


triangle is equal to the sum of the Squares on the sides containing 
the right angle. 


2. Prove that the angles between the tangent at any point of 
a circle and a chord through that point are equal to the angles in 
the alternate segments. 


3. Prove that two triangles are equiangular if they have one 
angle of the one equal to one angle of the other and the sides 
round the equal angles proportional. 


4. Prove the geometrical proposition equivalent to the formula : 
cos A = (b? +c? ~ a?) |2bc. 


SECTION II, 
(Only THREE questions from this Section should be attempted.) 


4, ABCD is a square; a quadrant of a circle whose centre is A 
touches BC at B and CD at D. Through P, any point in AD, а 
Straight line is drawn parallel to AB, cutting the diagonal AC in Q, 
the quadrant in R, and the Side BC in S. Prove that the square 


Eque to the sum of the squares on PQ, and PR. (See 


5. Two circles intersect at A and B. The tangent at B to one 
of the circles meets the other again at D ; and any straight line 
through A meets the first circle again in P, and the second in Q. 
Prove that BP is parallel to DQ. (See Section 1..2.) , 
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6. A circle is circumscribed to a triangle ABC, and 1 is the 
centre of the circle inscribed in the triangle. Al produced meets 
the circumference of the circumscribed circle at Q. Prove that 
QI, QB, and QC are all equal. 


7. State and prove a construction for finding two points, P, Q, 
on the sides AB, AC of the triangle ABC, such that the triangle 
PBQ, may be similar to the triangle ABC, and BP +PQ may equal 
a given length. 


8. The vertical angles at A of a tetrahedron ABCD are right 
angles. A plane PQR cuts the edges through A in such a way that 
37 AQ =AR =5”. Find the number of degrees In the angle 

PR. 


9. ABC is a triangle having the angles A and B acute. Pisa 
point on CA produced, and PB cuts the circumference of the circle 
on AB as diameter in D. If BD —d, prove that 0 =angle CAD, 
$ —angle CPD is a solution of the simultaneous equations 
0 4- $ — 180? – С, and а cos 0 +b cos $ —d. 
yoa is the greatest possible value of d for given values of a, b, 
and C ? 


II. 
SECTION I. 


(All the questions in this Section should be attempted.) 


1. Prove that equal triangles on the same base and on the same 


side of it are between the same parallels. 


к і i is drawn 
2. From the vertex of a triangle à straight line 15 tai 
perpendicular to the base. Prove that the rectangle ege 
by the sides of the triangle is equal to the rectangle eed to di 
the base and the diameter of the circle circumscribe 


triangle. 


* j MEI j traight 
3. Prove that, if a straight line is perpendicular to two 5 
lines at their point of ie BEBE it is perpendicular to the plane 
containing the two straight lines at that point. 

prove that 


4. The angles A, B, A +B, all being acute, 
sin B. 


cos (А +В) =соз A cos B -sin A 
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SECTION II. 
(Only THREE questions from this Section should be atiempted.) 


5. AB, CD are two given straight lines, and BA, DC, when 
produced, intersect in O. X and Y are two points on OA and OC 
such that OX —AB, and OY -CD. Pisa point within the angles 
XOY such that the sum of the areas of the triangle PAB, PCD is 
constant. Prove that the locus of P is a straight line parallel to 
XY. (See Section I. 1.) 


6. ABCD is a quadrilateral inscribed in a circle, and P is any 
other point on the circumference. If Р, Ё”, q, q' are the lengths 
of the perpendiculars from P on the sides AB, CD, ВС, DA 
respectively, the sides being produced if necessary, prove that 
DP'-—qq'. (See Section I. 2.) 


equal to the angle at C, and cutting the base internally at D. 
[Prove that the square on BD is to the Square on BC as AD is to AC. 
І 


„8. At the ends B, C, of the base BC of a triangle ABC perpen- 
diculars BP and CQ are drawn to the plane of the triangle; BP is 


made equal to CA and CQ toBA. Prove that the points P, Q are 
equidistant from A. 


b sin $ cos ф/(а+Ь вїп?ф). 


(Hint. Draw QN perpendicular to BP produced, and find the 
lengths of QN, NP, PB.) 


صر — 


p. 12. 


p. 13. 


p. 30. 
p. 31. 


p. 37. 


v». 45. 


p. 46. 


NDPT ы 


. (i) 822°; (ii) 224°. 
. $1t.2; 140°; 60°; 81° 50. 


ANSWERS. 


PART I. 


Exercise I. 
(i) 60^; (ii) 150°. 2. (i) 120°; (ii) 10° 


irt.£; 50°; 54^; 49 50". 6. LACD— 148, 2ECD=58° 
120°. 8. LBOD=42°, LAOD=z BOC- 1538". 


Exercise IV. 
40°. 2. 60°. S 25. 4, 120°. 


. 60°; a parallelogram. 


71, n —2 j 72°, 108°; 60°, 120°; 45°, 135° 
80°. 8. fritz. 9; 3$ rt. 2. 10. 16. 


Exercise VI. 


1. 45°. 2. 40°. 3 60% 
Exercise VIII. 
2. 76; 25. 4, 2.8. 5. 0:39. 
6. AB=1-2 in. BC=o-5 in, CD= 1-o in. ; Ар=2:8 in., all te 
the nearest tenth of an inch. 
7. PQ=26 mm., ХҮ=21 mm. 


PR=4:87 cm. PS=5-03 cm., PT —6:96 cm. 


p.47. 1 


e 


p.49. 2. 


р. 50. 1. 


م o‏ ت 


ELEMENTS OF GEOMETRY 


Exercise IX. 


АВ=о-59 in., BC=0:72 in, CD=0:92 in, DE=o0-24 in, 
EF=o-90 in, AF— 3:37 in. 


. AB=22-6mm., BC— 12-0 mm., AC— 34:6 mm. 
. See answers to 1 and 2. 
„ 23 in., if B and C are on opposite sides, or o4 in., if B 


and C are on the same side, of the diameter through A. 
DE=1-4 in, AC— 3:1 in. 6. CZ—092 in. 


„ XY—1r15 in. 8. 2:31 in, 2:08 in. 9. o5 in. 


Exercise X. 
143°. 4. 142°. 5. A=B=71". 


. AB=AC=1-55 in. 7. збо”. 8. 360°. 


Ехегсіѕе ХІ. 
32. 2. nl. 


. E by S, ESE, SE by E, SE, SE by S, SSE, S by E. 


WSW, S by W, NE by N. 6. 90°, 45°, 228°, 135°% 


‚ 45°; 562°. 


Exercise XII. 


p.51. 1. 4-56 in. 2. 1-46 in. 3. 126 in. 4, 6-5 in. 
5. 78 ft. nearly. 
p.52. 6. (i) AC=16ft.; (ii) BC=4oft. 7. 9miles 8, 10miles. 
9. BC=36 yd., CD=4o yd., DA—75 yd. 
10. 4:24 miles, NE. ll. 5:2 miles, 30° N of E. 
12. 14:14 miles ; 28° E of S. 
18. C from A, 10° W of N ; C from B, 20° N of W. 
14. C from A, 28° E of N ; C from B, 18° W of N. 
15. зт miles, 36* E of S. — 16. 17} seconds. 
> Exercise XIII. a. 
° P983. 1. 73ft. nearly. 2, 84ft. nearly. 3. 346 ft. 4, 6'ncarly. 
5. 4657 ft. 6. 19° nearly. 7. 7075 ft. 8. 39° nearly 


^ ANSWERS 


Exercise XVI. 

p.81. 2. A=90, В=53, C=37. 3 A-4r', B=111°, C=28° 
4, BC=2-15 in, B=85°, C=53.. 

5. AC=6-4 іп., A=19°, С=26°. 

6. AB=4-72 in., AC— 5:91 in., А=з7°- 

7. AB=2-42 cm., AC— 4:09 cm., B-84*. 

8. AC— 10:3 cm., ВС=6:2 cm., B- 112". 

9. 2=2:38 in., c=1-08 in, В=:134°. 

10. «=з-4з in., А=бо°, C=90°. 

11. a=8-8 cm., A- 117, C-18". 

19. a=45 cm, А=27°, C=18". 
| 13. 1-06 in. 14. 42°. 17. 1-39 in. 


аге taken to the nearest 0-05 1n., 
1, A0—-o4in, BO-r25in, С0=19 in, DO-rrsin. 
2. AO=06in, BO=09 in, CO-o6in, DO=0-9 in. 
3. AO-rriin, BO-oóin, CO-oó6in, DO-rrin. 
4, AO=0-95 in, BO-o8in. CO-o2in, DO-r25in, 
or AO=1:25 in, BO-o2 in, CO-o8in, DO =0:95 in. 
5. AO=1-85 cm, BO=2 cm., CO=2:35 ст, DO=1:3 cm, 
or AO=24 ст, BO-r4 cm., CO=1-7 cm, DO=2 cm. 
6. AO=07 cm, ВО=2:8 cm, CO- 51 ст, DO- 3:2 cm, 
огАО=32 cm, BO-52 cm, CO=2.6 cm, DO=0:8 cm. 
7, AO=08 in, BO=0:2 in, CO=03 in, DO-26in. 
8. AO=0-25 in, BO=o-65 in, CO=085 in, DO-2:2 in. 


p.93. 2 CD 0:96 in. ; EF =2-02 in, GH=1-39 in 


Exercise XXII. a. unk 


Exercise XVIII. a. 
p.86. 2. 66cm. 
Exercise XVIII. b. 
р. 87. In each case, if the diagonals meet in O, and the measurements 
| p.108. 9. 108 ft. M 


ELEMENTS OF GEOMETRY 


Exercise XXII. b. 


2. 108. 4 16in. Б. 453in. 6. 2in 7, 1:58 іп. 8, 22in 
9. 2.58 in. 10. 1-83 in. ll. 3:06 in. 


Exercise XXIII. 


P. 110. 1. The lengths of three edges, none of which are parallel. | 
2. (i) 6; (ii) rectangular ; (iii) two faces a in. by din. two | 
faces б in. by c in., two faces c in. by @ in. ; (iv) they 
05 4 parallel planes ; (v) 35 (vi) 12; (vii) 4; (viii) 3; 
ix) 8. 


3. (i) They are all equal ; one, coupled with the fact that it is 
a cube ; (iii) a square ; (iv) 12a in. ; (v) by giving the 
two numbers corresponding to the faces which meet 
in an edge, or the three numbers corresponding to the 
faces which meet in a point; thus, the edge 2, 3 or 
the vertex 4, 5, 6. 


6. 8 bricks in four layers of two will form a 9 in. cube. 


Exercise XXIV. 


p.112. 1. 4 2. Tetrahedron. 

3. (i) 45 (ii) 65 (iii) 4; (iv) triangular. 

4. 25in,2in, 2:3 in. 

Exercise XXVI. 

p. 115, 1. Rectangular, 2. Each is a parallelogram. 

3. The opposite sides of parallelograms are equal. 
P.116. 4. Right prism with base an e uilateral triangle. 

q 8 


7. The lines are in a plane, but do not meet if produced, 


4 
Exercise XXVII. 


1. They are all equal.  * 2, Rectangular block. 
3. Right regular hexagonal prism. 

6. (i) circle ; (ii) rectangle, 8. Rectangle. 
9425 in., 4 in. à 10. 39:1 ft. 


: ! ny Exercise XXVIII. 
P4119. 2 Triangle. $ <8, nens 4, x^ 


p. 118, 


so 


p. 135. 


p. 139. 


p. 147. 


p. 154. 


p. 155. 


ANSWERS 


PART II. 
Exercise XXX. а. 


1. 12 sq. in. 2. 3 sq. in. 3, r5sq. in. 

4. o-5 sq. in. 5. 36 sq. in. 6. r3 sq. in. 

1. 3:03 sq. in. 8. 303 sq. in. 9. 0:96 sq. in. 
10. 3 sq. in. 11. 2:2 sq. in. 12. 09 sq. in. 
13, 2:55 sq. in. 14, 3 sq. in. 15. 2:94 acres. 

Exercise XXX. b. 

1. 1-2 sq. in. 2. 2:31 sq. in. 3. 0-132 sq. in. 

4, 1-732 sq. in. Б. 2:94 sq. in., or 0-96 sq. in. 

6. 4:03 sq. in. T. 1-17 sq. in., or 027 sq. in. 

8. 2:31 sq. in. 9. 1-26 sq. in. 10. 1-004 sq. in. 
11. 0-7728 sq.in. 12. r847sq.in. 18. 2:34 sq. in. 


. 2:598 sq. in. 


Exercise XXXI. 


3. (i) 0123 ac. ; (ii) 0:2108 ac. 


Exercise XXXIII. b. 


. 0654 in. 6. o9 in. 7. 1-09 in. 8. дір. 


2:5 in. 10. r7in- 11. 4-75 in. 


. c=1-92 in. or 3:64 in. 13. 0:84 in. 


Exercise XXXVI. a. 


4,1: 6. зіп. 7 48 mile. 8 123 ft 9. 4} miles. 


2. 
10. 15 ft. 11. 324 ft. 12. 65 feet. 18. 32 in 
14. 14 in. 15. 2:046 ac. 16. 7532 yd., 9700 yd. 
Exercise XXXVI. b. 
1 38f. 2 173i BAN 4, 65im 5 85 in. 
6. z4in T. 2 ft Gin. 8. 85:8 sq. f. #9. goin 
\ " LA і 4 
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Exercise XXXVIII. 


p.163. 1. 52 ft. 2. 10° nearly. 3. 2:83 in. 
4. 0:845 in. т-8т in. 5. 0:964 in, 1-15 in. 
6 


58, 32°; (iv) 828 in, 214 in, 75°; (v) 514 in, 
6:13 1п., 40°. 


. (i) 73 ft, 41°, 6): (ii) 6:3 yd., 14°, 76°; (iii) 2 ch. 80 lk, 


T. 73 ft. nearly. 8. 35° nearly. 9. 2830 ft. nearly. 
10. 2:8 miles. ll. 3:464 in. 12. 135 feet. 
P. 164, 13. 2:384 in., 0-728 in., 3112in. 14 r324in. 15. rogin. 
16. 39°. l7. 19:3 miles, 2:59 miles. 18. 148 ít. 
19. 8j sec. 20. 8°. 21. 2532 ft. 
Exercise XXXIX. 
р. 166. 1. 305 sq. in. 2. 3-03 sq. in. З. 2:31 sq. in. 
4. 1-26 sq. in. 5. 1:73 sq. in. 6. 1:98 sq. in. 
T. 2:3 sq. in. 8. 443 sq. in. 9. 1-88 sq. in. 
10. 5.87 sq. in. ll. 14:15 sq. in. 
^ 
: Miscellaneous Exercises. 
PAPER I. 6. 2 in. 
PAPER II. 5. 2-8 in. 6. 354°. 
PAPER ПІ. 6. 52 ft Rus 
PAPER IV. — 5, 1-15 in. 6. 180€ f+ 
PAPER V. 5. AC —6500 yd., BC — 3520 yd. 
I Paper VI. 5. 1-53 in. 6. 147 ft. 
& "PAPER VII. 5. 2 in. 6. 2.84 miles 
PAPER VIII. 6. 1-52 in. 1-02 in. 
PAPER IX. 6. А=44{°, В=бо°, C=7532°. 
PAPER X. 6. 90,000 sq. yd. 
PAPER XL 6, 2:24, 2:65. i 6. 941 ft. ‚ 
PAPER XII. 2, Igo sq. in, 37} Sq. in, 374 sq. in, 123 sq. in, 
624 sq. in. 
6. 10-6 ft./sec. 


p. 185. 


p. 206. 


p. 212. 


p. 218. 


p. 232. 


p. 233. 


p. 236. 


p. 242. 
p. 243. 


E.G. 


ANSWERS 


PART III. 

Exercise XLI. b. 

9, 8 in. 10. o4 in. 11. 130 yd. 
Exercise XLIV. b. 

1. o87 in. 2. 2:37 in. 3. 21-9 cm. 

4, r6 in. 5. ros in. 6. 24 in. 
Exercise XLV. b. 

1. 5-6 in. 2. 60°. 3. 215 in. 6. 0:95 in. 

7. 45 cm. 8. 24 in., 1-2 in. 9. 143°, 443°. 
Exercise XLVI. b. 

1 o8in,o4in. 2 o4in, r4in. 5. rin, біп. 3:60 in. 
Exercise XLIX. a. 

9. The centre is an arc ACB, where it is cut by the perpen- 


dicular bisector of AB. 


11. E. centre is the diametrically opposite point to that in 
x. 9. 
Exercise XLIX. b. 
L o3in 2. rin. 3. 3:96 in. 
4, 2-66 in. 5. 3:60 in. 6. 3:94 in. 
T. (i) 2:6in., r6 in.; (ii) 3:01 in, ror in.; (iii) 2-62 in., 2-07 in. 
8. ro2 in. 
Exercise L. 
1. 173 in. 2. 3:46 in. 4, 2:82 in, 5:81 in. 
5. r84in, 375 in. 6. 2:95 in. 7. 314in. 18, 07 in. 
Exercise LI. 
1, 115 in. д 
6. 1-18 in. 7. 0-85 in. 8. зіп. 9, 363 sq. in. 
11. (i) r7 in, 1:38 ing (ii) 2:30 in., 2:08 in. 
15. 


(1) 9:51 sq. in.; (ii) 13:86 sq. in.; (iii) 14:54 59. in. 
R2 
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PAPER XIII. 5, 
PAPER XIV. 2. 
PAPER XV. 6 
PAPER XVI. 6 
PAPER XVII. 6 
PAPER XVIII. 


Miscellaneous Exercises. 


2:2 in. 

4 
42 cm., 21 cm. 
2:6 in, 2:8 in. 


6. 26 ft. 
6. r4r in. 


6. зіп. 
PAPER XIX. 5, 2:35 іп., 1-65 in. 6. 1-2 in, 
| 
PART IV. ) 
Exercise LII. 
D. 264. 12. 2 : 1. 
Exercise LIII. b. 
р. 268, 1. 1-41 in. 2. 1-32 in. 3. r4r in. 4. 0:92 in. 
5. 0:92 in. 6. 1-73 in. 7. 145 in. 8. 1-61 in. 
9. 2-62 in. 10. 1-56 in. 


11. (а) ros in.; (4) 2-12 in.; (c) 2-45 in.; (2) 2:63 in. 


Exercise LIV. 
р. 273. 1. (i) Obtuse-angled ; (ii) Acute-angled. 1 
2. (i) 5, 12, 24; (ii) 5j 12, 126. | 
р. 274. 3. (i) 36; (ii) 234. 
5. (i) 40; (ii) 44. 

T. 21, 26-4, 12:32. 

10. (i) 84; (ii) 660. 


4. (i) 35; (ii) 3}. 
6. (i) 255; (ii) 18}. 
8. (i) 29%, 47°, 104° ; (ii) 49°, 59°, 72° 
1l. 516. 


¢ 


Exercise LVI. 

2. 22. 3. 2}. 
Exercise LVII. 
P. 284. 1l. A must be greater than a right angle. 


D. 277. L (i) 7; (i) 9, 4, 82}. 


* 
——— OS" 


ANSWERS 


Exercise LVIII. ` 
p.288. 1. (1) ур; (ii) ay; (ЇН) zdz; GV) езбто: (V) roov: 
uod 
Mmi Г 
2. 4 in—455in 8, r46in, RF.—s]e 4. 75in. 
5, 6625 m. QUEE 
: 4525712 

7. A case of relative error. 8. 38-6 yd. 
p. 289. 14. 4 yd. 1 ft. 10 in.; 3 yd. o ft. 7 in.; 1 yd. 2 ft. 1 in. 
p. 290. 19. The length of the full scale is 3-1 in. nearly. 


Miscellaneous Exercises. 


PAPER XXI. 5. A circle on XY as diameter. 
PAPER XXII. 6. 3:31 in., 1-81 in. 
PAPER XXIII. 6. 7 in, 8 in. 
PAPER XXIV. 6. 1-62 in. 

PAPER XXV. 6. About 3600 ac. 


PART V. 


Exercise LX. 
p. 307. 4(v) СҮ:ҮА=15:8; AZ: ZB=4:5. 


Exercise LXII. 


оу ll. 1. 00: 02-242: 
p.313. 5. BO:OY-7 +2 :1; CO : OZ dmt 


Exercise LXIII. a. 
p. 318. 11. 1-16 in., 3-91 in. 12. 33 sq. in. 


à Exercise LXX. 


p. 357. 16. The required point is the centre of similitude of the line 
segments AB, AC- 
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p.359. 1. 1-58 in. 
5. 1-54 in. 


р. 362. 9. 0:79 in. 
p. 363. 12. 3-38 in. 


-PAPER XXVI. 
PAPER XXVIII. 
PAPER XXX. 
PAPER XXXII. 
PAPER XXXV. 


p.421, 1. 065 in. 
5. 0-62 in. 
8. 0-20 in. 


p.451. 12. 1-15 in. 


PAPER XXXVII. 
PAPER XLII. 
PAPER XLIII. 
PAPER XLIX. 


Exercise LXXI. 


2. r75in. 3. 0-93 in. 4, 2-20 in, 
6. 1-06 in. 7. 0:97 in. 8. .093 in. 


Exercise LXXIT. 


11. (i) 1-27 in.; (ii) 1-06 in.; (iii) 2:20 in. 
15. 1-25 in. 


Miscellaneous Exercises. 


1; b; 4. PAPER XXVII. 6, 394in. 
3:56 or 5:26. PAPER ХХІХ, 6. 2 in. 

2:76 in. PAPER XXXI. 6. 1-2 in. 
1:3 in. PAPER XXXIII. 6, 2:58 in. 


2:31 in, 2:86 in. 


PART VI. 


Exercise LXXIX. 


2. os59g in. 3. oss in. 4, обуп. 
6. (1) o5 in.; (ii) 1-5 in. 7. 0:55 in. 


13. r28in. 14 rórin. 15, 1-73 in. 


Miscellaneous Exercises. 


5. 63 in., 56 in, 32} in. 1764 sq. in. 6. o66in. 
4, 3in.; } in.; between Уб in. and Vio in. 

5. r25 in. 

6. r15in. 


————— 


Adjacent angles — - 
Algebraical identities 
Alternate angles 

Alternate segment - 
Altitude, angular - 


of triangle or paral 


gram 
Ambiguous case 
Analysis - - 
Angle - 
Angle in semicircle - 
in a segment - 


INDEX. 


llelo- 


between line and circle - 
between two circles 


Anharmonic ratio - 
Antecedent of a ratio 
Apollonius’ Theorem 

Circle - 
Arc of a circle - 


Area of a parallelogram - 


of a quadrilateral 


of a rectangle 


133, 
134 
124, 


of any rectilineal figure - 
133, 165, 


ofa square  - 
of a trapezium 
of a triangle - 
Axiom - "is is 
Axis of perspective - 


Bearing of an object 
Bobillier's Theorem - 


Centre of a circle - 
of inversion - 
of perspective 


133, 


Centres of similitude of circles 327, 357 
, ofline segments 356 


of polygons - 


357 


Centroid - - - 
Ceva's Theorem - 
Chord of a circle - 
Circle definitions 
of Apollonius - 
ofsimilitude - 
Circumcircle - - 


Circum-inscribed triangle 


Circumscribed figures 
circle 


Collinear points - 


Commensurable magnitudes 


Common tangents - 
Complementary angles 


186, 


Complements of a parallelogram 125 
Complete quadrilateral - - 462 
Componendo - - - - 300 
Concurrent lines E - IOI 
Concyclic points — - - - 186 
Сопе - - - - 119 
Congruent triangles- ~ 32-40 80 
Consequent ofa ratio + - 298 
Continued proportion - ~ 299 
Continuity - . - - 244 
Converse theorems - — - = @ 
Convex polygon . - 27 
Cosine of an angle - - - 158 
Cross ratio - E - - 464 
Cube - - - . - 109 
Cyclic figures - CLA - 186 
Cyclic circumscribable 
quadrilateral - 464 
area of - - - 465 
porismatic relation - 465 
Cyclic quadrilateral, 
circumradius of - 453 
lengths ofdiagonals- 454 
Cylinder - ЕН - 117 
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PAGE 
Decagon - - E E ay 
Depression, angular E - 53 
Diagonal - - E E 129 
Diagonal scale E - - 92 
Diagrams to scale - - С 
Diameter of circle - E - 36 
Directly similar figures - 322, 350 
Dividendo - : - - 300 
Duplicate ratio IVINS AA ee 
Elevation, angular - - 053 
Envelopes - - - - 450 
Equal ratios, theorem оп - 301 
Equiangular triangles — - DIS Ly] 


Escribed circle - -. 199, 215, 216 


of a quadrilateral 218 
Ex aequali — - - - - 300 
External contact  . - - 198 
Feuerbach's Theorem - - 408 
Field-Book methods E - 138 
Fourth proportional - - 298, 333 


Given species, triangle of 322, 331, 332 


Harmonic pencil . . . 427 
range - - - 426 

Heptagon - - - Cei) 
j; Hero’s formula for A - * 343 
‘Hexagon - - E - Соё) 
Homothetic figures - - 349 
centre - -m= 350 

Horizontal — - - * 78 53, 113 
Hypotenuse -  . - а t1 
Image of a point - dele 2 i1 


Incommensurable magnitudes - 29 
Inscribed circle * 199, 215, 216 
circle ofa quadrilateral 217 


figures - 186, 199, 358 
pentagon and decagon 375 
Instantaneous centre - - 449 
Internal contact - - 198 
Inverse of a circle - - - 384 
points - - - - 429 
Inversely similar figures - 322, 350 
Irrational numbers - : - 298 
Line E - - - - 4 
Locus - - - - * 95 


Maxima and minima - . 


PAGR 
Mean proportional - 298, 329, 334 
Medial section - - - 369 
Median . - ej rs - 102 
Medioscribed circle - . - 404 
Menelaus! Theorem - 313, 346 
Nine-point circle - *  * 403 
Octagon - - - - «t 27 
Orthocentre - - * 103, 395 
Orthogonal circles - - - 412 
Parallelogram - . - soy ESL 
Parallels - . . - - 20 
Parts of a triangle - - 40 
Pedal line E . . - 400 
Pedal triangle - - - 395 
Pentagon E - = - 27 
Perpendicular- - . + 9 
Perpendicular bisector р. 
Perspective, triangles in - - 461 
Plain scale - - - - 289 
апел. 210. War, ТАШЫ 
Playfair's axiom - - 20 
Point  - - - ? 4 
‘Point O’ Theorem = - 434 
Points of the compass  - pcs 


Polar circle of a triangle - 431 


Pole and polar oe 446 
Me construction - 464 
Polygon - - - - = 1:27 
Postulate - - - - - 4 
Prism - - : Viper TITS 
Projection - - ó * 25 
Proportion - E - - 29! 
Protractors - E - - 48 
Ptolemy's Theorem - - 391 
Pyramid - B : + a o7] 
Quadrilaterals - - - 20, 21 
Radical axis of two circles - 410 


of circum-, nine-point 
and polar circles 463 
centre of three circles -. 411 


Radius of circle - - - 36 
of inscribed circle - < 215 
of escribed circle - * 215 
of inversion - - - 384 
ofcircumcircle - = 390 
Ratio  - 2 : - 297 


Rays of a pencil zw s 427 


INDEX 


РАСЕ 
Rectangle - - - 9021 
Rectangular - E - - 109 
Rectilineal figure - - - 27 
Reductio ad absurdum - +. 23 


Regular figures, constructions for 241 
in- and circum- 
circles, radii 


of - - 243 
Representative Fraction - - 286 
Rhombus - тех 
Right ог perpendicular bisector 57 
Right circular cone - 119 
Right circular cylinder - - 117 
Salmon's Theorem - - 432 
Scale, diagrams drawn to 52 


Secant of a circle - - - 198 
Sector of a circle - - 


Segment of a circle - 36 
of a line - E - 4 

Self- conjugate or self- polar 
triangle - - - 431, 464 
Semicircle - - - 36 
Sene - - - - - 6 
Set-squares - - - 43 
Similar segments - - 186, 191 
triangles | - - - 322 
rectilineal figures - - 349 
Similarly situated figures - - 349 
Similitude - - - - 44 


Simsonline - +», 
Sine of an angle -  - 
Solids, forms of simple - 


Sphere -$ - - 120 
Square - : 2 21 
Subtend - 7 - 


Superposition - - 
Supplementary angi 
Surface - - 
Symmetry Жол 
of a circle - 
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Synthesis - - 104 
Tangent of an angle - - 18 
to a circle - - - 198 
toacuve- -  - 244 
Terms ofa ratio - - - 298 
Tetrahedron - - - -~ I 
Third proportional - | - - 299 © 
diagonal - = 383, 462 
Translation - - - 
Transversals, eng made by- 20 
Trapezium - - 2I 
Triangles - - - - 14 


of given species 322, 331, 285 


Trigonometrical ratios - - 
tabes -  - 155 


Vertex of a pencil - - - 427 1 
Vertical - = - - 53112 
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